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HEREDITARY PRINCE OF 


Denmark, Norway, and of the Goths aw/V andals; 


Duke Of 

Schlefwick, Holilein, Stormar fDickmarJh and Cumberland ; 

i 

Earl Of 

• • » 

. f 

Oldenburgh , Delmanhorft , and Kendal ; 

Baron of Wokingham ; 

• * 

Generaliffimo of All Her Mai cities Forces; 

Lord High Admiral of ENGLAND i 

And 

Knight of the moft Noble Order of the G A R t e r. 


May it pleafeTourKo yal Highness, 

t 

T HIS Piece was once intended for the Ser- 

vice of Her Majefty, and Your Royal 
Highnefs in the Education of A Prince, 
which was then the Hope, and Joy, and 
Glory of the Britijh Nation; on whofc 

Character 1 would enlarge, but that 1 fear to touch 

a upon 



THE-DEMCATION; 

upoa fo Soft and Tender a Part, leaft whilft I endea¬ 
vour to adorn His Memory, I renew Your Grief, and 
revive again the forrowful Image of That In ex- 

T '1 * . •' ) : v . ' i ■ 

PRESSIBLE LOSS. 

After which, the greateft fatisfaftion I have taken 
in Compofing, and Finilhing this Work, hath been 
from my hopes of having a proper Opportunity of 


preffing to the World 


high Efteem, Refpect 


and Veneration I have for Tour Royal Highnefs. 

K 

Your glorious Deeds of War, and mighty Atchiev- 
ments in the Field of Battle; a Brother Refcued, and 
a Kingdom Sav’d, are Glories proper for another Pen. 
But Your wonderful Zeal and Courage in preferving 
thefe Kingdoms, Your entire Love to our Countrey, 

and unparallel d Affection for our moll Excellent, and 
Glorious Queen, are Vertues, and Merits, which none, 
that Love our Crown or Countrey, can conceal; and 
I am proud to have an Opportunity to joyn in the ge¬ 
neral Applaufe and Celebration of Them. 

By thefe Vertuous, and engaging Arts, Great 
Prince! You have won the Common and Univerfal 


Lov 


e whole Nation; which, 1 
Matters, are yet Entirely 


and firmly United, in their juft Efteem, and Honour for 

Your Princely Vertues, and Merits to their Countrey. 

It fpeaks a mighty, and powerful Charm, Great 

Sir, to Unite fuch Divided Hearts; and nothing but 

Your incomparable Vertue, and Goodnefs, and thofe 

infinite Obligations You are ftill laying upon our 

4 . Countrey, 
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Countrey, could ever have eftablilhed fuch an Univer* 
fal Confent and Agreement in the Hearts of a People , 
fo little acquainted with the pleafuresof Union, either 
in Intereji , or dffeftion. 

Long may You live, Great Prince! the com- 

I 

mon Objc& of all our Praifes, and pf our Prayers to 

Almighty God for the Prefervation of fo*valuable a 
Life. How dear it is to us hath already publickly ap¬ 
peared in the Solemn Prayers and Supplications of Our 
Church, and is daily acknowledged in fecret by the 
private Interceflions of Many, who earneftly beg of 
God to continue fo Bright and Illuftrious an Example of 
Vertueand Goodnefs amongft us; and preferve to an 
Age, that hath fo few of them, the Incomparable Pat¬ 
tern of The Best of Husbands, The Best 

l 

Of Masters, and The Best Of Friends. 

A Chara&er of Your Royal Highnefs which all Men 

do profelfedly agree in, and of which our Family in 
particular have had theCleareft and the NobleftDe- 
monftrations, having long had the Honour and Hap- 
pinefs to attend Your Royal Highnefs, and beEye-wit- 
nefles of thofe Vertues, which others Admire and Ce¬ 
lebrate at a diftance. 

How unable lam, Great Sir! to do Juft ice to 
Your Illuftrious Chara&er is fufficiently feen in the 
poor Attempt I have already made: but I humbly beg 
leave to allure Your Royal Highnefs that no Man hath a 
truer, or greater Zeal for Your Glory and Honour ; no 
Man hath a jufter Refped, and Veneration for Tour 

a 2 Perfon } 




THE DEDICATION. 
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Perjon , nor does any Man fend up more Ardent Suppli¬ 
cations to Heaven for the Encreafe of Your Health, 
and long Continuance of That Important, and 
Beloved Life, on which the Joy, and Glory of 
The Best Of Queens, The; Happinefs of Her 

Reign, and the Profperity of Her People do fo much 

■ 

Depend. In thefe things no Man exceedeth him, who 
is, Great Prince, 



0 

Moft Obedient, 


Moft Faithful, 


And moft humble Servant, 


Edmund Scarburgh. 



THE 

PREFACE. 


L ONG Prefaces how pleafmg foever to the Writers own 

humour, who is very apt to he favourable to his own Pro- 
du&ions, yet are feldom agreeable to his Readers: nor 
can all his Coiirtefy, Infatuation, and affetted ftudy to pteafe 
and invite, make any tolerable amends for the tedious and un¬ 


grateful Fatigue. 

If the Piece be well perform d, and anfwers the deftgn and in¬ 
tention of it, the Reader is uneafy to be detain'd from its perufal • 
if it be not, all the plaufible Pretences and Excufes in the World 
will never recommend it to the approbation of a Man of Tafle 


and Judgement. 

It were very eafy to run out, and Harangue the Reader in com¬ 
mendation of this Excellent Study, fo highly celebrated by the An¬ 
cients, and fo much in the Efteem and Fafhion of the Age we live 
in : But this is a deftgn that the befl Wits of every Age have per¬ 
form d to admiration, and have left nO colours for any new Pre¬ 
tender to adorn it with ; therefore waving any attempt of that 
Nature, and all the cuftomary Modes of Formal and Ceremonious 
Apologyes, I fall apply my felf to inform the Reader, that Jhall 
pleafe to pertife it, What he may ex fell, and What he will find to 
his fatisfattion in this following Work. 

Firft, A plain, but / hope a juft and exa& Tranflation from the 
Original into Our Mother Tongue, without neglefting too much 
the Turn and Idiom of the Language it was at fir ft written in. 

Secondly, He will find Such Ill ultra tions for the benefit of 
lounger Students, and Such Annotations annext to the moft dif 
ficult Places, as mayferve to dear the Authors Senfe, and explain 
it to the Capacity of the meanefi Reader, that is never fo little con- 
verfant in thefe Studies. 

Thirdly, and laftly, He will fee Our Author, The Great and 
Noble Elementator himfelf. Vindicated from the many captious 

b and 
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d mreafonable Objections brought againfl Hint by Jo 
d over Critical Commentators. 

If I have performd This, I have my defire in ( 
\d Publifbing a Work, which was defgnd, and i 
ars a?o at the Command of my much Honoured 


Lord 


'hofe 


^— A 

fliip, and Wonderful Attainments as well in the 'Politer Arts, as 
Deeper Searches in Divinity, made Him One of the Glories of his 
time, who hath deriv'd a la fling Honour on T h a t See, and left 
a mold incomparable Example of Charity and Munificence, to 
a ji fas ReverendSucceprs in That Church. A Prelate whofe 
Memory will be for ever Blessed, not only in his own Diocefs, 
but wherever Piety, and Learning, and fweetnefs of Converfation 
have any Name, and whofe Authority , / dare promife my felt , 


World. For 


Lordfhip did not live to fee it finified. 


feci Health, highly approv'd the Defgn, and laid his earnefl Com. 
mauds upon me to Compleat it. 

My Father, whofe name (I prefume ) is not the leaf in the 
Regifler of Men Learned, and Famous in thefe Studies, liv'd to 
have the perufal, and Correction of the greatefl part of this Work 


fome meafure recommend it to the Judic 
> the Piece from the imputation of being 


and Ufelefi Performance. 


Ufe 


have the Acquaintance, and Converfation of the most ( 
Mafters of thefe Sciences, and had made fo Large, and ea 
vance, and Progrefs in thefe Studies, as to deferve that 
honourable Character from the Learned and Judicious 


Preface 


cc 


A Man, fays He, of 


<c 


cc 


pleafaut and obligeing Temper and Converfation, of a piercing 
Wit, and penetrating Judgement ; fo admirably verfed in Ma¬ 
thematical Studies, and of fo happy and flrong a Memory withal, 
that he was able upon any occafion t o Repeat, and Apply every 
Propofition in Euclide, Archimedes, andfeveral other Ancient 
Mafters in thefe Studies." A Char after, which not only fpeahs 
be high E/leem that excellent Author had of Him ; but Jhews 

4. Him 
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H i m likewfe to be no improper Ter/on, upon whofe Authority, 
and Dire&ion, a performance of this nature might be undertaken. 

But neither did He live to fee it finiflsd \ For my many concerns , 
and unavoidable Avocations, kept me many years from pur filing 
This Work : till at lajl l had a very fair Profpett of making it 
ferviceable to the Ever to be Lamented Duke ^Glocester, 
Whofe Death put an Other, and almoft Final flop to this Work ; 
till being more at leifure, and continually ft'trrd up by the remem¬ 
brance of thofe Worthy and Excellent Perfons, that had recom¬ 
mended the Compleating of it, I refoldd to go thro, and Tub If) 
it to the World, having at the fame time the Encouragement, and 
Recommendation of the The Great D' Wallis, and his Learn¬ 
ed Friend the Worthy D r G r e g o r y ; Men whofe very names 
are of Virtue to keep the Work from blufhing, and not only /belter 
it from Cenfure, but Recommend it to the Approbation of dMen 
of Judgement. 

For the Firft was undoubtedly The Greatest Master of 
This Science, that hath appear'd in any of thefe later Ages-, 
The honour of Our Countrey , and Admiration of Others, whofe 
Char abler can never be more fully, or lively exprefied than in that 
juft and excellent defeription of Him by the Learned and Judicious 
M f Oughthred •, “ A Perfon {fays He ) adorn d with all ingenu- 
“ous, and excellent Arts, and Sciences ; Pious and IndttJlrious, of 
“ a deep and diffuftve Learning, and an accurate Judgement in all 
“ Mathematical Studies, and Happy and Succefsfnl to Admiration 
“ in Decyphering the mo ft difficult and intricate Writings." Which 
was indeed his Peculiar Honour, and the great eft Argument of a 
mojl fubtle and fearchiug Wit and Judgement. 

As for the Latter, The Learned Profeflor of Aftronomy, as He 
wants no Commendation to the Prefent, fo will He not fail to 

leave a Noble and Lading Chara&er to future Ages, and Live for 
ever in his many learned Difcoveries, and incomparable Perfor¬ 
mances in Astronomy. 
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An Index of the Authors mention’d in the Annotations. 


Apollonius Pcrgius. 
Archimedes. 
Bcoedi&us Joh. 
Bordlus. 

Bovilius. 

Campanils. 

Cicero. 

Clavius. 

Command inns. 
Eutodus. 


Marinus Gethaldus. 

Mciius Adrian. 

Mydorgius. 

Kazaradinus. 

Nicomedes. 

Orontius. 

Oughihred. 

Pappus. 

Pdctarius. 


Plato. 

Podidonius. 

Proclus. 

Pythagoras. 

Tacquet. 

Theon. 

Vitellio. 

I Wallis. 

] Zambcrtus. 


Tlic Reader is defir’d to Corre& thefe few Efcapes of the Printer, 

according to the following Errata. 

V3&1-b* 7 . and clfc.vbrrc, for Eitrram, or ExtTrams rt*d Extreme,cr Extremes. p.it.L io. r. Superficies, p 4*. 
17. r. AbC. f. 4S. 4 30. for Proportion »■. Proportion, p. 53./. n.forDH r.DG. p. 63./. 38. r. 
f. 66- L t t. r. to D A- p- 6 $.L 41. for itr. is. p. Si. /. 31. to ftrait eii line. p. 87. 1 . 1- to point add A- 1 P. 88- /. 
it.for 111 r. ii. p- 96. /. j 3 . for known r. know. ib.L 39. r. to a Rrft. p. log./. U. r. Panill.p. 11 o./. 5.after lub- 
tmdiog tbd* ^ e. iSi./.t.;. for diving r. dividing. p. j 84. in bends dt’t s. p. 186/. 3.r. lyablc.' p.io^. 1 . ig.r.cfD. 
f. 114.4 iz.fonr. ~ /. 119./. n. and. /. 1:4./. >• to hath to. 
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DEFINITIONS, 

ft 

O R 

Expofitions of Geometrical Names, and Terms of Art. 


DEFINITION I. 


A Taint is That of which there is no part. 

ANNOTATIONS. 


EVCLIDE begins the Elements of Geometry in a true Elementary me¬ 
thod of Do&rine from the molt Ample Things, and Notions in Geometry to the 
more and more Compound. 

And becaufe Magnitude the fubjeft of Geometry hath not a Minimum to begin 
with, as Number hath an Voile, therefore nothing elfe could be more Ample in 
thele Mathematical Speculations of Magnitudes, than Arft to put a Point as void 
of Magnitude. Which notwithftanding is a proper beginning to enter into the 
prelent matter, as the Arft ftep towards Geometry: and It is in fome manner like 
to a Cypher in Arithmetic, which may be call’d an Arithmetical Point. 

The definition of a Point is plainly negative, and no otherwile informs us what 
a Point is, than by telling us what tis not Yet in many Things that are in nature 
moft Ample Thele kinds of Negative Definitions are fumcicntiy inftrudivej 
tho’ not to the Eflence of the Thing defined, yet very well to the Ule that is to 


be made thereof. 

So here a Point is defined by a negation of Parts. Which Definition in refped 
of Magnitude, That was next to be conlidered as divifible into parts, is Inftru&ive, 
or Preparatory to the right underftanding of the Do&rinc of Magnitudes; and 
lays down what conception of a Point is hereafter ufed, or ufeful in Geometry, 
namely, To have no parts. Which is fufficicnt for the prefent to a Geometrician. 
Let the Philofophers difpute further, as they pleale, about the reality of a Point, 
or the nature of an Atome. 

But now in the fit ft place, we are to underftand, that A Point made with a Pen 
or any other Inftrument is but an imperfe#, and grofs Notation of a Mathematical 
Point here defin'd by Euclide. Which is abftraded from Matter, and Quantity, 
and only to be conceiv’d in the Mind. Yet thofc kinds of material, and vifible 
Points being put as the leait objeft of our Sight, may be allowed for a Note of 

A a ma- 



% THE FIRST ELEMENT 

a Mathematical point, which is the leaft objedk of our Underftanding in thefe 
Geometrical Contemplations. 

And to go on with the name. Punctum, A Point is among the Greeks 
vulgarly n vyu*. & A Prick , Note, or Mark. By Plato, Arifiotle and other Phi- 

lofophers, s- ryur, is taken in a Arid Geometrical fenfe for an lndivifible Mark , or a 
Notation of an 'lndivifible Thing. Which is the fame with a Mathematical Point. But 
Eud ide names it moft properly Sr/easy, A Signs. That is, fuch a Signe, as denotes 
in fpace An Impartible Here, or There. 

Now fpace is an Infinite, and Unmoveable Diflufton every way: fuch as can af¬ 
ford a Locality to any one Thing without the Refiftency, or Ceffion of any other. 
ThtiTsaj -izrAr/j, the Receptacle of all whatfbever is, or can be. Thus Virgil makes 
old Silenus fing the Beginnings of Things. 

Namque canebat uti Magnum per Inane coaHa 
Semina terrarumque, animteque, marifque fuijfent. 

Ttrgzls Magnum Inane , that lmmenfe, and Empty fpace both the Philofophers, and 
Mathematicians, put as the Primum Conceptibile, The Eirft Conceiveable in the Being 
of Things. Cal! it fpace Phyfical, or Mathematical. For we difpute not here with 
Democritus, and Epicurus, whether Space be a Thing in Nature diftind from Body 
pofitcd in Space. Only the Mathematician gives a Being to It, as iu general ab- 
ltraded from any kind of Body, that may fill, or poffefs a Space. 

In this Universal Space A Point , or Signe is a certain Pojition without any Quantity, 
It is An lndivifible Ubt to be put at pleafure any where. An Vbi Vbilubet. And be- 
caufe where foe ver a Point be put, the fame is conceived to be apfit, ?to) vAi&sunv, 
void of Parts, and Interval; therefore it is the moft Simple, the Firft, and Leaft 
Thing imaginable in Space. M 'tfAnoj dw cu^tjxtIw t tnw <pbmv, fays Proclus moft 
acutely. A Point represents the Utmoft nature of Things That is, a Point is of 
a nature fo Subtile, that it has the very Extremity of Being, or the Next to No¬ 
thing. So Lucretius, 

. . PunBum [me parti bus exflat , 

Et minima conjiat naturd. - 

But yet a Point hath fuch a Being in Nature, how little foever it may feem, that 
from very many Inftances it evidently Ihews it felf to Be. 

In the ordinary ufe of Burning G lanes there is vulgarly taken notice of a certain 
homing point. And fuch a point It is, as proves it felf really to be. In Load- 
ftoncs it is commonly known that there are Polar Points, called North and South. 
In the defeent of Bodies towards the Earth, and in all Parts of the Earth, while 
they every way prelEng together do fall into an Orb, or Globe, there muft arifc a 
refped to a certain Point; lnfomuch that upon this very Point the Mafs of the Earth, 

Moles Telluris 

Ponderibus hbrata fuis immobihs hccrct. 

And in the like manner, what is more manifcft to be, than the middle point in 
the Balance? Than the point of Equilibrium, or Equal-poife in every Body? And 
it is no part of the Body. For that every part of a Body is a Body: and whatfo- 
everis Body, has a point of Equilibrium. So then in every Body fuch a Point there 
is. Which Point being no part of that Body, muft be a nieer Mathematical Point. 

A Point therefore has a Being, tho’ lndivifible. Yet it is not the only Thing to 
be conceived indivifiblein Nature, But in Geometry It is the only indivifible Thing. 

And in refpeift of this its Indivifibility, for Iiluftration fake, a Point in Geometry 
js compared to an 'Unite in number, and to an Infant in Time. Both Thefe being 
alike conceived under the fame notion of Indivifibility with a Point, tho* in other 
refpedts all the Three be much different from one another. But becaule the Indi¬ 
vifible natures of Unity, and Inftant are more obvious to common Apprehenfions; 
Thefe do well enough illuftrate the Indivifible Being of a Geometrical Point. 

By the Pythagoreans , who bring all things into the Myftery of Numbers, A Point 
is laid to be Mnar bps*. A Monade, or Unity having pofitien. Indeed to have 
Poftion, or Situation is the only pofitive conception to be made of a Point: Whofe Ex- 
iftence is in its Locality: As Proclus fays, o«v c* dxu Ex fit tanquam in loco i 

Here, 
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Here, or, There. But now Unity properly taken, as the principle of Number, has 
nothing of Pofition. As Proclus goes on, y m* jj* And up¬ 
on this confideration Unity is more Simple than anlndivifible 

Point, for that a Point exceeds the Indivifible fimplicity of Unity by the addita- 
ment of Pofition. And therefore in this metaphorical Definition, by Unity is only 
to be underftood Indivifibility, or Vacancy of parts. So that, A Point is to beton* 
feivedfuch a J^ind ofuiity , fitch a Monade , or IndivifibleBeings as in Space to pojfefis an 
impartible Place , or Pofition. 

And to proceed in a familiar companion between a Point in Geometry, and an 
Jnftant in Time, there is fiich an Agreement in their Indivifibility, that even Life 
it felf, our very Being is but a Point. For only Ao w, This Point of Time, The In¬ 
divifible Inftant, The prefent Moment is. And what was, and what (hall be, is not. 

Thus much of a Point, i loos re -Aw t 'rmfen ewri, <£ Aw dvvTnqZfM. Whether of Some¬ 
thing, or of Nothing. 

The Geometricians do commonly note a Point by fome one Letter of the Alpha¬ 
bet. As the Point A, or the Point B. 

DEFINITION II. 

tine is Length without Breadth. 

ANNOTATION'S. 

A Point was the firft thing towards Elementary Geometry pofited in Space, and 
That without any Quantity. The next and firft moft fimplc Thing with Quantity 
is a Line, That is, A nicer and fimplc Extenfic ; or folcly Length. In which Definition 
there is a pofitive notion of Length, reftramed by a negation of the next imme¬ 
diate compofition made of Length and Breadth. And herein for the prefent It con¬ 
fines our Imagination to one iingie confideration of the menfuration of Magni¬ 
tudes, and That according to Length alone, whereby we underftand what conception 
of a Line is ever and only to be made ufe of in Geometry, Length alone. 

We may help our imagination in the conception of a Mathematical Line after 
this manner. Put a Point (1 mean here a Thing, whofc quantity is not confidered) 
and let it be fuppofed to move from one place to another. Then (hall the fame 
leave an imaginary Track only Long, which is called a Line. As if the Point A be 
imagined to move from A to B, It lhall trace f orth the Line, named A B. 



Not that hereby a Line is A Flux of a Point , as fome define It: (for motion creates 
not magnitude; tlio’ the nature of the fineral Dimmfions of magnitude, as abftradlcd 
from Matter, may be well conceived by motion) but only by this Inftancc we do 
give Jome idea of Length , or of that kind of magnitude, which is called a Line, not 
confidering the fubjed wherein It is. 

And therefore, to explain further this prefent matter, wc arc not to conceive 
that a Line deferibed from the motion of a Point does conlift of Points. For the 
motion, or flux of a Point adds not Point to Point in its progreflion, and thereby 
conftitutcsa Line, as the links of a Chain make up a Chain : but only does by the 
continuity of its motion reprefent to our imagination a Continued Line , or Length 

without Breadth. 

The Conception of Length arifmg from the motion, and the negation of Breadth 
from the nature of the moving Point, which is conceived fuch, as to be void of 
I ength, and Breadth, or any thing of Magnitude; and therefore in its imaginary 
flux cannot form any reprefentation of Breadth * but only of a pure Mathematical 
Length. 

Again, forafmuch as a Thing cannot be made of Nothing; and therefore ten 
thoufand Nothings cannot make One Thing: fo a magnitude cannot be made ot 
that Thing, which in it felf is no magnitude; tho’ never fo many of Them were 

A a P ut 
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put together. If therefore a Point be fuppofed to be put to a Point, there cannot 
be any thing elfe conceived, then that They both muft wholely enter into one ano¬ 
ther, and fo (till be put as one Point. For otherwife if they join to one another, 
they muft join by fame common Extreme: but a Point having no part, can have 
no Extreme, no Beginning, Middle, or End. Wherefore upon the fuppofition of 
Two, and fo by confluence of more points put together, there can ftill nothing 
more refult or be imagined, than a Point. Therefore whenfoever we fuppofe 
two diftind points fome kind of interval muft be alfb fuppofed to be between 
them. So that the flux of a point proceeds not from point to point; but immedi¬ 
ately palfeth into Length. And therefore from the common Inftance of a fluent 
point we are not to conceive, that a Line does confift of points j or that a point is 
any part of a Line. But as every motion begins and ends where there is no mo¬ 
tion, fo every Length begins and ends where there is no Length. 

But tho' there be many irrefragable Demonftrations that a Line cannot be confti- 
tuted of Points; yet Tbeodojius hath as clearly demonftrated, that a Sphere toucheth 
a plain fuperficies only in a point, and how then It doth not in its motion on a 
Plain trace forth a line of points, Clavius acknowledges that he hath not met with 
a fatisfadory Explication. And therefore Fromondus his Book Dc Compojitione Con - 
tima is by him not amifs entitled Labyrmthus. Thus the Reafon of Man muft fub- 
mit to the I ncomprehenfible Secrets, which by an Infcrutable, Infinite Wiftlom, are 
planted in the Nature and Frame of Things. 

O F the Application of Number to Magnitude, and the Ufe 

Thereof in the Menfuration of Magnitudes. 

But now in Difcrcte Quantity the matter is far otherwife. Where Mcrir, Monas, an 
U x i T E, or Monade, tho’ It be as indivifible and parti efs as a point; yetltisacon- 
ftituent part of every number: and therefore every Number is a Multitude confifting of 
certain Zmts, or Monades. Wherefore it ought to be obferved, that in comparing 
Magnitudes with Numbers a point in Magnitudes does not anfwer to an Unite in 
Numbers; but rather to a Cypher. Which is no more a part of Number, than a point 
is a part of Magnitude. Whereas aii Unite is not only a conftituent part, but alio the 
Leaf Part of every number, and therefore It is the natural meafure of all numbers. 
A Meafure being the ’Minimum omnium in eodem genere. But becaufe in Magnitudes 
there is not a Minimum ; therefore Magnitude has no Natural meafure. Yet here we 
fupplv a Natural meafure fufficiently tor our ufe in conftituting, by common con- 
fent, fome certain known magnitude for a meafure. t oi?ptcs ps^:v, A Stated Mea¬ 
fure the ancient Geometricians call It. And upon fuch a Stated Meafure there fol¬ 
lows a juft agreement between Numbers and klagnitudes. For in the menfuration 
of any magnitude, what part foever of a magnitude is taken by confent for a Mea- 
furc, the lame truly anfwers to an Unite in Numbers. For it is in this cafe a fup» 
pofed Minimum and put like an Unite for the Leaft Part to be confidered in That 
magnitude; by which luppofed Leaft Part n>e do agree toeftimate the quantity of 
the Whole. As in the menfuration of any Length, let a Yard. , or a Foot , or an Inch, 
&c. be agreed upon as a known magnitude for a Certain and a Standing Meafure. 
And for Inftance, let an Inch be put for the meafure of Length. The Inch is now a 
fuppofed Minimum, and becomes to be of the like nature and ufe, that an Unite is 
in Numbers. For as a number has its value from the multitude of Unites which are 
numerated to be colle&ed in It: fo a Line or Length fhall have its value from the 
multitude oi Inches, which are numerated to be contained in the fame. As if a 
Line contain twelve Inches, or eight Inches, or four Inches, The fame is valued ac¬ 
cording to 12,8, or 4. The Line in a refpeft had to an Inch, as the number in a 
rclpcd had to an Unite. So after this manner The Menfuration and Eflimationof all 
magnitudes is made by the numeration of the Stated meafure , as a number ts eflimated by 
the numeration of its ‘Units, 

And This is the firft and real ground of correfpondencc between Numbers, and 
their mutual application to one another. Which ought to be perfectly underftood, 

and 
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and lemembred for the common ufe that is hereafter to be made thereof through* 

out all Geometry. 

Therefore fpeaking upon this matter in general, Let the Stated Meafure of any 
kind of Magnitude be called the measuring unite, or the geometrical unite. 
For very ufeful it is, and moft requifite, that It fhould have feme fetled Name. 

DEFINITION III. 

He Ext reams, or Ends of a Line are Points. 

ANNOTATIONS. 

A Line was defined to be Length without Breadth, that is, Length alone : and 
fo taken abfolutely without any refped: to Termination; which is a Secondary 
notion, and a Supervenient Mode, or Qualification of Magnitude. 

In the firft place therefore Euclide defined a line without limitation. But after¬ 
wards if a line be any ways determined, as Here , or 7 here, or Jny where , He tells 
us now that in the termination of a line the Extreams, or Ends thereof are under- 
ftood to be points > fuch as he had before defined to be void of parts, l or in 
common fcnle Length cannot be terminated by any thing having length, becaufe 
it will again be demanded, What limits This Length, and fo forth infinitely. 
Therefore a line muft be conceived to be limited by fbmething void of Length, 
and by confequence of Magnitude, which Thing is called A Point. As for exam- . 
pie, of a limited line A B the Extreams, or Ends arc the imaginary points named 
A, and B, that is as much as to fay, that the line A B begins here at A, and ends 
There at B. 

A- H 

So that a Finite line is a continued Length determined by two points , Here and Ihere, 

DEFINITION IV. 

A Strait Line is That * which lies evenly HtK 7tJV ip cis- 

to the 'Points within It [elf 

ANNOTATIONS. 

As for Inftance. In a line let there be taken points at plcafurc how many fo- 
ever. A, B, C, D, E, F, &c. 

If the line be fuch as Eu* ^ B C F E F 

elide fets forth by the name 
of a Strait line, then we 

are to conceive, that the whole line (Pint, or ofiaXuc- Jacct cquabiliter, Lyes 
evenly , that is, juft in one and the fame pofition to all thole points: fo that from 
any point to any point there is no where made in the traft of the line any change 
of Pofition on one fide or other, upward or downward, or any various way. 
But that every imaginable part of the line does bear a like Site and Refpcct to all 
points imaginable in the fame line. 

Whereas in a crooked line Every alligned part has a different refped of Situ¬ 
ation to all affignable points in the crooked line. Here one way, There another; 
in an infinite variety of pofitions of the One to the Other, of the Parts of the 
fine to the Points, and of the Points to the Parts of the line. But in Thar, which 
Euchde calls a Strait line, there is to be conceived One and the fame Equability 
throughout in the pofition of the whole, and of all its parts to every point in 
the fame line. 

The UfeofThis Definition. 

5o that firft, if any ftrait line be fuppos’d to lye upon another ftrait line, It 

B bull 
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(hall neceflarily follow upon this uniform conftitution of all ftrait lines* thattheic 
intermedial parts muft be congruous, that is, coincident, and every where agree¬ 
ing exa&ly with one another, fo that They be as one ftrait line. 

And Jecondly , by a narural confequence from this Definition of a ftrait line Arshi~ 
mtdes before his Books De Sphtera & Cylindro does afliime as a Common Notion, That 

A Strait lint u the Leaf of all Lines having the fame Exirearns. 

And thcfe are the two fpecial ufes made of Euclid s Definition in feveral Geo¬ 
metrical Demo nitrations. As for the Firft, in Prop. 4 th . and 8 th . El. 1 . in Prop. 24. 
EL III. &c. Of the fecond, in thole admirable Books of Archimedes Concerning the 
Sphere and Cylinder. 

But This Propofition of Archimedes fome Commentators cite for Another Defi¬ 
nition of a Strait Line, wherein they are much miftaken. That Great Geometri¬ 
cian fo tvell underitood the Element at o r in this his moft accurate Definition, 
that he went not about to mend It, and to give a new Elementary Definition, 
which was much below his thoughts, and prelent Matter. But from thence, as 
his Subjed requird, did aflurne this Propofition, as a natural and immediate Con- 
fe&ary, and puts It for a granted Maxim, not a Definition. Hereupon therefore 
it will not be unufefui to confider farther of Mathematical Definitions. 


Of Definitions Mathematical and Philofophical. 


Definitions may be taken two leveral ways. Firft, there may be an Idea, Image 
or Conception in our Mind of a Tiling, which we cannot exprels to others, but 
in many words. Now to this Thing exprefled at large we would give in brief a 
certain Appellation or a fettled Name ; fo that whenfoever this Name is menti¬ 
oned, we intend thereby that the Thing be in foch manner conceived, as It was 
at firft exprelfed, or as we fay, defined. Mathematical Definitions are to be taken 
in this fenfe. Which indeed admits of no difputej for that it is free for every 


man to give what Name he pleafes to his own Conceptions. He is only afterwards 
bound to ufe the Name always in the fame fignification, which at firft he gave unto It. 

Again there are many Things of which Men have a common Idea, and alfo a 
Name commonly received to lignify every fuch Thing. But yet upon fearching 
more curioufly into the nature of T ilings we do often require a more perfeft Ex¬ 
planation of the Efiencc and Intrinfecal conftitution of thole Things. This kind 
of Explanation is call'd a Philofophical Definition. Which ought to be an Ana¬ 
lytic of the Thing into the Eflcntial principles of which It is compounded. As 
when we demand what is Water? What is Eire? Of thefo Things there is among 
men a common Idea, I mean, of The Whole or Totum Phyficum, and a like ufe ,* 
Alio in every Language a certain Name; Notwithftanding which knowledge of 
Ours, we do by thcfe queftions require fomething more to be inftru&ed in, con¬ 
cerning their original conftitution. That is, we would refolve the Whole into 
its conftituent parts, and lay open the fecret Compofition of their Natures. But 
whether the Intellect of Man can pierce fb deep into the Intrinlic State of Things, 
as to give an Eflcntial Definition of any Thing i is to me fo much unknown, that 
nltho Arijhtle rightly teaches what That Demonftration, which he calls At In 
ought to be, yet l believe the moft fobtile wits in the world never folly difeern'd 
the Eilential frame ot any Thing, or the Natural progrefs of Caufes and Efle&s, 
whereby to be enabled to give juft Definitions of Things, and accordingly De- 
mo nit rat ions a-r. in the Courfe ot Nature. Our Definitions being only the Ana¬ 
lytic ot our own 1111 per fed Conceptions of Things, rather than of the Things 
themfelvcs. 


l or to Know the Divine Mechanifm of this material World belongs only to 
That Eternal, Almighty Self-Being, rolv, to iv , Theory Being, The 

chic, and oi ovr only Thought, Which (The fame withHimfelf) together Knows 
and nukes all Beings. 

vl 

Win: Intuition into the Life nee ot Things, Spiritual Creatures may have is 
all together uuconcciycablc by Man. Certain it is, that humane Undcritanding 

proceeds 
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proceeds upon Conceptions inadequate to Nature, taking Things only by Parts, 
and from their outward Appearances. AGyirficv ti^a. neayfiruv is the pure 

lain bic of S. Greg. Na^ian^cn, Rgafontng I know to be the Divifion of Things . Onr Ratio¬ 
cination indeed is made after that manner, itep by ltep, to lead us into fome kind 
of knowledge. And in obferving what appears the bird, molt Simple, and im¬ 
mediate Emanation of a Thing, we do from Thence determine the nature of the 
Tiling in It felf, and diftinguifh It from all Others. And hereupon we form in 
words a Proportion, commonly called an ElTential Definition. It ferves indeed 
as well for our ufe in Reafoning; if we can from thence ns A Caufe gradually de¬ 
duce all other Affedions and Properties obfervable in the fame Thing. 

Thus there are thefe two kinds of Definitions. Thefirft is by Logicians called 
Definitio Nominis. Which is of molt ufe among the Mathematicians, who giving 
Names to their Conceptions, do in their Definitions put A Name for the Sub jell 
of the Propofition, and The Tfnng which is to be underftood by that Name is made 
the Predicate. And in This kind of Definition there is only imply’d that fuel) a Thing 
is lo Named. 

The fecond is called Definitio 7 {ei, ufed generally by Philofophcrs, in which the 
SubjeB of the Propofition is the Tatum Phyficum , or a Thing conceived in grofs 
under a natural compofuion, and fignified by a certain Name: And the Predicate 
is, or ought to be the ElTential conltituent Parts of that Phvfiea! Compound. 

Thus a Mathematical Definition conlifts of the Name and the Thing, and a Phi- 
lolophical Definition of the Thing named and the EJfcntial parts of the lame Thing. 

And now to our prefent matter. Tirft, as the Mathematicians underhand their 
Definitions, This of a ftrait line is with all the Reft to be received alike by Geo¬ 
metricians without exception, l'or that witli 'lhein, as we have laid, there is 
only put or fuppoled fuch or fuch a Thing, and a Name is given to It. As here 
A Length is put, which is to be conceived to lye evenly to all irs Points ; and 
fuch a Length is called a Strait Line. Now firft ngainlt this Notion ofllvcncls 
in Length or an Equable interjacency of every part in a certain Length, there can 

be urged nothing as impoflible or incomprcheniible ; and therefore It is at prelimt 
to pals as a Legitimate Suppofition. And next in calling this kind of Length a 
Strait Line, The Name is free and arbitrary as all Names are. 

But again, if as Philofophcrs wc take the Subject of the Propofition for a 
Thingj and here intend to define a Strait Line; as a Thing commonly known in 
It fell', andallb by That Name; yet to clear our Conception therein, wc would 
Analyfe, or Relolve a Strait Line into the EJfcntial Grounds of ~RcBielude, 1 lay, 
even in this Philofophical acceptation Euclids Definition will appear moft accurate 
upon this very rcafon, that whatlocver Notion put by any One Philofopher, or 
Mathematician for the Definition of a ftrait line, or whatfbever Properties and 
Affedions are attributed to a ftrait line, They do All evidently a rife from Euclid s 
Definition , as from the Nature of fechtude, and the Ellcntial Cnnlfirution of allr.iit 
line. For Euclid s Notion of a Jlrait line docs confifl in the Equability of its fwfition 
to all imaginable points in the fame line. And there ariles from This conception 
fuch a Community, or rather Identity of Conftitution in all ftrait lines, that 
they being coniidered abfolutly in themfelves, As Strait , do differ from one ano¬ 
ther only in Situation, and variety of Place. So that changing in our imagination 
the place of one ftrait line into the place of another ( which is called £$ cc ? u : as , 
Epharmofis , or an Adaptation of one line upon an other) there follows, 

Firft, that All fir ait lines arc Congruous to one another. 

And This is, as wc have noted before, the Primary ufe of Euclid s Definition 
Or rather, This is not fo much to be accounted a Con fedary, as rather the fame 
notion with Euclids Definition, tho' in different words. For to conceive ftrait 
lines to be fuch as to have every where an equable interjaccncy of all their pans 
to all their points; Or ftrait lines to be fuch as to have every where a mutual 
Congruability of Themfelves, and all their parts to one another is in cfled the 
fame Thing. 

Secondly, That A fir ait line is thtleafi of all hues between the fame points. 

B ?. Which 
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Wiuclx notion informs net what a ftrait line is in It feIf; but only what It is 
in companion to lines not ftrait. Archimedes makes ufe of This as a natural Con¬ 
ic clary from Euclids Definition, idr., fays Produs, ir Ins tuuaj -ms kty' kamtfi nj/woir; 
Ilz. Ojz/jt?. ir- 7 x aim. tsssa\a tjQSTscs- Becaufe a fir ait line lyes evenly to all 
Us points, for that very reafon It is the leajl of all lines having the fame Ends . For if 
any other mre hfs., The firft did not lye evenly between its Ends. « $ wj tv €A*tW 

* * y * - . — 

cm ir iT 2 rz.C n~ar.\ gtzurrS- 

Thirdly, From Euclids Definition fays Produs 'tis manifeft, that 
Only Tlje ftrait line does poftsfs a Space equal to That, which is between Its points. 
: i::~; tT Tcr.-vi \m wair/jja eiazruac fiZla%u ran ex aurrf And Produs glVCS 

this reafon; For how much One point is diftant from the Other , fo much is the magni¬ 
tude of the Hr ait line terminated by the fame points . oenr <-£> ardystf jdmxv -w mjfietav 


T3 pot*?* rrr I'sca&s r/f Tzr aurw 7x0$isfjbprfi. This is, fays Froclus. 


I' *7/ rifiTj 


That is, A line to lye Evenly between two points, is the fame Notion as a 
iu:e to be equal to the In ter medial Jpace between two points. Therefore 

Fourthly, A Jit ait line is the natural meafure of Diftance between Point and Point, or 
Here, and There. 

Fifthly, A ftrait line is Ordinate between its Extrearns, hr’ ay^see esi fays 

Produs. 


Or if we take it as S r Henry Savzle corre&s it, Then thus it is. A ftrait 

line is ftretched to the utmoft between its Extreams . And therefore 

Sixthly, A ftrait line is fuel), tvhofe Extreams cannot in our Imagination be moveable 
further from each ether , prejerving the Quantity of the fame line. 

Whereas the Extreams of any crooked line may without change of its quantity 
be further and further diduced, till the crooked line be llretched to a ftrait line. 

Seventhly, A Jlrait line is The only ftngular between the fame Extreams. 

That is, there can be but one ftrait line between the fame points, whereas of 
crooked lines there may be infinite. Laftly from Euclids Definition there is ob- 
ilrvd an other property of a ftrait line relating to Vifion: To wit, 

Eighthlv, A Jlrait line is That , All whofc Intcrmedial Parts do obviate the Extreams . 
Hr 7a iL-m cs.-a v:.r As Produs fpcaks from Plato. And the mean¬ 

ing is, that if One Ext ream be fuppofed a Lucid point, and the other Extream an 
Lye, all the interjacent Parts of a ftrait line (hall obviate, or ftand in the u'ay, 
and obftrutt the Radiation of the Lucid point unto the other Extream > fo that 
It cannot be vilibie to the Eye in that place. As for inftance, we find theEclipfe 
of the Sun to be made by the direct interpofition of the Moon between the Sun 
and our SiTnr, All Three then lying in a ftrait line. 

* _ 4 KJ 

Tilde Notions, or Conceptions, and whatfoever other Attributes are by any 
One given to a ftrait line. They arc only Confe&aries from Euclid's Definition. 
Which lor this very realon ihows It left to be the Primary Conception of Retti- 
tude in lines, lor that It comprehends all ftrait lines in general, whether taken 
finite, or infinite. Whereas Thole Other here now mentioned are Secondary, re¬ 
lating only to a finite ftrait line as determined between two Extreams. Andmoft 
or all of 1 hem are ulelcls in Geometry. 

Thus have we tully let forth the leveral notions of Mathematicians and Philo- 
iophers concerning a ftrait line, becaufe Many of Them have thought It worth 
their While to btily Thcmlclves therein, and efpecially two Great Men of our Age, 
M f IIchs and the incomparably Learned D r WaUis . And befides we have the ra¬ 
ther infilled upon tins Argument, for that It gave us a juft occafion to Expound 
the Nature, and Difference ot Definitions Mathematical and Philofophical. So that 
in the right underltanding ot Them Both, our younger Students might be provi¬ 
ded again it the Cavils made upon lome of Euclid s Definitions. Laftly, It is ob- 
Lrvublc, that Things, the more common They are and leem moft known, are 
the molt troublciumc to \>: defined. For that there is in every Man One and 
the lame anticipated Idea oi Familiar Things, whereby they are better known 
wiihm E’s, than Words can make them known unto Us. The Things them- 
lelvcs ftamping a clearer Image of Thcmlclves into our Imagination, than any 

words 
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words can imprint. Adeo difficile eft (to /peak with S r Henry Savile ) rem maxim* 
perjptcuam perfpicue definire . 

A ftrait line altho' it be no where exifting by it (elf, yet there is no¬ 
thing of a more common conception, and in more frequent practice. For the 
Diitance of Places from one another, Land, and Sea, Heavens, and Earth, the 
height of Buildings, Mountains, Clouds, Comets, Planets, &c. is only confuted 
ana meahired Dire&lyby Length: which is nothing elfe, but what Eu elide means by 
a Mathematical Itrait line. And thus in very many calcs of Humane Affairs this 
notion is neceffary, and applyed to a real ufe. 

A Thread ftretched by a Plummet, The morning Rays, and Beams of the Sun 
(tho’ in themfelves refracted) do in lome manner reprefent That, which we call 
Re&itude in lines. 

DEFINITION V. 


Superficies is That , which has length and breadth only . 

ANNOTATIONS. 

The Mathematical conception of a Superficies, or Surface, may be thus ex¬ 
plained by the motion of a Line. For if a line be fuppofed to move tran£ 
verily, it (hall trace forth a certain Length, and Breadth called a Superficies; 
Lang by reafon of the Length of the moving line; and Bread by realon of the 
Motion of the fame line fideways . 

As if the line A B, be imagined to move 
from AB to CD, it fhall trace forth the 
Superficies ABCD. 

But now from this illuftration of the na¬ 
ture of a Mathematical Superficies, by the 
tranfvers motion of a line, we are not to 
conceive, That a Superficies confifts of an 
Aggregation of lines, for the like reafon as 
were before given, That-a line was not 
made of an Aggregation of Points. But if & 
any Ones curioficy leads him towards an inquifition into this fubtile Argument, 
let him read That Book under Anftotles name Be lineis Infetabilibus , with his 
Commentator Pachemerius. Alio Sextus Empiricus adverfus Mathematic os , a Greek 
Sceptic Philolopher, and of late Writers Libertus Fromundus De Compojitioni Con - 
titrniy which Treatife he juftly entitles Labyrintbus. 

Thus Euclide proceeds from a Point to a Line, and from a Line to a Superficies. 
And as a Line was faid to be an Extenfe One way only, and Therefore can have but 
One Dimenfion, or One way of Menfuration according to Length; fo a Super¬ 
ficies is an Extenfe Two Ways , which Ways are diftinguiihed by the names of 
Length and Breadth, and therefore a Superficies has Two Dimenfions, or Two 
Ways of Menfuration according to Length and Breadth. And this in one word 
may be called an Expans; asa line was called Simply an E x t e n s e. More¬ 
over a Body, or Solid, is an Extenfe three ways, (that is every way) and there¬ 
fore It has three Dimenfions, or three ways of Menfuration by the names of 
Length, Breadth, and Depth, or Thicknefs. And that there are no more, than 
three Dimenfions (as in this matter Ariftotle fays, -mrfft vuvirt, Three art All) Ga- 
liletu does demonftrate in the beginning of hisfirft Dialogue oftheSyftcm of the 
World. A Book, that deferves to live for ever with the World. 

Yet in this .natter the Geometrician does acknowledge with the Fhilofopher, 
that there is in Nature nothing exifting of real magnitude but Body. Only there 
are feperate confutations of the Menfuration of Body, which wc make to our 
felves for our own ufe, and do, as we have faid, fignifie by the names of Lengthy 
Breadth , and Depth. Of which three varieties of Dimenfions every Man has natu¬ 
rally a dear, and diftind Idea. 




C 


Now 
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Ufow the mo# obvious and fcnfible repreftntation of a Mathematical Superficies 

is a Shadow; And the common Extream of a Superficies partly Ihaded, and partly 

enlightned, reprefonts a Mathematics! Line. Moreover the general Object of our 
Sight is only a very Mathematical Superficies Illuminated. For we fee not into 
the Body, or fob(fence of Things. And to this Confideration aptly anfwers the 
Etymologie of the Greek name bnputts* Apparentia, the Apparence and Surface 

of a thing. 

But fan her, the oft of this Mathematical Superficies is made moft manifcft ia 
the Eftimation, and Menfuration of Lands, whereii the Surface only is confi- 
dered, and valued, and nothing of the Depth. Which fhews, That the Mathe¬ 
matical conception of a Superficies, is alfo a real Notion, and of general ufej in 
like manner as That is of a Mathematical Line. 

DEFINITION VL 
r | * He Extream of a Superficies are Lines. 

ANNOTATIONS. 

As a Line cannot be limited by a Line; lb upoo the fame reafons a Super¬ 
ficies cannot be limited by a Superficies. A point puts a ftop to Length ; but It 
cannot to Length, and Breadth. That therefore muft limit Length and Breadth, 
that is an Expans, or Superficies, which is fomcihing more then a Point, yet Ms 
than the Ieaft Expans. And This can be nothing elfe but a Line, which only 
Magnitude is void of Expanfion. 

In the fifth Definition, a Superficies was firit conlktered in its own nature, and 
limply in it felf, as meerly Length and Breadth, but undetermined and as infi¬ 
nitely diffuftd. Yet now if in a superficies thus at large, there be a limitation 
any where fuppofed, the fame, lays Euckde, is conceived to be a Line. As if Here, 
by the line AB, If There , by CD, If EJferohcre by EF, GH, &c. Theft limita¬ 
tions being allways Lines, whether ftraic or crooked, conjoin'd, or not conjoin'd, 
one line, or many; for theft conditions come not as yet to be confidered. 

Only we are to conceive A Superficies to he a Continuity of Length and Breadth, 
cr an Exp am determinable by lanes . As a Line u a Continuity of Length determinable 
by Points . 

JLaftly, we are to obferve, That This Definition of the Extreams of a Superficies! 
and the Third before of the Extreams of a Line are not properly to be accounted 
Definitions; alltho' They be commonly numbred among Them. For in neither of 
them is any new Geometrical Term defined; but they are only neccflary confe- 
quence-, and common notions, Refulting from the Definitions of a Line and a 
Superficies. For Length or a Magnitude of one Dimenfion muft be terminated 
by fomething void of Length or any Dimenfion: which is a Point. And Length 
and Breadth or a Magnitude of two Dimcnfions, muft be terminated by fome¬ 
thing wanting one of thofe Two. Which is a Line, or Length without Breadth. 
As Preclus well lays, n» rt *ri r# aiu^zy Whatfoever b partible, 

the fame is terminated by That, which is impartible, to wit, as It is ufed for a 
term or limit, lo It has no magnitude, but is Impartible, tho in another refped: 
the fame may be a partible magnitude. As a line in relpeft of a Superficies, and 
a Superficies in relpedi of a Solid. And briefly, Whatfoever terminates an Other 
the ft me is lefs compound than the terminated magnitude by one dimenfion. So 
Proclus in general Hates this matter. T« ru mgfcpbp* fit* Ktr/rmj 

Termsnanr a Temanato /operator wm mmm B a, 
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Tlam Superficies, or A Tlane is That * which * it,* & 
lies Evenly to the jlratt lines within It Jelf. mut A ' ,a “ X!,7 “- 

annotations. 

After the definition of a Line, Euclide defines a Strait Line, and here accordingly, 
after the definition of a Superficies, he defines a Plain Superficies, which anfwers 
to a Superficies in general, as a ftrait Line to a Line in general. 

And as a ftrait line wa 6 defined to lye evenly to the points which are in the 
lame line; fb a Plain Superficies 16 defined to lye evenly to the ftrait lines which 
are in the Superfices. For that a Plain Superficies has a like equable refpecfc to 
all poflible ftrait lines in the fame Plain, as a ftrait line has to all poffiblc points 
in the fame Line. 

Whereas curved furfaces, as a Conical , and a Cylindrical fuperficies, have in every 
part a different fituation in a refpeft to the ftrait lines which may be feared in 
them: and therefore they do not lye s&V* (as Euclide expreffes) in an even portion 
to their ftrait lines, as all plain fuperficies do. And we are therefore to conceive 
from Euclid's Definition, that a Plain Superficies is fuch as lyes every where fo 
juft, and even, that if we imagine ftrait lines to be every way feated in a plain fuper- 
ficies the ftrait lines fhall wholely, and in every part touch the fuperficies, fo as to 
lye juft in it with a mutual agreement to one another. As Sextus, the Sceptic 
cites p. ioi. lib. 3. adverjus Geometras , Enmicv rvy^bav, * ij x&lappwn tuca 

tuc ftsosm an(terk Planum td effc per quod circumafta lima recla omni ex parte etdem 
congruit. And upon this natural conception of a plain Superficies, Mechanics ufe 
to apply the edge of a ftrait Ruler to a fuperficies, thereby to examine, whether 
that ftrait line does in all its parts agree with, and every where couch the fuperfi¬ 
cies; and accordingly they judge of the exaftnefsof the Plane. 

If we conceive a ftrait line to move tranfverfly It traces forth 0 Superficies. 
And if It move in fuch manner tranfverfly as that every point thereof defcribcs 
a ftrait line 5 It truly reprefents to our imagination an Exaft Plant. 

Now the Plane, which Eucltde has here defined, is the lipa, That 

Geometrical Seat, and noble Table , wherein the whole matter of the Firft Six hlc- 
mencs, and all the admirable /peculations of Plain Geometry are placed* 

Of Plain Angles. 

DEFINITION VIII. 

Thin jingle is in a plain Superficies an Inclination of two 



Lines to one another, * meetin y 5 together, and not 


A -flout 


dire&ly fitnated One to the Other, 


ANNOTATIONS. 

Let there be two lines not dire&ly 7, 
fituatedone to the other;as AB,CB, 
Touching one another, or meeting to¬ 
gether in tlie point B. Of thefe Two 
Concurring tines A B, C B, Their lncltna* 
tion to ofte another is called an Angle. 


« 
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But an Angle is not to be laid to be 
The Contours of two' Inclining lines • As 

the late and much famed French Logi¬ 
cian, tranfpofing Euchds words; makes 
Him to fay, that an Angle is la fienanttre 
dt deux lignes Inclines. Part. 4. Chap. 4* 
DeL Art de ptnfer , bf'thc An of Third^ 
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ir*g, as the Author entitles his Logic. Whereas if he had rendred Euclid , he 
ihould have (aid, that an Angle is Id Inclination de deux ligtes Rgnccntries. For Eu¬ 
clid s Inclination of two Concurring lines is divifible, and menfurable; but la J(erh 
centre, the Concurs of two inclining lines, being in a point is indivifible: as the 
French Logician lightly obferves ; but hereupon he unjuftly taxes Euclide with a 
fault of his own making, by changing Euclid.s words, and fenfe. And it feems 
ftrange to me That the Author of a moft Excellent Logical Inftitution Ihould 
not advert the difference in Exprdhon and Signification, between the Inclination 
of two Concurring Lines, and the Concurs ot two Inclining Lines: for that In¬ 
clination manifeftly denotes a divifible Thing ; and Concurs an Indivifible Point. 

Now lines are (aid to Incline to one another, when in Each line Part after Part 
comes nearer and nearer to the Other line, that is, when The lines do continuediy 
approach toward one another. 

An Angle is commonly fignified by — A 

three letters, as the Angle ABC. Where 
the middle letter ever denotes the point 

of Concurs of the two lines containing 
the Angle. Yet in the Notation of an 

Angle, we are to oblerve that The Greeks 
fay not r, ctZy, The Angle ABC, 
but more properly ij a.Cy, that is, 

f vsv £to, £ y z&izzpaT, yutlcu The Angle 
contained by the lines AB, BC But 
the repetition of 0 the Greeks omitt for 
brevity lake. And for the more brevity 
it is tranflated the Angle ABC, inftead 
of the angle contained by ABC, or 
AB, BC. 

In the definition of an angle Euclide 
puts the Simple word KAi*r. Clips, with which the Latins were not acquainted 5 
never laying Clmatio i but always ufing (ome compound word, as Acclinatio, Incli¬ 
nation Dtchnatio, &c. Euclids word K/anr, is generally tranflated Inclinatio. But I 
Ihould rather have chofen Acclinatio , as belt anfwcring to Euclids word «e*V i&if- 
t kA iW. For kAjW, is more properly to be rendred, ad 

fc invicem Acclmatio, than Inclination fefeque acclinat ad iUam is Latine ; But inclinat is 
Barbarifm. Yet in this matter Inchnatio is the word in u(e, and to the power of 
cuflom in Speech we muft (ubmit. 

Euclide having laid down a Plain Superficies as the Platform for his Elementary 
Geometry, a Eaja Tabula aptly difpofed to receive any impreffion, does begin with 
a Plain Angle, It being the mojl Simple of ail other delineations, whole only and 
proper feat is to be in a plain Superficies. For tho* a Line be a delineation more 
Ample than an angle, which to its conftituton requires Two lines, and alfo that 
a line may be in any kind of Superficies; yet a Superficies is not the neceflary 
feat of a line. For if fo, it had been immethodical to have defined a Superficies 
after 2 Line. But both Line and Superficies were taken fingly and without re(pe& 
to one another, or to any place, other than That of Vniverjfal Space. In which, 
firlt Euclide puts a Point, next a Line. Then a ffrait Line, afterward a Superficies, 
and then a Plain Superficies. In which Smooth Mathematical field the Elementator 
begins, and therein firft places a plain Angle. 

Now in thi= Geometrical progrels Euclide has not (as (ome Commentators im¬ 
pertinently have) enumerated all (bits of Lines, of Superficies, of Angles, into 
which Each of The(e might have Logically been divided, and fubdivided. That 
manner of Do&nne is the method of Philofophcrs, and very proper to Them. 
Who define firft the Science, and the Subjed they Treat of; and again, divide 
the Subjed into all its feveral kinds and (pecies, as They ought to do; for that 
Fhilofophers undertake to comprehend the Whole Nature of their Subjcd in every 
pan thereof, with all Its properties, and afiedions. Whereas the Mathematicians, 

palling 
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paffing over thofe Logical Divifions, do feled only what is neceflary to their 
prefent Purpofe. As Euclide in this place fpecifies only thofe Things, which are 
moft eafy m themfelves, and belt ferviceable tor an entrance into Geometry. So 
the Mathematician orders the fame fubjed in one way, and the'PhilofbphcT in 
another: yet both equally right as to their feveral Ends. But I{an:us^ not juitly 
confidering the dnfcrence, that ever was, and ought to be had, between the Ma¬ 
thematicians and Philofophers in handling the lame fnbjcd, endeavours to join 
both methods together. He therefore firlt undertakes to define Geometry as the 
Science he treats of, and next Magnitude ns the Subjeft. Then divides Magnitudes 
into Commenfurable and Incomnienfurable, Rational and Irrational, aud io forth 
in a Logical Form. Which Notions being very fubtile, and above the capacities 
of young Scholars, are in no manner agreeable to an Introdudion into Geometry, 
and the proper way of Teaching and Learning the fame. Indeed hamus , makes a 
very ingenious excufe for himfelf, when he fays, Magis Logtcnm m Matbcmatico 
themate exercut , quam Matbematicam in fao pulverc jertoque ufu traUai i. To which 
I mult return, Non tgitur minim eft, quod tam inf clutter traclnvit Gcometrtam. I- or in 

his Logical ordering of the Elements by new Definitions, by impertinent Divi- 
fions, and Subdivifions, and in the general courfe of his Proportions, He has lb 
difbrdered The Elements , that you Icarce meet with a juft Mathematical demon- 
ftration : But only a perfwading face or fonie femblance of Truth, not a dcinon- 
ftrative Convidion. And of all our late Transformers of Euclide, He is themoft 
Ungeometrical in Demonftration, how Exad foever in his Logical,or rather Ver¬ 
bal method, and difpofal of his Propofitions, He may pretend to be. And there¬ 
fore to go on with Euclide . 


Of the Nature and Conftitution of a Plain Angle. 

For the Conftitution of a plain angle. Firft, there muft be a k.a inc, as Euclide 
calls it, an Inclination, Vergcncy, Leaning or Tendency , of Two lines one to the other. 
By which words is meant, that the Two lines do one way continually approach 
nearer and nearer to one another. 

Secondly , upon this approaching there is to follow a concurfc, or meeting toge¬ 
ther of thofe Two lines. 

Thirdly , this concur/e is to be in fuch a manner, as that, upon meeting, The 
Two lines lye not i~' tuS-xus, that is, ett' in a current or continued way 

towards one another, fo as to join together in one and the Jamc line ; but i hat, after 
the point of concurfe if each line be produced in its Proper courje , They (hall ftill 
be Two lines, and depart again from one another. Otbcrwifc, it may fo be as in 
tilde following Examples. 

That a line drawn from the point A towards C, and another from the point B 



towards C may in this trad, have an Inclination, Vcrgcncy, and Tendency to 
one another, yet in their meeting at the point C make not an angle, but that 
the line AC is fo joined to the line BC that both together make one continued 
line A C B, and fo no angle at all, bccaufc that an angle docs require Two diftind 

1 ) lines. 
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lines. If the lines thus meeting be Both ftrait, then they make one ftrait line. 
And This is eibstx xAxW, a ftrait Inclination of two ftrait lines to one another, 
which upon meeting become One ftrait line. If both lines be crooked, then may 
they often make form One continued crooked line j as in thefe Inlbnces, and the Like, 
whereof there may be infinite varieties. Therefore, in the Inclination, and Ap¬ 
proaching of two lines to one another, Etulide made This fpecial Caution, for 
the confutation of an angle, That, at their meeting, They be not fituated be 
abate, that is in fuch acourfe, as to be coincident, and continued one with the 
other if they be both farther produced. For this phrafe e-' abate xftftdzq, to lye 
it-wife, is not only applicable to ftrait, but alio to crooked lines, where, upon 
meeting, their curvature remains unbroken, tidj vAai&c as Proclus fays, without 
fraction, that is, In fuch a fort, as that if the Two Concurring Lines be both ftill 
continued onwards in their proper courfe, they do not divert, or deviate again 
from each other, but do mutually pals into one another, and become one Angle 
line continued in Jua fpccic. The Two lines meeting in this manner are faid to lye 
be (hbsixe, ftrait-wife to one another, and the Curvature is not by Geometricians 
conceived, to come under the notion of an angle. 

Es-'dbeutff ftrait-wife, was a brief^ and vulgar manner of fpeech, for be tvbeiat 
(as is before noted) that is, in a ftrait way ; as rccla profieijei , To go ftrait for¬ 
ward, is for recla via proficifci. And in the fame fenfe that the Greeks ufed br 
abate, we now ufe to fay, ftrait a long, ftrait forward, tho' there be fome flexures 
and windings in the way. 


DEFINITION IX. 

A Nd when the Lines containing the Angle are ftrait, the Angle 

is called a flrait-lind Angle. 

ANNOTATIONS. 

That is, when the Lines, which have to one another this mutual Inclination, 
and Concurfe, are ftrait, then the Inclination of Thofe Concurring ftrait Lines is 
called a ftrait-Iin'd Angle. 

Euclidt did jult before define a plain angle in general. Yet here He next takes 
notice only of Plain ftrait-Urid angles, palling over, after the manner of Mathe¬ 
maticians, the Logical divifion of Angles into Plain and Solid. And again omits 
the enumeration of the feveral forts of all Plain Angles: for that the conlidera- 
tion of every One of Them was befides his prefent Matter, which he had confined 
to the fimple (peculation of Plain ftrait-lin’d Angles. 


Of the Variety of ftrait lin'd Angles. 

DEFINITION X. 

A Lfo when a fir ait line [landing upon a [halt line, makes the 
Confequent Angles equal to one another , each of the equal 
Angles is a Right Angle. 

And the Handing ftrait Line is called a Terpendicular to that 

Line upon which It [lands. 

ANNOTATIONS. c 

As if the ftrait line C A, Handing upon the ftrait line 
BD makes the Confequent Angles, that is, the angles on 
each fide of CA, namely CAB, CAD, equal to one 
another. Then each of thofe equal angles CAB, CAD, 

is laid to be a Right Angle. And the ft anting ftrait Line g_ . 

C A is ailed a Perpendicular to the ftrait line B D up- A ® 

on which It Hands. 


Thefe 
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i Thefe angles CAB, CAD, which fide by fide are conjoyndto one another; 
are in general (whether Equal or Unequal) called by the Greeks a) epg# yamcq, 
and the Latines Angult Deinceps, Which 1 think not upaptly rendred, th eConftqucnt 
Angles ; for that they do in order mutually follow each other. 

And further to confider this matter Philofophically, The Equality of the Con¬ 
fluent angles is the natural and immediate caufe of Their Rectitude. That is> 
becaule the ftrait line C A (landing upon the ftrait line BD makes its Inclination 
both ways. Here towards B, There towards D equally, and juft alike to the line 
BD, therefore the angles CAB, CAD, are both neceflarily to be conceived 
Right, and the (landing line CA to be manixeftly Upright to the line BD. 
Whereupon, It is by the Greeks properly called k aJitcc, a Cathetus , That is, a line 
juftly feated, or fitted both ways equally in refped of the line upon which It Hands: 
To which therefore It is laid to be a Normal Line. 

We may here obferve, That the Englilh Tongue is as happy as the Greek, by 
rendring iv$-c<z y&pw a ftrait line , and opfy ya/ia a right angle; whereas the Latines 
have only one word for Both, Retta linea , and Reilus anguius, which commonly 
our Englifii Tranflators follow,fayjng alight line ,as well as a Right angle. But I Wilh 
that our Mathematical Writers would hereafter ufe this dill inti: ion, according to 
the exadtnefs of the Greeks; feeing, that our Language affords two fuch proper 
words, as Strait, and Right, anfwenng to and eftes ; And always lay 
a Strait Line, and a Right Angle-) like to wB-a* & cfyymct. 

DEFINITION XI. 

A N Oitufe Angle is That which is greater than a Right Angle- 

As eab is greater than cab. 



DEFINITION XII. 

A N Acute zAngle is That which is lefs than a Right zAngle. 

As E a d is lejs than c a d. 

ANNOTATIONS. 

Of Euclid's three forts of ftrait-lin’d angles the Right angle is made the Rule 
and Standard to know the Others by. For that the Right is always unchangeable, 
and the fame. Whereas the Ohtufc , and Acute are capable of Incrcafing, and Dc- 
creafing infinitely; and only determined by Tins, That all Obtulc are greater, 
and all Acute angles are lefs than a Right angle. 

Of the Quantity of a Strait lin'd Angle. 

Now whereas Euclide defines an Obtufc angle to be greater, and an Acute angle 
to be lefs than a Right angle, the Commentators have much labour d Wherein to 
ftate the Quantity of a ftrait-lin'd Angle. For the Quantity of an angle is eftunated 
neither by the Length of the lines which contain the angle, nor by the Superfi¬ 
cies which lyes between thofe lines, nor by the Point of Concurfc of the two 
lines. For the angle ABC is not greater than the angle DBE, but is ftill the 
fame in quantity i alcho the Line B A be greater than B D, and B C than B E, 
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and the Superficies between A B, B C, be larger than the Superficies between D B, 
BE. So that in any plain lira it-lin'd angle the 
Containing Lines with the Interjacent Super¬ 
ficies may "both together be infinitely increafed 
forward, yet the Angle remaineth the very 
fame. 

Again, for the Point of Concurs, That can¬ 
not come into the confideration of the quantity 
of an angle, feeing that a Point is in it felf no 
quantity. 

There remains then nothing more to be confidered in an Angle befides the In¬ 
clination of the concurring lines. And thus much in the firft place muff be ac¬ 
knowledge in common Reafon, that only That can bs Ejfential to the Quantity of an 
Angle, trineh hewg altered , does alfo alter the Quantity of an Angle. Now neither 
the Length of the containing lines, nor the Interjacent fpace being altered, does 
alter the angle, as we have already noted. But if the Inclination of the contain¬ 
ing lines towards one another be any way altered, the angle is iikewife altered 
in its quantity. As if BC be conceived to move inwardly towards BA, orout- 
wardlv from It, the angle ABC will become greater oriels. Therefore It ne- 
cdlarily follows, that The Quantity of a Ibait-lin'd angle mufi confift in the Quantity 
if the Inclination of the trvo Jlrait lines which contain the angle. This Quantity of 
an angle 15 well iaid to be, &*&:**. \iss Tmj k?.iow. A Difiance of Inclination . As 
Sextus the Sceptic cites It, Lib. 3 .adverfus Geometras , p. 102. 

Now therefore when Euelide fays that an Obtufe angle is greater, and an Acute 
angle is lefs than a Right angle, It is to be underftood, that the Amplitude , ot Di¬ 
fiance of Inclination, is in an Obtule angle greater than That, which is in a Right 
angle, and in an Acute angle L is Ids. 

As the Inclination of the lines BA, EA to one ano¬ 
ther is greater than the Inclination of BA, CA to one 
another. And the Inclination of the lines EA, DA to 
one another is Ids than the Inclination of CA, DA to 
one another. And thus from the Dilatation , or Coarfta - 
nor. of the Inclination of the containing lines , One angle is 
Jaid to he greater, or lefs than another . But now, How jj 
This D'.fiance of Inclination, as an Angular Quantity may 
be meafured, and eftimated, lhall be (hown hereafter in its due place. 






A Second Confideration of a ftrait lin'd Angle. 

But to illuftrate farther, & in fomewhat a different manner from the former, 
the nature, and quantity of a plain p 

ftrait-imd angle, Let us fuppofc any 
point, as A in a plain Superficies, and \ 

from it to be drawn Two Itrait lines \ 

at any widenefs, or Aperture, as the ^ \ 

fines A B, AC. Here the angle B A C \ \ C 

may be .aid to be the Aperture or Di- 

vancatien of the lines AB, AC, which \\ s'' 

contain the angle B AC, fo drawing jj. 

A 1 ), A l*. A F, A C, the angle BAD \ ^ 

is the Aperture of the lines AB, A D, / Nv 

which contain the angle BAD. In / 

like manner the fcvcral other angles / 

are the Apertures, or Divarications, of / \ 

their containing lines; Which, may / 

continue!!'.* be enlarged, and opened * 

more, and more increafing the angles till the line AH comes to lye dircflly with 

AB, 
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AB making one ftrait line HB. So that this fu 9 ro jcAiW, or fir ait inclination of 
the two lines i * A, BA, to one another, cannot conftitutean angle in their meet¬ 
ing at the point A. But furthermore, if there be drawn the line A I, there is a- 
gain made the angle B A I, which is the Aperture of the lines A B, AI i and the 
like is in BAR* and fo continually we may approach towards A B making the 
Apertures (that is, the Angles) left and lefs, till the approaching line be coined 
dent, and one and the fame with A B. 

A Second Definition of a ftrait-lin’d Angle. 

Wherefore a ftrait-lind Angle may be fa id to be The Aperture of twoftrait lines drawn 
from a point , and not lying direBly to one another . 

Add how the Quantity of an angle may be eftimated by the Aperture of the 
containing lines, as well, as by their Inclination to one another mall be {hewn 
hereafter. 

A Third Conlideration of a ftrait lin’d Angle. 

Moreover, becaufe thefe feveral Angles, or Apertures do together make tip 
the whole /pace about the point A, from hence may a rife a Third Conation of a 
ftrait lin'd angle, and its Quantity. For feeing that all angles that tan be p»(fi- 
bly Itated from the point A, do together compleat the whole fpace about the Jam* 
point} therefore every particular angle contains fbrne certain portion ot the 
Space about the point A. 

A Third Definition of a ftrait lin’d Angle. 

Wherefore we may thus again define a plain ftrait-lin’d angle. A plain ftrait- 
lin’d angle is A Portion of a plain Jj pace about a Point, contained by two ftrait l.ties, 
drawn from the fame Point , and not dtreBly fituated to one another. 

This Ambit, or Circumcikca, dees as jultly aniwerto the nature of an 
angle, as either Inclination , or Aperture . For as in thefe 1 wo conceptions, fo l»ke- 
wile in this Third the Quantity of an angle is not concern'd either in the 
Length of the containing lines, or in the fpace Interjacent between thole lines: 
but only in the fpace Circumjacent about the angular point , Which (ireumerrea being 
changed, as either amplyfied, or coar&cd, the angle accordingly becomes Cheater, 
or Lefs, as It does upon the Notion of Inclination, or Aperture. And how by a 
portion of the Circumambient fpace about a point , the Quantity of an Angle may be 
aUo eftimated, fhali likewife be explained hereafter. 

Thus have we Three ways whereby to let forth the Nature, and Quantity of 
a ftrait-lin’d Angle. Either from the conlideration of the fpace about a I otnt, or 
of the Aperture of two ftrait lines drawn from a Point , 01 rather with Euclide , of the 
Inclination of two ftrait lines meeting in a Point. Wh ch is the moft proper, and 
the only Notion of an angle ufeful in all Geometrical deinonftrations. 

But now after ail thefe confiderations, if it be at Jail qucltioncd in what Pre* 
die ament, that is, in what Rank, or Claffis of Things, whether in Quantity, Qua¬ 
lity, or Relation an Angle is to be placed, Proclus well anfwcrs to this Logical, 
and Philofophical Queftion, that an Angle is not folely in any One of Thefe: 
but upon the feveral conceptions, which jointly compleat the Entire Notion of 
an Angle, It does belong to all the Three. For the Geometrician (peculates not 
the nature of Magnitude in it felf, as Magnitude, like to the Philofophers: but 
only confiders fbme certain kinds of Magnitudes with their dcmonftrablc Propri¬ 
eties, and Qualities, and with the mutual Relations that Magnitude may have to 
Magnitude. And fo there is a Compound Idea of all magnitudes Mathematically 
confidered. An angle has a Quantity whereby one angle is greater, or lefs than 
another. It has alfo a Quality by its Form. And in the Inclination of the lines 
themfclves there is a mutual refpeft to one another. 
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Of a Term and a Figure. 
DEFINITION XIII. 

^ Term is the Extream of a Thing. 

DEFINITION XIV. 



Figure is That, which is comprehended by One, or zMany 
Terms. 

ANNOTATIONS. 


Def. 13. In the termination, or limitation of Magnitudes, Euchdc ufes two 
feveral words, an End, Limit , or Extream > and a Term, or Bound, And 
here he fays that cW, a Term is fi&s an Extream . 1%*? he arplys to a Line, 
and alio to a Superficies, when both Line and Superficies were at tirft laid down 
as underftood: but 'lx* is appropriated to a Magnitude every way determined 
and bounded. 

For when Eudide defines a Line to be Length only , he puts there a line as an in¬ 
finite, or indeterminate Length. But then again when a line is confidered as to 
be determined, he fay^ that the Ends , or of a Line are Points. 

So likewife in the fifth Definition, Eudide fets forth a Superficies under the 
Ample conception of Length , and Breaath, that is an Expans , or magnitude of Two 
Dimaifions in general, and Indeterminate. But he afterward adds, That the Ex- 
treams , or of a Superficies are Lines. He does not here mean by the word 

Tsitetjx a Comprckenfon , or an entire Erclofure of a Superficies by one, or many 
Lines i for that had been to make a Figure before he had defined It: But only fo, 
as that of a Superficies indefinite, au Extream, Limit, or , as he calls it, in 
what part foever it be placed, Here , or There, is a Line. A Line being as a Barr 
in an indefinite Superficies, like as a Point is a ftop in an indefinite Line. 

But cW relates to 73 cp/fuhx, to 1 hat which is foppofed every way cnclofed. 
As Produs fays, that ‘ifss is ^r/}, ra jrawi?. The Comprebertfon of a fpace. For it is 
%r,ud\’& WX the Bound, or Term of a Figure; not ops Sfof&etat$, the Bound of a Su¬ 
perficies } but TsifXf c the Limit of a Superfine*, This, or That way. 

And accordingly, the bounds of Lands, or Territories are properly called dm, 
but not xief{A. So that where the fubje& is to or ra m\rn% 

a Magnitude comprehended, or every way terminated\ as a Geometrical Figure is, the 
word cxv i$ properly ufed; and not So that 'Iks may be faid to be 7 neat ;, 
tho* every ought not to be called «s*. And thus much for the explication 
of xisotc and 9©- to make the beft of this matter. 

For altho' it appears by Produs , that, in his time, This was among the reft of 
the Definitions; yet 1 cannot allow it to be Euchds . For firft, it is mankfeft, that 
the Definition it felt is neediefs, becaufe, if it were wholly omitted, yet nothing 
that follows, is made thereby either impeded, or obfeure. And befides, it is no 
more a proper Geometrical word of Art, to require a Definition, than it was the 
common word, in that time, not only among the Land-meters, or Surveyors, 
but among all the people who had any Lands to diftinguilh, and appropriate to 
themfclves from thole of their Neighbours. He might have as well defined, mp* 
to be Tii&TJj an Ending or mat an Extream , as to be Which, as I 

have faid, was no more, at that time than what every Greeks underftood. For 
both ms* & 4 were words of common ufc, and equally of known (ignification, 

and arc in luch a fenfe here taken, it (eons moft likely, that being before 
ofed in the Definitions of a Line and Superficies, and now c k; in the Definition 
of a Figure, fome One noted in the margin, That e®®* was a!fo esfexc. And this 
afterwards came into the Text for a Definition ; as tKe like has happen’d to many 
other Authors. For indeed, it is rather the bv-notc of a Lexicographer, than 
the Definition of a Geometrician. And yet This too fignifics very little, unlefs 
fomething more were added to onpas, for the interpretation of As that hx 

is 
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is <wy*\wv an enclofing Extream ; which indeed may pafs for a Gloflary txpo- 
fition of 'iffr* but ought not to be accounted a Geometrical Definition. This alfo 
was the Judgement of that moil Learned and Renown d Gentleman S f Henry 
Savile , the Munificent Founder of the two Famous Mathematical Profeffors Places, 
in the Univerfity of Oxford, upon this fubjed in his moft excellent Ledures, in- 
trodudory to the Elements, That This had not the apparence of a Definition ; Non 
habet Definitionis faciem . Led. f. p. i o i. 

Def. 14. Figure is by Arifiotle accounted the fourth Species of Quality; and 
rightly, being there taken abftradedly for the Qualification of Magnitude by Termi¬ 
nation , or outward Form. But the Geometrician confiders the Quantum Figuratum, 
the Magnitude Figured . So that, in every Figure, there is jointly taken fa 
t$ycv, & i the Inch jedy and the Inclofure , or to cc/Cpf&pev, & 0 ap(&h, / ermma- 

tum, and Terminus , That is, the Magnitude Bounded, and the Magnitude Bounding. 
Both which together do conftitute a Geometrical Figure. 

In, general, a Figure is xpfi ov mv\ttxsfa tc/$A ,es * Space 1 f ver j lva y term-noted. 
So that firft, A Space comes to be a Figure by Termination: And next, Every Figure 
has its fpecification from the manner of its Termination , 

The firft diftindion here is, ot Figures comprehended by One Term only, or 
by more than One. Which Divifion being moft Simple, Euchdc has, with great 
artifice, couched within his Definition, when he fays, That A Figure is a bpace 
comprehended by one, or many Terms. Whereas the Definition were perfed, it lie 
had only faid, That A Figure is a Bounded Space. But moreover, he very liibtily 
draws in the primary difference of plain Figures from the number of their Terms, 
which are lines, One , or more than One , in order to the following Definitions of Fi¬ 
gures, under One term, or Two, or Three, or Four, fcc. 

Thus from a Lin zEucltde pafiesto an Angle, and from an Angle to a Figure, 
for that an angle is in its nature between Them both. An Angle being fome- 
thing more than a Line, as having two concurring lines: yet is fomethtng want¬ 
ing of a Figure, as not having a Compleat termination. And in that refped an 
Angle is but a Semifigurate. And fo is juftly placed between a Line and a Figure. 

Of a Circle, Circumference, Center, and Raies, Diameter and Semicircle. 

DEFINITION XV. 

A Circle is a plain Figure comprehended by One Line , which is 

called a Circumference , unto which all flrait lines , falling 
from One Point of Thofe lying within the figure are equal to one 
another . 

DEFINITION XVI. 

Nd This Point is called the Center of the Circle . 



ANNOTATIONS. 

By a plain figure, Eutlide means a figure fituated in 
a plain fuperficies, fuch as he had before defined. 
Suppofe then in a Plane a Figure comprehended by 
one line B CD B, which is called the Circumference. 
And from fbme One Point fcated within this Figure, 
as fuppofe from the point A, Let the ftrait lines 
how many foever,as AB,AC,AD,&c. falling on 
the Circumference at the points B, C, D, be all equal 
to one another, then fuch a Figure, fays Euclide y is 
a Circle. And the Point A is called the Center of It. 

Here alfo it is obfervable, that the lines A B, A C, 
A D, &c. may, in one word of Cicero s y very pro- 

E % 



perly, 



ro THE FIRST ELEMENT 

perly, be named Radii, Raies, which by Euclide are always called 4 «r£ 

The finer from tbe Center , That is to fay, from the Center to the Circumfereme. 

And what Otero has laid out of Plato's lirrueus y in defcribing the Spherical fi¬ 
gure of the World, does aimoft word for word agree with Euclid* definition of a 
Circle, Cujttf omnss extremes paribus a medio radiis attmgitur. Cic, Fragment, de Vnrverfi, 

The great Viet a fays, Radius elegant eft verbum Ciceroms: Which Ovid alio 
ufes in the fame fenfe, as elegantly in his Delcription of the Sun's Chariot, 

Aureus axis erat, temo aureus, aurea Jummee 
Cure Otar a rot*, Radiorum argenteus or do. 

The Circle, Circumference, and Area. 

Moreover, in the confideration of this Figure, we are rightly to diftinguilh 
between the Circle, the Circumference , and the Area, or the comprehended Space. 
The Circle is the Whole together, Area, and Circumference. 

The Circumference has many properties peculiar to it felf, and very diftindfc 
from thofe of the Circle, as hereafter will appear. And This we may firft ob* 
ferve, that altho’ the Circumference be conceived without any breadth, yet by 
reafon of its curvature, It is Concave , and Convex, accordingly as it relates to What 
lies within, and to What is without the Circle. And fbme peculiar affe&ions of 
the Concave and Convex Circumference, Euclide lets forth in the 8 th Proportion 
of his Third Element. 

Of the Circumference of a Circle applyed to the Menfuration 

of ftrait-lind Angles. 

Laftly, it will not be immethodical in this place to take a further confideration 
of the properties and ufc of the Circumference of a Circle, in relation to the ftrait- 
lin’d Angles before defin'd, and the menfuration of their Quantities. 

Firft then, in an infinite plain fpace (the feat of 
plain Geometry) if we fuppofe a Point, as A, from 
whence every way do flow ftrait lines infinitely, or 
indeterminately, there (hall be contained by them the 
Three forts of ftrait-lind angles. Right, Obtufe, and 
Acute. As for Inftance B A C, B A D, B A E, &c. 

Here therefore for to eftimate by (bme certain 
Meafiire the Quantity of an Angle, We are to conftder 
how, and by what means This infinite plain Space, 
wholly poflefled by plain ftrait-lind angles feated 
ab ut a given Point, may be brought under (ome 
Coinprehenfion and Boundary capable of menfura¬ 
tion: and therewithal the ftrait-lin’d angles, which 
fill this Space, may be like wife mcafured. 

Now the Definition of a Circle eafily leads us unto a difeoyery of the proper^ 

A lea jure of an Angular Quantity : and that It may 
molt fitly be found in a Circular Figure. 

For firft from any Point as a Center, the Cir¬ 
cumference of a Circle does comprehend entirely 
the undetermined circumambient Space about that 
point: and by This comprehcnfion renders the 

Ambit capable of menfuration in that the Cir¬ 
cumference of a circle is divifible, and fo certainly 
mcnfurable. 

Secondly, at the center of a Circle like as at a 
Point in an infinite plain Space, may be conftituted 
ftrait-lin d angles of any fort, and quantity whatfo- 
cver, which are all contained by the Rates of the 

Circle. As in the foregoing Diagram, Let now the infinite plain Space with all 

the 
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the Angles about the point A be determined by the Circumference of any Circle, 
whole center is the laid point. And therefore forafmuch as the circumference of a 
Circle may from any point bound an infinite plain Space uniformly round about, 
and therewithal does encompafs all ftrait-lin'd angles conllituted at that point, 
which taken together compleat the Same Space: and as the angles are greater, or 
lefs, fo the parts of the whole circumference, which are intercepted by the Strait 
lines containing thofe angles, become alfo greater, or ids; Jt will appear in com¬ 
mon Senfe, That the Circumference of a Circle may juttly be put as the Proper 
Meafure of the quantity of thefe angles. Thus therefore the Meafure of a ftrait- 
lin’d angle is defined. 


Definition of the Meafure of ftrait-lin’d Angles. 


B 


The Meafure of a Strait-lip'd angle is an Arch of the circumference of a Cir¬ 
cle, deferibed from the angular point as a Center, and intercepted by the ftrait 
lines which contain the Angle. 

As the Arch BC is the meafure of the angle BAC, and the Arch CD of the 
angle CAD, fo BD of B AD, BE of BAE: E- 
very Arch meafuring the quantity of its correfpon- 
dent angle from the center A, at which point all 
ftrait-lin'd angles, Right, Obtufe, and Acute, oi what 
quantity foever, may be placed. But this menfiira- 
tion of an angle is not to be taken in the ftri&eft 
fenfe. For whereas it mult be acknowledg’d, that 
Men fur a, & Menfuratum Junt in eodem genere . The 

Meafure , and the Meajurtd magnitude are of the fame 
kind : yet we cannot lay, that an Arch and an Angle 
are truly of the fame kind. 

But bccaufe tis evident, and demonftrated, that 
Angles and Arches do mutually increafe, and de- 
crcafe alike, fb that if the Angle BAD be double, or triple of the Angle BAC, 
then the Arch B D is double, or triple of the Arch B C. And on the contrary, if 
BD be double, or triple of BC, then BAD is double, or triple of BAC. 

Therefore an Arch of the Circumference of a Circle ferves aptly as the Mea¬ 
fure of an Angle in all common Ufes, and Mathematical Speculations, or Geome¬ 
trical Pra&ices appertaining to Altronomy, The Menfuration of Dittances, Survey¬ 
ing of Lands, Navigation, Fortification, Gunnery, &c. 



Of the Divifion of the Circumference into certain Parts, 

and the Ufe Thereof. 

Now that thefe Arches, and by confluence the angles at the center, which 
are meafured by thefe Arches, might be brought under a certain value, and efti- 
mation, therefore the moft ancient Geometricians at firft divided the Circumfe¬ 
rence of a Circle into 60 parts. Afterwards It was found more convenient to 
divide the fiueerinto fix times 6 o> that is into 360 parts, commonly called De¬ 
grees i by which an Arch of the circumference, with its correfpondent Angie 
might beeftimated. 

So that, for example, we fay, That the Angle BAC is 30 Degrees, if the Arch 
BC be 30 fuch parts, as of which the whole circumference is divided into 360 . 
Again, if the Arch BD be <5o Degrees, then the Angle BAD is accounted 60 
Degrees. In like manner, the Angle BAE is 90 Degrees, if the Arch BE be a 
Quadrant, or the fourth part of the whole circumference; for 90 is the 
fourth part of 360 . And This particularly is the meafure of the quantity of a Right 
Angle . 

Again, by the fame reafbn, the Obtufe angle B A F is faid to be 120 Degrees, 
if the Arch BF be 120 of the 360 parts of the Circumference, &c. 

F Thus 
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Thus the Circumference of a Circle is ufed as a correfpondent meafure to Eu¬ 
clid s three forts of ftrait-lind angles, Right, Obtufe, and Acute. 

But to take this matter into further confideration. Of the Obtufe angle BAF 
the meafure is the arch B E F. Whole Complement to make up the whole circum¬ 
ference is the archFGHB. Which arch encompafles the remaining Space about 
the point A, and anfwers the contrary way to the adverfe, or external Face of 
the Obtufe angle B A F i and is indeed the meafure of the outward angle FAB. 
For the lines B A, F A, according to Euclid s definition, make not only the Ob¬ 
tufe angle BAF, which is greater than one Right angle, and meafured by the 
arch B EF; but alfo make the contrary way the adverfe, or external angle FAB, 
which is greater than two Right angles, and meafured by the arch F G H B. 


E 



So the lines BA, E A make the Right angle BAE, meafured by the Qua- 
drantal arch BE, and alfo make the external angle EAB, which is equal to 
three Right angles, and meafured by the arch EGHB. Again, the lines B A, C A 
make the Acute angle B AC, meafured by the arch BC; and alfo make the ex¬ 
ternal angle CAB, which is greater than three Right angles, and meafured by 
the arch CEGHB. But of thefe kind of angles, being ufelels in Geometry, 
Eudide thought not fit to take any notice. 

Falfing therefore This over, ami to return to the partition of the Circumference 
into 360 Degrees, we mult further know, that for the more exad meniuration of 
an angle, every Degree is again divided into 60 Prime Minutes, very fuch Mi¬ 
nute into 6 0 to/w!/; every Second into 60'ilW/, and lb forth into finaller and 
finaller particles. For in mcafuring of Things, the more minute the l^ata Men - 
fura^ theflated Afeafure is made, the more accurate will be the meniuration of the 
quantity of the thing meafured. Therefore in ElTaies of fine Gold, in the valua¬ 
tion of Pearl and precious Stones, we come to the hundreth part of a Grain, or 
lometimes nearer. So in Aftronomical calculations of the motions of the Pla¬ 
nets, we often make a Sexagenary fubdivifion of the circumference of a Circle 
into Fourths and Fifths, &c, for the more exa& ftating the Computation of their 
Courfes, and Periods. 

And hereoblersc. That the firft divifion of 360 Degrees into Minutes, cuts the 
circumference of a Circle into-21600 parts. 

The 
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The next of Seconds into-1296000 parts. 

The following of Thirds into--- 77760000 pans. 

And lo forth continually wc may proceed in fubdivifions by 60, which will nuke an 
exa&nefs more than fufficient for any common ufe. The Circumference of a Circle 
might have been divided into any other Number of parts: As our worthy Coun¬ 
tryman M r Henry Briggs has laid down the l ; orm of a Decimal divifion, and fub- 
divifion. But 360 was thought by the ancient Mathematicians to be the molt 
convenient number, becaufe It admits of many leveral divilions precifclv. As 

360. 180. 120. 90. 7*. 60. 4f. 40. 36. 30. 24. 20. 

1. 2. 3. 4. y. 6 . 8. 9. 10. 12, i/. 18. 

In like manner the number 60 has thefe divifions. 

60. 30. 20. iy. 12. 10. 

i. 2 . 3* 4* y» 6. 

And the choice of This number 60 before all Others, was made upon this ac¬ 
count, that nonumber can be divided into 3, 4,and y, but 60, and the Multi¬ 
ples of Sixty. Which makes Computation more free from Fractions. 

Altho’ thefe animadverfions may feem enough, or too much in this place ; yet 
before we pafs from the Subject now in hand, it will be lequilite to add (bmuhmg 
more in the behalf of Euchde j upon this account, That ionic of the late Com¬ 
mentators, or rather Translormers of the Llemcnts do cavil at this molt accurate 
Definition of a Circle, for that t dv^es not readily appear, lay They, Whether 
there may poffibly be a Figure of fuch conditions as Euchde here lays down. And 
therefore they would rather define a Circle, from its Gcnrfij, or Structure, whereby 
both the exiftence, and nature of the Figure may be declared together, after this 

manner. 

Another Definition of a Circle. 


A Circle is a Figure deferibed in a Plane by the revolution of a 
finite (trait line (as ab) upon one of its exire.im points (a) being 
fixt, till the line ( ab) return to the piace from whence it began to 


move. 

Thcfixt point (A) is called the Center of the 
Circle. And The Curve Line defigned by the 
other extream point ( B) of the moving Line (AB) 
is called the Circumference. 

Now fay They, This Definition makes it ma- 
nifeft, that there is J Figure having a Point within , 
from whence all jlrait lines drawn to the extremity 
thereof are equal to one another \ becaufe by the con- 
ftru&ion of a Circle laid down in this Definition, 

The fame firait line circumvolved about the fixt 
point muft neceflarilv be every where equal to it 

Self, and therefore all the Raics from that point fhall be equal to one another. 

This indeed is true, and molt evident. But yet it will appear upon better con- 
fideration to be very inartificially put in this place inftcad of Euclids Definition. 
For firft, to except againlt Euclid's Definition, bccaufc it may be doubted, whether 
there may be a figure fo qualified as he lets forth, (hews, that They do not 
rightly apprehend the nature of Mathematical definitions. For to add fometlung 
more to what has been already laid concerning Mathematical Definitions, wc arc 
to underftand that In every one of thefe Definitions there is laid down the Notion of 
fomc Thing appertaining to Geometry , under a certain Namc\ and 'Term of Jrt. But 
whether fuch a Thing may really be, is not of the prefent conlideration. Only* 
Euclidc intends, that by fuch a Name, whenfoever he ufes it, wc arc to imagine 
fuch a Thing; Let It be, or not be. For indeed Geometrical Definitions are only 
Suppofitions of Things under a certain Name. And therefore They are for the pro 
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fent to be allowed, unlefs That, which is fuppofed, and laid down, has in the 
words themfelves a manifeft contradiction, or in the conception of the Thing an 
apparent impoflibility. This is all that the Mathematicians mean, or require in 
their Definitions: And Thele Innovators therefore ought in the firft place to have 
obferved, that before Euchde makes Ufe of any Thing by him defined, he firft 
makes evident the exiftence of the Same. 

As before he makes any u/e of a Right angle, or of a Perpendicular Line (a* 
gainft which they might have had the like exception) he demonftrates in Prop. 
11, and 12. El. 1 . their Being, and how to effect Them. So likewife concerning 
a Circle, and ail other Figures here defined, nay, even a Strait line It /'elf, kucltde 
hath fo provided, that firlt an Ailent ihali be given to their Being, before any 
confideration is had of their Ules, and Properties. 

Again, to examine farther this Definition. It /hews indeed the natural Genefis, 
but not the nature of a Circle, from which the Properties and Affe&ions of Circles 
can only be demonftrated. For this Genefis is no ways applicable to all thole de¬ 
mon ftrat ions. As in the firft place it will appear, if when a Circle is named we 
put this Definition inftead of the Definition a Circle (for the Definition and Defi¬ 
nition are always convertible) and then let be examined what Properties of a circle, 
or what Propofition in the Third Element (where the Affe&ions of circles arc 
Specially handled) can be demonftrated from the Revolution of a fir ait line on a 
fixed point , Which is the Primary Notion that This Definition impofe on Us. 
Whereas Euclids Equal lines from the Center are in all tho/e Elementary Propofitions 
ferviceabie toward their demonftrations. I much wonder therefore at Borellus , 
an excellent Geometrician, to allow in his Euclides Refhtutus of This Definition, 
and change Euclid s into an Axiom. Which he was forced to do for the conftant 
u/e thereof in all demonftrations, and Wholly to lay afide his own new framed, 
and unapplicable Definition. This can be only laid for it, that from the Genefis 
of a circle it doth manifeftly follow that all ftrait lines from the Center are equal 
to one another. But now to make This a Secondary notion derived from the 
Genefis of a Circle, and to put the Genefis for the Primary /landing Definition, 
which can never be ufed as a Definition, is very abfurd, and an intolerable Over- 
fight in a Geometrician. 


A 


DEFINITION XVII. 

a Circle is a ftrait Line < 


the Circle. 


u 

Circumference of 


Which alfo cuts the Circle into halves. 

ANNOTATIONS. 


B 


As the ftrait lineBC drawn through the Center A, and terminated both ways 
by the circumference at the points B, C, is called p 

a Diameter of the Circle. 

In this Definition three conditions are laid down 
to determine That Line, which Euchde calls a 
Diameter of a Crrcle. 

i« That a ftrait line be drawn through the Cen- 

U 

ter. 

2. That it be both ways terminated by the cir¬ 
cumference. 

3. That it cuts the Circle into halves. 

The two former conditions, Each by Them- 

felves, are too general, and in/ufficient to deter¬ 
mine the Diameter. 

For as in the Figure it appears there may be finite ftrait lines paffing through 
the Center, and yet not terminated by the circumference, but all varioufly ending 

within 




OF GEOMETRY. 


±7 



within and without the Circle; So again, there may be infinite ftrait lines termi¬ 
nated by the circumference which yet pafs not 
through the Center, and are called Chords or 
commonly Subtenses, in refped: to the 
Arches, which they Subtend: as the ftrait line 
L F is called the Subtsnje of the Arch E D F. 

Not any one therefore of thefe two condi¬ 
tions can by it felf determine a Diameter} But B 
both together, namely the paffing through the 
Center, and the termination in the circumfe¬ 
rence do fully fpecificate this Line, and make 
up a compleat Definition of a Diameter of a 
Circle. 

Note that here is added particularly, of a Circle,, 
faying the Diameter of a Circle. Becaufe there are many other figures hereafter 
to be confidered, which have alfo their peculiar Diameters , different in feveral re- 
fpe&s, from This of a Circle. 

Now for the third condition, that the Diameter cuts the circle into halves. 
This truly is altogether needlefs, except there might be fome other line having 
the two former conditions, which notwithftanding did not cut the circle into 
halves; And therefore it was neceflary to add this third condition, for the juft de¬ 
termination of the Diameter of a Circle. 

There might as well have been added, That the Diameter is the greateft line 
in a Circle. For this notion does immediately concern the Diameter it felf } whereas 
the other only declares how it.affe&s the Circle. 

The truth is, They are both demonftrable Propofitions and in this place alike 
impertinent. But as This laft is demonftrated in the i ; th Propofition of the Thud 
Element; fo Thales has demonftrated the Other here fubjoyn'd, as (hall be (hewn 
in due place. Moreover, this addition of Bife&ion of the Circle anticipates the 
following definition of a Semicircle, contrary to the exa& method of the ancient 
Mathematicians. It is therefore certainly none of Euckds y but fome marginal note, 
how old foever it may be, that happen’d to be Tranfcribed into the Text. 


DEFINITION XVIII. 

A Semicircle is a Figure comprehended by a Diameter, andThat 
part of the Circumference of the Circle , which is intercepted 
hj the fame ‘Diameter. 

ANNOTATIONS. 

As to the figure BDCB, comprehended by the circumference BDC and the 
Diameter BC, is named a Semicircle. This is 
The fecond of Figures, made indeed by diffimilar 
and incompatible lines, yet fuch as are the moft 
firnple in their kind, a ftrait line, and the circum¬ 
ference of a Circle. 

Eucltde having in the definition of a Circle da¬ 
ted a Center, does next by the pofitionof that p 
point define a Diameter: and then from the 

Diameter a Semicircle. 

The Diameter is the fecond ftrait line to be confider’d in a Circle. For the 
Raies are the primary ftrait lines, and eflential in the notion of a Circle, wherein 
the Diameter is not at all concern'd. And tho’ it happens, that a Radius be half 
of a Diameter; yet It arifes not from the Diameter, as the Semicircle does from 
the Circle: but the Radius is put abfolute in it felf, without any refpe# to the 
Diameter, or dependence on It: And both Radius and Diameter do immediately re¬ 
late to the Circle; each diftindly, and upon yery different conceptions, without 

G any 
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any relation to one another. So that tho’ from xCxto a Circle, Euclide ufe the 
word iuixsjxjw a Semicircle , yet from Sfsl/utfse a Diameter, he never lays i/WU- 
iineizi, or a guj’isosTgsr, a Semidiameter. Which fome modern Writers not well con¬ 
fide ring have, infteadof Radius, or in Euclid s phrafe, The line from the Center, pre- 
pofteroufly uled the word Semidiameter, as if It did a rife from the bife&ion of 
the Diameter, as the primary Line; Whereas the Radios is before the Diameter 
in the natural conception of a circular figure. 

After the definition of a Semicircle, Frodus inferts for a definition, That The 
Center of the Semicircle is the Jame mtb the Center of the Circle, Or rather he fhould 
have faid, that The Center of the Senior conference is the fame with the Center of 
the Circle it (elf. For indeed the Center of the Circle may be faid to be alio the 
Center of the whole Circumference , or ScmiciTconference, or any part thereof when It is 
confidered meerly by it felf^ as a Line. But it cannot be fo properly faid to be 
the Center of the Semicircle, or Semicircular Figure. However, This is not to 
be receiv'd as a definition of Etuhds, but an Annotation, either of Prw/w himfelf; 
Or el(e it might happen in his particular Copy of Euclide to be transferr’d from 
a marginal Note into the Text. For it is found only in his Commentaries, and 
not in any other Greek Manufcript, nor extant in the Bajd Greek Edition of 
Euclide. 

But moreover, that Euclide is (ometimes thus corrupted, by transferring Mar¬ 
ginal Notes into the Text, will manifeftly appear in this very place * where in 
the Bafil Greek Edition (Which as we have (aid has not Ptoclus his definition of 
the Center of a Semicircle) is put the 6 th . Definition of the Third Element, con¬ 
cerning the Segment of a Circle in general, notwithftanding that the fame defini¬ 
tion is aI(o found in its proper place among the definitions of the third Book* 
And we may conje&ure, that Euclide having here defined a Semicircle, which is 
one kind of Segment of a Circle, fomc One noted what he had elfewhere faid 
of other Segments of a Circle, which by the inadvertency of a Tranfcriber was 
afterwards order’d among the definitions of this Firft Book. For every Book of 
Euclide has its peculiar (ubjed: different from the reft, and is therefore accounted 
a diltind Element, having Definitions proper to the matter It treats of, which 
are laid down at the entrance into every Book. 


Of ftrait-lin’d Figures. 

DEFINITION XIX. 

S Trait lin'd Figures are Thofe , which are comprehended hy 
Jlrait lines. 


DEFINITION XX. 



Rilateral, hy three Ur ait lines. 

DEFINITION XXI. 



Uadrilateral, hyfour fir ait lines. 

DEFINITION XXII. 


M 


UUiUtcral are comprehended by more fir ait lines than four. 


ANNOTATIONS. 


A plain Superficies is made figurate by certain Bounds, or Terms, which indofe 
the fame. And therefore Euclide hath placed the definitions of plain Figures in 
an order anfwering to the fimplicity eft their Terms; firft defining a Circle, be¬ 
ing 
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ing a Figure under One Terra; next a Semicircle, a Figure under Two Terms; 

then, in order, Figures of Three Terms, Four Terms, &c. 

We are here alio to obferve the property of feveral words ufed in this places 
which by degrees are properly changed from one to the other, altho the fame 
thing be figmfied. The fitnple words originally are T&ftfuti* Lines, and iUd&Mf, 
Sides, between which E ucl i d e makes this diftindion. For fpeaking in general of 
ftrait-lin d Figures, he fays, EuSv^ctftu* Strait lin'd Figures* But next when 

he does divide, and fpecificate The jlrait-lind Figures^ he fays not T& w 
'if&yytfifut', Trigramma & Tetragramma, that is, Trilineal and Quadrihrteal, or Three 
lind and four hu d Figures ; but djpjf. & 7i7ftt^xd/pct, Tripleura & Tetrapleura, 
that is, Trilateral and Quadrilateral, or Three fided, and Four fided Figures ; changing 
the general word Lines into the particular name Sides. And again in the Speci¬ 
fication of Trilateral Figures } he gives to Them anew the name Triangle in 
the manner following. 

Of Trilateral Figures. 

DEFINITION XXIII. 

A N Equilateral Triangle is a Figure which hath three equal 

Sides. 

ANNOTATIONS. 

That is, A ftrait-lin'd Trilateral Figure of three equal fidei, I call 
an Equilateral Triangle . 

DEFINITION XXIV. 

A N Equicrural Triangle is That which hath only two Sides 
equal. 

ANNOTATIONS. 

That is, A ftrait-lin’d Trilateral Figure of only two equal fides, 1 
call an Equicrural Triangle. 

DEFINITION XXV. 




A 


Scalene Triangle is That which hath the three fides un¬ 


equal. 


ANNOTATIONS. 


That is, A ftrait-lin’d Trilateral Figure of three unequal \ 

fides, I call a Scalene Triangle. \ 

After the divifion of ftrait-lin’d Figures according to _\ 

the number of their fides into Trilateral, Quadrilateral, 

and Multilateral, Eucltde begins with the Trilateral, being the firft of all ftrait- 
lin’d Figures. And the Trilateral Figures he divides into feveral Species from 
all the poffible changes that can be made, of their three fides; Which is into 
three kind of Triangles. For now thefe particular Trilateral Ftgires he calls 7 ri- 
angles. And by a Triangle is to be conceived a Figure of three fides, tho’ the 
word implyes three Angles; And only that Figure is named a A 

Triangle, which is Trilateral. For there may be a Figure, which /\ 

has only three angles yet is not Trilateral, but comprehended / \ 
by four lines, or more. As the Figure A B C D comprehended / c \ 

by the four lines AB,BC,CD, D A,hasnotwithftanding only / /x. \ 

three angles at A, B, and D. For the angle BCD is not com- (s 
monlv taken to belong to the Figure; but to have its refped ® t) 


G a 


refped 


the 
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tbe contrary way wholly without the figure: And this is call’d wufcedis t The Ar¬ 
row-headed Figure. There may be after this manner Triangles of five fides, and 
fix fides* In general fiich kind of figures are called xafayw*, Hollow-angled Fi¬ 
gures. But concerning this double face of an angle we have already taken no¬ 
tice, that it is ufelefs in Geometry. 

Now in every Triangle we arc to obferve, and diftinguifh the names of Sides, 
Leigs y and Baje k or Fulciment upon which the Other two fides are fuppofed to 
fUnd. In a Triangle of three equal fides, if ary one of the fides be put for a Safe, 
the Other two (hall make equal Leggs. This therefore has three feveral changes of 
two equal Leggs: And lb takes not a Name from the equality of two Leggs, which 
may be three ways variable, but from the equality of all the three fides , and is called 
an Equilateral Triangle. 

In a Triangle of two only Equal Sides, the Third Side is called the Bale, and the 
Other Two the Equal Leggs. And in this cafe the Bafe, and Equal Leggs are de¬ 
termined, being only to be made one fingle way: Therefore a Triangle only of 
two equal Sides is fpecially call’d ierrwAir, IJofceles, or Equicrural. 

But in a Triangle of three unequal Sides, let Any fide be put for a Bafe, the 
Other two (hall make unequal Leggs every way: And therefore It is called s**- 
>^r t trfM. Scalermm Triangulum, A Lame, or (faulting triangle, tr»WJ ry 
^Undequaaue claudicat, fays froclus . So a rugged, and uneven way (as it is cited in 
Erajrrm nis Adagies out of Plutarch ) is called Xtafynj cJ'cc, A Scumbling way . 

Moreover of Trilateral Figures. 

Magnitude, as before hath been noted, is in It felf indeterminate, and only by 
Termination becomes Figurate, therefore Euclide has firft diftinguifhed Trilateral 
figures from the condition of their Terms in refped of their Equality, or In¬ 
equality to one another. 

And next, for the Quality of their Angles he lays down here another diftin&ion, 

and denomination. As follows. 

DEFINITION XXVI. 

Right angled Triangle hath a Right angle. 



And (uch a Triangle may be Equicrural, as ABC, or Scalene, as DEF. 

DEFINITION XXVII. 

Obtuje angled Triangle hath an Ohttife angle. 



And fuch a Triangle may be Equicrural as A B C, or Scalene as D E F. 

DEF I- 
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DEFINITION XXVIII. 


Acute angled Triangle hath three zAcute angles. 

ANNOTATIONS. 


And fuch a Triangle may be Equi¬ 
lateral as A B C, or Equicrural as DEF, 
or Scalene as GHI. 

From thefe divifions It appears, that 
there are feven forts of Strait-lind 


AD G 



Triangles. For the Eqjji lateral Triangle is Singular y and only Acute angled 
The Equicrural may be Itygbt angled asABC, or Acute angled as DEF, or 
Obtuje angled as GHI. 



And fo alfo may the Scalene Triangle be J^ight angled as ABC, or Acute 
angled as DEF, or Obtufc angled as GHI. 


F E il 



To a Triangle which has Three equal angles , or Two equal angles , or All Three 
unequal angles , Euclidt has given no name, as he hath to a Triangle, which has 
Three equal fides , or Two equal fides, or All Three fides unequal , beeaufe a Triangle 
of three equal angles is ever Equilateral, and a Triangle of two equal angles is 
ever Equicrual, and a Triangle of three unequal angles is ever Scalene, as will be 
flieivn hereafter. And therefore if Triangles had received a diftin&ion and name 
from the number of their Equal, or Unequal angles, as they have from the num¬ 
ber of their Equal and Unequal fides, there had been given two Names to the 
fame thing. 

Of Quadrilateral Figures. 


DEFINITION XXIX. 

A Square is Thai, which is both Equilateral, and 
Rett angular. 

DEFINITION XXX. j------ 

A N Oblong is That, which is ReQangu - ' 
lar y but not Equilateral. i 

i 

i 


H 


DEFI- 
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DEFINITION XXXI. 

\ Rhombus is That, which is Equilateral, 
A ha not Rectangular. 



DEFINITION XXXII. 

Rhomboeid is That, which having 
the oppojite /ides and angles equal 
to one another, is neither Equilateral, 
nor Rectangular. 


/ 



/ 


/ 


* 



DEFINITION XXXIII. 

Quadrilateral figures [ befides Thefe 


called Trapeziums, or Tablets. 



ANNOTATIONS. 

Of Trilateral Figures, every Species has the common name of a Trr 

anile. And as the°Spccies has befides a proper Epithete for diftin&ion fake, as 
Triangle Equilateral, Triangle Equicrural, Triangle Scalene, &c. 

Bur of thefe Quadrilateral Figures One only Species is called TiTfttyuvcv, a Qua¬ 
drangle, and That, from its lingular equality of all its Sides; and the Re&itude 
of all its Angles. The other Quadrilateral Figures, tho they be all Quadrangular; 
yet have they not the general name of Quadrangle with an Epithete annexed as 
the Triangles have. But each Species has an other diftinft Appellation, as a 
Quadrilateral Oblong Rhombus and Rliombmd. Which three with that Figure 
called to.? vrr/);., Tirpay^cy, a Quadrangle, and commonly tranflated a Quadrate, or 
Square , make the four Regular Quadrilateral Figures. All the other Quadrilateral 
Figures have one Name in general Trapezium, A Tablet. 

Parallels. 

DEFINITION XXXIV. 


jJ jfralkts are fir ait lines , 'which being - - 

l in the fame 'Plane, and produced in¬ 
finitely either way, do neither way meet 
One with the Other. 


ANNOTATIONS. 

The word Parallels is a meer Geometrical term of Art, which according to a 
literal expedition of lu^xXW^i, is, Lines ad Je tnvicetn pojita. Lines placed againjt 
one another. But the Geometrical Notion and Thing to be conceived by this word 
requires thefe four Conditions. 

1. Parallels are to be (Irak lines. 

2. They mull lye in the fame Plane. 

For if thev be in different Planes, as One in a Plane above, The Other in a 

Plane 
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Plane beneath, then the ftraic lines may be infinitely drawn forth both ways, and 
never meet, yet are They not (uch as Eudicie calls Parallels. 

3. They are producible infinitely both ways. 

4. After this imaginary produ&ion both ways infinitely, (that is, indefinitely, 

or indeterminately further and further at pleafure) They are never to 
meet together. ' 

Let therefore the Plane be one and the fame, The production free, and 
both ways infinitely, awr^cv. In infinitum, without any reftri&iou or qualifica¬ 
tion in the manner of the Produdion, and neither way let there be any Concurrence; 
Then the Strait Lineshaving thefe Conditions are called Parallels. 

In Paralleiifm therefore the Subjed is Strait Lines in the fame Plane, and the 
Attribute of thefe Strait Lines is Nonconcurrency. So that upon any mention of 
Parallels the Geometrical Notion to be conceived under that name of Pareiiels is 
Nonconcurring Strait Lines in one and the fame Plane. 

This Definition, at prefent, only fuppofes fuch Lines to be in nature, but before 
thefe kind of Nonconcurring ftraic lines are brought into any ufe, Euclide demon- 
ftrates in the 27 th . Propofition of this Firft Element, that there are fuch kinds of 
ftraic lines (called by him Parallels) which both ways infinitely produced fiiall ne¬ 
ver meet, and in the 31ft. Prop, he (hews how to draw them. 

But now in this matter of Paralleiifm there are two miftakes made by moft In¬ 
terpreters. One in refpect of the name and tranfiation of the word no^^Ao*. 
The Other is in the Notion of the Thing, which is to be conceived under that 
Name and Term of Art. 

For firft concerning the Name, many Tranflators, Latina, and Others, take 
Parallels to be of the fame fignification with Equidiftant lines , faying, Parallels , or 
Equidiftant lines , are &c. going then forward with Euclids Definition; As if the 
Subjed of the Definition, or the Name Parallels fignified Equidiftant lines, and 
that 'fictfUMt) 7ntof and im a/pwcju&poif, or were indifferently 

to be taken for the fame } and that here Euclide had defined Equidiftant lines by 
Nonconcurrency. Whereas Euclide neither ulb the word Equidiftant, nor by the 
word Parallels underftands Equidiftant lines: But only lays down the Conditions 
of forne certain ftrait lines: Which Lines in a Signal Term of Art he calls Parallels. 

And becaufc the Latines have not any word, that anfwers to It, therefore the 
Greek name ought to be retained, faying, Line* Parallel*, for *-^>ArAoi; 

and not Line* Aiquidft antes. For, as we have faid, by the words ^<0^ 

A«, is only fignified 'urty line a adverfut lineam , Line agatnft Line, 

or Line to Line. Therefore commonly Archimedes, Apollonius, Pappus, fometimes 
Euclide alfb, fay, bw n t!w y 7 , when they mean, That A B is parallel to 

C D i which phrafe of ij M yT, cannot in any propriety of Speech 

among the Greeks, bear the interpretation of Equidiftant lines: Neither was it 
lo underftood by Thole ancient Geometricians. 

Again, the fecond miftakc is of 1 hole, who rightly take the word Parallels 
for line to line, and meerly for a Term of Arc, not as a 

common word fignifying Equidiftant lines, but, changing Euclid s Notion, do de¬ 
fine the Term Parallels by the conception of Equidijlancy, in the place of Euclid s 
Nonconcurrency. 

So Pofidomus, as wc find in the Commentaries of Proclus on this matter, thus 
defines Parallels. 


Another Definition of Parallels. 

Parallels are ftrait lines in one Plane, neither Inclining nor J^cclining , But having 
all the Perpendiculars equal, which are drawn from the points of either of the lines 
unto the other line. 

But all ftrait lines, which make the Perpendiculars lefs, (hall at length meet 
together. For the Perpendiculars only can determine the Altitude of fpaccs, and 
the diftauccs of Lines; wherefore the Perpendiculars being equal, the Diftances of 

H 2 the 
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the Lines are equal. But the Perpendiculars being made greater or iefs, the 
Diftance is made greater or lets, and they (hall meet together that way, where 
the Perpendiculars are lefs. 



Thus much Pofidomus , who defiae3 Parallels to be Equidiftant (trait lines from 
the equality of all their Perpendiculars. 

But now we are next to confider, and demand of Pofidomus and his Followers, 
to what ole the Notion of Equidiltancy lerves in thele Elements. We find no¬ 
thing advanced by Pofidomus or Others in the Dodtrine of Parallciifm upon this 
new Definition: And certainly if from Equidiltancy any Thing had been made 
better, and more firm than from Nonconcurrency, (uch a kind of improvement 
could not have altogether perilhed. 

Bat yet thus much we do acknowledge, that Euclids Nonconcurring Jlrait linos 
are Equidiftant ; and moreover, that Equidiftancy is the Phyficai Caufe of their 
Nonconcurrence. But yet the Equidiftance of Parallels is no where apply d to any 
Propofition throughout all thefe Elements. The only Notion of Parallels ufed or 
life nil in Geometry, is An unlimited production of Jlrait lines both ways without con - 
currence. And therefore this affedtion of Nonconcurrencv, Euchde the great Ma- 

t * 

fter of his Art, lays down to be only reprelented to our Imagination upon the 
naming of Parallels. But whether thefe ftrait lines called Parallels be equidiftant, 
or not, or what is the diftance of Parallels, he thought not fit to confider, becaufe 
thole Confiderations ferved to no further ufe in any of his Geometrical demon- 
ftrations. If it be faid that ftrait lines every where equidiftant (hall never meet, 
tis true and obvious. But this is to define a Geometrical Term in one fenfe, and 
to ufe it in another: To define Parallels by Their Equidftancc , but ever after to 
apply them in their Noncurrcnce. A grofs and intolerable abfurdity in the Ma¬ 
thematics, or in the Definitions of any Science. 

We are moreover to obferve, that altho' Equidiftancing Jlrait lines be the proper 
caufe of their Nonconcurrence, yet Equidiftancy is not in general the adequate, or 
only caufe of Nonconcurrence; lo that whatloevcr lines infinitely produced ei¬ 
ther way (hall never meet, the fame are to be always equidiftant. For on the 
contrary, it is certain, that in one and the fame Plane there may be two lines 
produced infinitely, which Lines Ihall never meet together, tho’ they be not E- 
quidiftant, but do continually approach nearer and nearer to one another. As 
the Concboi'd «/ line of Nicomedes defenb d by Pappus in Prof. zi. lib. iv. Math. Collett. 
And alfo by Eutocius in his Commentary upon Prop. i. lib. 11 . Archimed, dc Sphicra 

Cylindro , which curved Line draws nearer continually to a certain Jlrait line 7 
with which notwithftanding it fhall never meet. 

And becaufe this Proportion feems very ftrange, and yet may be eafily made 
evident to any common underftanding, without a itridt Mathematical demonftra- 
tion; therefore to fatisfy the Curious (Others may pals it over) wc (hail here 
only explain it, referring the legitimate proof therefore to Pappus and Others. 

In a plain Superficies let a fixt point be put as P : And let there be a ltraic 
line without the point P, both ways infinite, as AB. Then from the point P 
fuppofc a ftrait line PCD to make right angles with the line AB at C; and 
that the fame line DCP bedircdtly continued infinitely from P towards E. 

Now imagine the line DC PE to move along upon the line AB cither way, 
towards A, or towards B, in fuch manner that the point C may lye always in the 
line A B, and thereby keep the line D C, in every place, of the fame length. 

And 
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And moreover let the fame line DCPE be conceived to pais along through the 
point P. Now upon this fuppofition we are to note, firft, Thatin the line DCPE 
Thepoint C is determined to the line AB: and fecoadly, that The Whole line 
DCPE is determined to the point P. 



For in th£ motion of the line DCPE, the part D C (hall always lye beyond 
A B. Firft, for that the point C is moved ftill forward in the line A B, (o as to 
keep C D every where at the lame length: And fecondly, becaufe the ftrait line 
DCPE can never come to be coincident with the ftrait line A B; for that the 
point P, through which the ftrait line DCPE always pafles, is fixed at a certain 
diftance from AB. 

But now It is manifeft, that in this motion of D C P E, the point D inclines 
continually nearer and nearer to AB, making the Perpendiculars DF, DG, DH, 
&c. fhorter and fhorter. 

Wherefore the point D deferibing the Conchoidal curve line DDD &c. (hall 
never bring that line to meet with AB, tho* it draws continually nearer and 
nearer to A B. 

The Point P may be called the Pole. A B the Normal Line. DCPE the Ar¬ 
row. The Point D the Arrow-head, which deferibes the Conchoidat line. The Point 
C the Button which holds the line CD at the fame length. And under thefe 
names this matter may be fitly explained, and difeourfed of: (b as to be eafily 
underftood and acknowledged for a certain truth: Which indeed is founded upon 
the fubtilty of Magnitude, being in its nature infinitely divifible. Whereof among 
many Others this Conchoidal line is a demonftrativc Argument. 
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Such alfo are the Afymptotes of an Hyperbola s As for example, let the curve 
line DEF bean Hyperbola. There is a certain point, as A, from which maybe 
drawn certain ftraic lines, AB, AC, which being infinitely produced toge¬ 



ther with the Curve DEF, lhaiicontinually approach nearer and nearer to the 
fame* yet (hall They never meet one with the other: As Apollonius demonftrates in 
Prop, i .Lib. il. Of the Come Elements. And then in Prop. 4. he (hows moreover how 
within any two firait lines mating an anzje an Hyperbola may be ftatedy to which the 
fame lints jhall be Afymptotes. Thefe ftrait lines are called Afymptotes , that is, 
lines Nancomcidcnt from this property, that altho’ they come nearer and nearer 
infinitely to the Hyperbolical curve line, yet lhaii they never meet with it. A 
mofttrue and wonderful Myftery in Geometry. 

And thus much for the Explication of the Definition of Parallels, and of all 
the Other Definitions of the l irIt Element of Geometry. 

Of Mathematical Propofitions 

Denionftrable and Indemonftrable. 

In the Mathematical Sciences are ufed two kind of Propofitions called Pro- 
bfernsy and Theorems. 

A Problem is a Pra&ical Propofition, in which Something 

is propofed to be done. 

As, To find the Center of a Given Circle. 

This Propofition is called a Problem: And it is the firft Propofition of the Third 

Element. 
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Element. Where, according to the Queftion propofed, Firft the Center of any 
circle is by a Geometrical Practice certainly found, and after that, the Problem 
is demonftratively proved to be Done, or Effe&ed, namely, that the Center of 
the Given Circle is found. 


A Theorem is a fpeculative Propofition, in which Something 

is pronounced to be True. 

As, the Diameter of a Circle is the greateft of all ftrait lines in the fame Circle. 

This Propofition is called a Theorem : And It is the i j th . Propofition of the 

Third Element j and there demonftrated to be True. 

For in the firft place we are to be informed, that whatfbever in thefe Geo¬ 
metrical Elements is propofed, whether in form of a Problem, or a Theorem, 
the fame is either undeniably demonftrated ; Or it is at the Firft aflented to from 
its own felf evidence without any further proof. For in all humane Reafonings 
every argumentation muft be grounded upon fome Thing, which is in it felf In- 
demonftrable, that is to fay, is incapable to be made more manifeft to us from 
any other thing, than it is evident of it felf to every common underftanding. 
For if there were not a power of felf-evidence in fome things, which force upon 
Us an immediate Affent, no rational difcourfe, nor any demonftration could ever 
be framed, or have an unqueftionable Beginning. 

And therefore in this place there are premifed fuch general Principles, upon 
which, and the like, the Mathematician builds his Demonftrations. 


Of Mathematical Principles. 


Of Principles in the Mathematics, fome are Problems, fome 
Theorems: like as the Demonftrable Propofitions are. 

The Problematical, or Practical Principles are called Alvifutix, Petitions, or Po- 

ftulates. Bccaufe in thefe Propoficions fome Things are required, or poftulated to 
be EfFe&ed, or done, without any proof of their Being, or Conftru&ion » for that 
their Being, and Conftru&ion is molt fimple, and manifeft. As 


To draw a ftrait Line fro 



point to point. 


The Theoretical, or Speculative Principles are called KwoJ stw<q, Common No¬ 
tions as being obvious Conceptions, and generally received. For when Men 
from the particular Experience of their Senfes, have naturally an agreement in 
their perceptions, and ufe of Things, they are then by one, and the fame com¬ 
mon, and innate Reafon, alike enabled to deduce from thofe fenfations the fame 
Univcrfal Propofitions; which therefore, whenfoever propofed to Others, and 
the words underltood, are prelently without Iiefitation Allented to. As that 


The Whole is greater than its Part. 

Such kind of Propofitions the Latine Philofophers call Maxims, the Greek 
a£i ftyuHzc, Axioms , or Dignities , for that They are fentcnces of Worth, fb Signal, 
and fb Dignified, as to carry their own Authority, and Credit along with them- 
felves, whereby to force an Univerfal Aflent. 

Now Euchde thus begins the Principles of Geometry. 


The 
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The Practical Principles Poftulates, or Petitions. 

POSTULATE I. 

L EJ it be granted, From any point unto any point to draw a 
Strait Line. 

ANNOTATIONS. 

Euclide here firft tacitelv prefumes the putting of a point anywhere: or jointly 
with the drawing of a ltro.it line he does alio poftulate the putting of a point, or 
points at pleafure. And moreover hecaufe a point put to a point is ft ill but a 
point; therefore if two points be diftin&ly put, as in this Poftulate, then it is a 
point Here, and a point There; fo that fome kind of Length, or Space muft be 

conceived to lye between Here and There, when Euclide fays, From a point to 
a point. 

Now in the 4 th Definition Euclide tells us, what kind of Length he means by 
the name of a ftrait line: And in this Poftulate he requires that fuch a Length, 
as he calls a ftrait line, may be put, and join any two points together. This in¬ 
deed is Adquum Fojlulatum , a very rea/onable Requeft, and as iuftly to be granted, 
as a point Here, and a point There. For between Here, ana There, tho’ we may 
make infinite deviations, and By paths *, yet we naturally conceive but One only 
Singular, and dire# Way, and that can be nothing elfe, but what Euclide calls a 
ftrait line. 

Moreover we arc to know, that Euclide only means a Mental Dudtion, or Po- 
fition of that ftrait line between any two points; not a draught of the hand from 
point to point by the help of a Ruier: Which does but imperfectly imitate that 
Geometrical cxa&nefs, which wc conceive in a Mathematical ftrait line; For a 
ftrait linea&ually never was, nor ever can be drawn. But in Practical Geometry 
fufficient it is Fro Accwrato ponere quam pr oxime Ac cur at um . And not only this po- 
ftulated Problem; but all Geometrical Problems, whether poftulated as Principles, 
or are from Principles to be demonftrated, are likewife all fuppofed to be ef¬ 
fected in our Imagination only, without the help of our outward Senfes, or of a 
Manual operation, or any material Inftrument. Vet the Ruler, and Compafles 
have always been allowed to a Geometrician; not becaufe Geometry needs them, 
but only to aflilt our Underftanding by the Mechanical conftrudtion of a fenfible 
Figure, whereby we may go the eafier through an Intellectual deinonftration. 

And further from this Poftulate, it is efpecially to be obferved, that the Exiftence 
of ftrait-lm’d Angles, and alfo of ftrait-lind Figures, as well as of ftrait lines 
themfelves, do naturally follow, and is here tacitely prefumed. 

For if from any point a ftrait line may be drawn to any 
point, as from tlie point A to the point B: It is likewife as 
evident, that again fronuhe fame point A an Other ftrait ^ 
line AC may be drawn to an Other point, as C: and fo 
make an Angle, as B A C. And therefore it had been fri¬ 
volous to have poftulated the making of an Angle in ge¬ 
neral. C 

Again, if there be put three points not dne&ly fituated to one another, as 
A,B, C, then by this Poftulate, They may be joined by three 
ftrait lines, anti fo there is conftitutcd a Figure of three 
tides, called a Triangle. Wherefore Euchde neither Poftu- A. 
lates, nor Demonftrates the conilruCtion of a Triangle in 
general. In like manner if there be put four points, or more 
at pleafure; and they be all joined by ftrait lines drawn 
from point to point, there will in common (enfe arife 
Quadrilateral, and Multilateral ftrait-lin d Figures. So that their exiftence is evi¬ 
dent 
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dent from this Poftulate without any further demonftration of their ftrufture 
But for the feveral fpecies 

of ftrait-lmd Figures defi¬ 
ned by Euclide , as an Equi¬ 
lateral Triangle, or Square, 

&c. Alfo a Right Angle, | \ \ \ \ f 

Parallel line, &c. Euclide ne¬ 
ver makes ufe of any of 
them, till he hath firft ma- 
nifefted their Being, and in particular their Conftru&ion. So accurate is the 
Elemmtator in his Method, as neither to be fuperfluous nor deficient in any matter. 



POSTULATE II. 

0 Continue a finite Strait Line direttly onward. 

annotations. 

After that a ftrait line is allowed to be drawn from any point to any point; It 
is as much, or more evident, that a Finite ftrait line, that is, a ftrait line deter¬ 
mined by two extream points, may be from thole points conceived to be either 
way farther produced and continued at pleafurc in the fame dire& courfe: And 
therefore the continuation of a ftrait line ought in common reaion to be granted 
as well as a ftrait line, which is the only Thing here required. 

Confentaneous to the Second Poftulate, This likewife might be added. 



To put two ftrait Lines dire&ly One to the Other. 

That is, to conceive two ftrait Lines fo fituated to each other, that they may 
both together make one ftrait Line. This is frequently made ule of in the Ele¬ 
ments. But becaufe in this cafe there are only two Given ftrait Lines imagined 
to be placed in a certain pofition towards one another j and not any other Magni¬ 
tude de novo created, as in the foregoing Poftulate there is to a Given ftrait Line 
a New One in a dire& continuation to be joined j Therefore Euclide does not po¬ 
ftulate This as an Other, and diftind: pra&ical Principle: but upon occalion af- 
fumes the liberty of Pofition in Lines Given ; Sometimes of one ftrait Line to an 
other dire&ly; Sometimes of One ftrait Line upon an other, as it may beftf line 
to the demonftration of thole Propofitions, which require liich an apparatus of 

Situation toward their demonftrations. 


POSTULATE III. 

Rom any Center, and to any Dj)lance to deferibe a Circle. 

ANNOTATIONS. 

In the f th . Definition Euclide means, that by a Circle fhotild be conceived a Fi¬ 
gure bounded on one iingle Term, having within it a Point, from whence all 
ftrait Lines drawn unto that Term are equal to one another, that is, having 
within a middle Point, which lie names a Center, every way equally diftant from 
that Term, which he names a Circumference. Now this Definition imports no 
more than that whenfoever he mentions a Circle, we are to conceive fuch a kind 
of Figure. But here now Euclide farther poftulates the conftrudfion of a Circle 
(according to this Definition) to be granted him, as a Figure of an eafic conftru- 
&ion, and very manifeft of it felf to be in nature. For in order to make plain 
the formation of a Circle, he firft puts a point, which in relation to a Circle he 
had before, and fo does here call a Center. Secondly from that point lie (uppofes 
any Diftance to be taken (Diftance in this place is underftood in the common 
acceptation of the word: and therefore it is not by Euclide defined among the 

I Geo- 
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Geometrical Terms of Art) Now the natural conception of Diftance is the fhorteft 
Trad between things diihnt from one another: So that the diftance from any 
point to any point, is in common fenfe taken by a ftrait, and nocby any crooked 
Line. And i'. is already granted in the firft Poftulate, that from any point to any 
(how near, or how far (ocver off) a ftrait line may be drawn. 

Put then the Center A, and from the Point A, let be drawn 
the itrait line A B to fet forth any diftance. Now the Cen¬ 
ter and diftance being thus laid down, the defcription of a 
Circle which is the thing required to be granted, does ap¬ 
parently an(e. For if we conceive the line A B to move on 
the point A, as fixed and immoveable, till the fame line re¬ 
turn to the place, from whence it began to move j then 'tis 
evident, that this imaginary motion of the line A B hath 
dcfcnbed a Circle, whole Center is A: and that the point B 
hath delineated the bound, or circumference of the fame 
Circle. For becaufe the line A B in its revolution muft be coincident, and the 
very lame with all the ftrait lines that can be imagined to be drawn from the point 
A to the circumference; therefore they muft all be equal to A B, and to one ano¬ 
ther, according to the definition of a Circle. 

Thus therefore the itru&ure of a Circle needs not any artifice, of ratiocina¬ 
tion to prove its Being: but it is in it felf fo limple, and obvious, That it may be 
as juftiy poftuhted, as the Du&ion of a ftrait line from point to point. For in¬ 
deed they arc alike evident, there being in nature only two fimple Motions, the 
Strait, and the Circular, and thereby are created the molt fimple of aH Lines, and 
Figures, a ftrait Line, and a Circle. 

Moreover, in relation to this intellcdual conftrudion of a Circle, we may ob- 
ferve that the Radius of a Circle, is by An ft die in his Mechanics always named 
r 77/ /. j'.K-.r, The Line dejcribrn? the Circle. Whereas Euclids phrafe is * U r# 

j The Line from the Center, j-.nftotle s Appellation refpeds the Genefu , and 
Euclid s the Definition of a Circle. And again, from this ns&epjp*, or Circumlation 
of the Radius, m the creation of a Circle, the curve Line deferibed, and bounding 
the Circle is calld a Periphery , a name veiy proper to the nature of the 

Thing. For any curve Line, which by a regulated Motion returns into it felf^ 
is figmficantly called a Periphery, or Circumference. But it is named by Archimedes 
in his Cyckmctrics , >j as meafuring the Circle in its Ambit round about: 

like as r the Diameter is fo called, for thatit meafures the Circle through¬ 

out at its utmoft widenefs. Archimedes therefore calls the Bound of a Circle the 
Perimeter, in order to the nienfuration of the Area of a Circle, which was his 
prelent bufinefs; And Eudide the Periphery from the manner of its Generation. 

Now anfuerable to this fpcculativc Formation of a Circle, is the Mechanical de- 
fenpuon thereof made by help of the Compares, and firft invented by Perdix the 
Nephew of Dtrdalus , as Ovid reports. Which Inftrument with its ufe he has moft 
accurately exprelled, A fetamorpb. Lib. vw. 

Perdix ex uno duo ferrea brachia mdo 
Junxic , tit erquail fpatio diftantibus Ipjis , 

Altera pars ftaret , pars altera due era Qrbem . 

Thefe three eafy Problems, firit to draw a ftrait Line, Then to continue the fame 
at plcafure, And laftiy to ddcribe a Circle, arc the only praftical Principles laid 
down by Euchdi r, to e£Tc& all liis Geometrical Conftru&ions, and all thofe excel¬ 
lent and fubtil Problems, which are demonstrated in thefe Elements. 

Laftiy ti? fpecially to be remarked, that tuchde moft judicioufly chofe rather to 
make the Gcncfis of a Circle to be a Poftulate, than with feme of our modern 
Geometricians, an ufelefs, unapplicable Definition: the abfurdity whereof we 
have lhewn before. 

A ftrait Line therefore, and a Circle arc the only Inftruments of plain Geome¬ 
try, and the only two Things, which Euclide Poftulatcs to be granted him. But 
Sold Geometry requires moreover to make ufe of Come SeBions , the Parabola , 

Hyperbola , 
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Hyperbole*, and EBipfa for th t Effe&ion of Problems of an higher, or more com¬ 
pound nature, than what can be perform’d by a ltrait Line, and a Circle: which 
difference in this matter ought to be well confidered and obferved. 

For a foul error it is in a Geometrician (whereof fome of our Moderns have 
been too guilty) to undertake the Solution of fuch kind of Problems (as the Du¬ 
plication of a Cube, and the like) by ltrait Lines, and Circles, whereas they may 
be readily effected by the Conte Seftions, which are as truly Mathematical, as a 
Circle, and have a Genefis, as purely Geometrical: Both ar.fing from (imple Mo¬ 
tions: the Circle being created by a mental revolution of a ltrait Line upon a 
fixed point > and the Come SeSions from a mental Motion of a Plane cutting a 
Conical Superficies. As is fliewn in the Conic Elements of Apollonius . 

The Speculative Principles, Common Notions, or Axioms. 

AXIOM I. 

^J^Hings equal to the fame , are equal to one another . 

ANNOTATIONS. 

As if A be equal to B, and C be equal to B; Then fhall A and C be 
equal to one another. 

Now to exprefs this briefly in Charadtcrs, commonly named Symbols , 
or Species after the manner of Analyfts, with which to be timely ac¬ 
quainted is very ufefulto a Geometrician; 

Let the Sign of Equality be this = 

Then fliall the Propofition be thus lignified. 

If A = B and C = B. Then fliall A == C. 

In words thus. If A be equal to B and C to B, then fhall A be equal to C. 

AXIOM II. 

J F Equals he added to Equals the Wholes are equal. 

ANNOTATIONS. 

Let A be equal to C, and B to D, then fhall A and B added to- 
gether be equal to C and D added together. 

In Symbols thus it is. 5 

Let the Sign of Addition be this -j- 
Then (hall the Propofition be thus fignified. 

If A ~ C and B = D, then A -f B = C -+■ D. 'I 

In words thus. If A be equal to C, and B to D, then A more B (that A 
is more by B) (hall be equal to C more D (that is more by D.) 

AXIOM III. 

J F Equals he taken from Equals y the Remainders are equal 

ANNOTATIONS. 

Let A, B, be equal to C, D, and A be equal to C: then A taken 
from A,B, and C taken from C,D, fhall leave the remainders B,D, ^ ^ 

equal to one another. £ $ 

To exprefs this in Symbols, 

Let the Sign of Subtraction be this — . 

Then fhall the Propofition be thus fignified. 4 4 

If A+B=C+D, and A = C, then A + B - A= C+D-C; A C 
Thatis, B — D. 

1 a 
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A SSftft (or'leT? A Hbfft'SSc kf C q (5r 
That is, B ihall be equal to D. 

axiom IV. 

^ l* tn TTneauah . the fPJjoles are unequal 



7 

£ 






7 

B 


annotations. 

r et B. D be unequal to one another, B the greater D the letter; 

2 f. ft, n sodiat A B, together is greater then C, D, together, 

thelequSity being ftiU the fame as before it was between B and D. 
the rneq Y 5^ ^ ]n Symbols5 

Let the Sign of Greater be this 

Let the Sign of Leffer be this 

Then lhall the Proportion be thus figmfied. 

»C, to 

Dull B more A be greater than D more G. 

axiom v. 

juah be taken from Unequals, the Remainders are 

annotations. 

,„AB'CD be unequal to one another, A,B,tlie Greater, C,D, 

rhe t effer and let A be equal toC. Then A taken from A,B, and C 
riken fioni C D (lull leave the Remainders B,D, unequal to one 
another - B the Greater, D the Letter, the mequality remaining the 

fame that it was at firft. . . 

In Symbols thus it is. 

If A,B>C,D, and A =, C, then A, B-A>C,D-C. That is, 

HP 

A X I O M VI. 

Hum which are ‘Double of the Jame are equal to one another. 


5 
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AXIOM VII. 



ANNOTATIONS. 


In thefe two Axioms Euclide instances only in the Duple , and in the Half. For 
in laying down thefe common notions, he judged it lufticient to put the Principal 
notion in General, leaving the Confe&aries, which do naturally follow to every 
ones common underftanding. Alfo fuperfluous it is, and befides too trivial, to in¬ 
termix with the general Principles every obvious Confequence. For in the naming 
Double and Halt, who does not prefently conceive the fame evident truth in 
Triples, Quadruples, Quintuples, &c. And to in a Third, a Fourth, a Fifth, or 

any like part of the fame thing, or of Equal Things Which la it a l(o of' Equals , Eu¬ 
clide could have as eafily added, as his Commentators. But he would here intimate 
that what is faid of one and the fame Thing, is alike to be undcrftood of Equal 
Things; for that Identity and Equality , are to he indifferently taken, and ufed in Geo¬ 
metrical demonfbrations . 

The Axioms hitherto laid down are more general, and common to ieveral Sci¬ 
ences : But thefe which follow are purely Geometrical. 


AXIOM VIII. 

Congruous one with the other are equal. 

ANNOTATIONS. 

That is, If two Magnitudes be imagined to be applyed One upon the Other, 
and after this mental application it be demonltratcd, that neither does any ways 
exceed the other; but that the Intermedial parts of the One do agree with the 
Intermedial parts of the Other, and the Exereams with the Extreams, then thefe 
Magnitudes are faid to be Congruous. And Geometricians do juftly aflume for 
a rational Principle, that Magnitudes being fo far proved Congruous, are then to 
be concluded equal to one another. Thus Euclide is to be underilood in the Specu- 
culative and true Geometrical ufe of this Axiom concerning Congruous Magnitudes. 

But moreover, there goes along with this Speculation a very natural, and com¬ 
mon Mechanical ufe of the fame Axiom. For in the pra&ice of Artifans They 
Mechanically fitting one Magnitude to an other do judge by their Eye, or Hand 
how one agrees with the other, and accordingly do determine their equality. 
As in the menfuration of Magnitudes by a Foot, a Cubit, a Perch, &c. 

The like. Mechanical Congruency is made ufe of iri the meafiirc of Liquids, of 
Grain, and the like, by Pints, Gallons, Pecks, Bufhcls, &c. The equality of thefe 
kind of things being judged by congruous VefTels, or Places, which do contain 
them. So that this Mechanical Application of Magnitude to Magnitude is a na¬ 
tural, and univerfal pra&ice : And in common fenfe Congruency is a (landing Rule 
of Equality. 

But the Geometrical Congruency in this place underflood, arifcs only from an 
Intellectual application of one Magnitude to an other: Ami then after fuch an 
application there is made by argumentation a demonftrativc proof of their Con¬ 
gruency, both in their Extreams, and Intermedial parts, without any judgement 
taken from our outward Senfes So that their Congruency being thus rationally 
demonftrated, we do then from this natural and common notion of Congruency, 
conclude their Equality. As we (hall find in Prop. 4 tb . and 8 th . of the firfl Element: 
In Prop. 24 th . of the third Element &c. 
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AXIOM IX. 

He Whole is greater than its Tart. 

ANNOTATIONS. 



Every magnitude is in it felf Quid Vnum & Continuum , only one entire Thing: 
Neither to be called Great, or Little, a Whole, or a Parc. But becaufe magnitude 
ii infinitely divifible into fmaller magnitudes, therefore every magnitude, tho' in 
it felf but one, may yet by imagination be fuppofed to coofift of cer- ^ 
tain lefs magnitudes contained within the fame. Ibeje are called the 
Parts , and That the Wbole^ Thefe parts are not really feparate from 
the whole ; but are all united by common terms, which are con¬ 
ceived the End of one part, and the Beginning of the other. As let c 
A B be put for any finite magnitude, whole Lxtreams are A, B. Now 

this magnitude AB is in It ielf but one: yet It may be diftinguilh- P 

ed into parts, as, AC,CU, DE, EB, whofe intermedial Emits 

are C,D,Ei here C being the End of AC, and the Beginning of CD, r 

foDof CD, DE, and E of D E, E B. Thus the parts are to be taken, 
anJ underltood in continued magnitudes. And the fame truth is alike 
manifeft in any Difcrete, CoDeHtvc^ or Aggregate Totum. As in numbers in 
a Peck of Com, and the like, tis naturally evident that the Whole is B 
greater than its Part. 

Moreover, it is commonly added as an Axiom by the Commentators, That 


The Whole is equal to all its Pa rts, or all the Parts are equal 

to the Whole. 

Yet Exclude having no occafion to ufe thefe Propolkions in 
thefe dired Terms; but only upon fome particular argumen¬ 
tation to infer ex Diagammatt, from the Diagram it felf, that 
fuch and fuch Parts all together are the Whole; As R, F, G, H, 
arc the whole Square A B C D, It feemed not proper to 
place This fignally for a diftindt Maxim among the reft of his 
General, and Common Notions. 



AXIOM X. 

Right angles are equal to one another . 

ANNOTATIONS. 

Truth,, and ReBitude have the fame property. For as one Truth cannot be more 

true than an other; fo one ftraitLine cannot bemoreftrait than an other: nor 
one Right angle more Right than an other. So Martianus CapeUa lib ; vi. de Nuptiis 
Philolog€ V flercuni , fays, Anydarum natures triplex eft, Nam aut Juft US eft, aut An- 
guftus, aut Latus. The Acute, and Obtufe arc here called Anguftus, & Lotus ; Quprum 
uterque femper eft mobility fays he, always changeable in their increafe, or decreafe; 
there being no Obtufe angle, but that there may be a more, or lefs Obtufe, nor 
any Acute angle, but that there may be a more, or lefs Acute: Only the Right 

angle Juft US eft & femper Idem . 

AXIOM XI. 

I F upon two firait lines a ftrait line falling, does make the in - 
temal angles on the fame Jide lefs than two right angles \ Thofe 
Ju ait lines being infinitely produced, Jhall meet on that fide where 
the angles are lefs than two Right angles. 

AN- 
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ANNOTATIONS. 

Upon the lines A B, CD, let the ftrait line EF fall, making the internal angles 
B E F, D F E, left than two Right angles: 

If then A B, CD, be the fame way produ¬ 
ced indeterminately, that is, onward, and A 
onward in an undetermined free courfe, 
it is here put as a manifeft notion* that the 
ftrait lines A B, C D, (hall at length meet to¬ 
gether towards the parts B, D. 

Tho’ this Propohtion be a mod certain C 
truth, yet it hath been generally excepted 
againft for want of the juft Evidence of a 
Principle, tho’ not of the Certainty of the Thing. But yet let us confider that 
here are put two ftrait lines A B, C D, under fuch conditions, which do clearly 
fhew that They have a Tendency , and Inclination towards one another: And there¬ 
fore it may be juftly afliimed for a common notion, That two ftrait lines inclining 
each to the other, and being that way infinitely produced, (hall at length meet to¬ 
gether. This is the fubftance of Euclids x i th . Axiom, tho’ exprefled in other words 
more fuitable to the Form of his demonftrations. 

But here are made many Obje&ions. In the firft place, it has been already 
(hewn, that there may be two Inclining lines infinitely produced, and continually 
approaching nearer and nearer to one another, which notwithftanding (hall never 
meet together. A thing very ftrange, and at the firft view hardly credible: yet 
afterwards certainly found to be true. Wherefore (eeing that Inclination, and 
perpetual Approximation force not a Concurrence, it may be doubted, whe¬ 
ther the fame may not alfo happen in Jlrait lines inclining, and continually appt ouch- 
in^ towards one another: Info much at lea ft that the Concurrence of two Inclining 
ftrait lines cannot well be admitted for an evident Principle. Befides this, there 
are feveral other Objections, of which we (hall have occafion to (peak here¬ 
after. Only at prefent, 1 fay that they who have endeavoured to mend this mat¬ 
ter, have with much trouble, and difturbance of Euclids excellent method taken 
great pains to little better pur pole. 

AXIOM XII. 

Wo ftrait lines do not comprehend a Space . 

ANNOTATIONS. 

If the two lines be Parallels, there is an open fpace both ways between them, 
which is neither way boundable by thofe ftrait lines, for 
that parallels are Nonconcurring ftrait lines. Again, if 
the two ftrait lines any where meet, there is made a 

ftrait-lin’d angle: But then the angular fpace is not- 

thereby comprehended, being one way infinitely open, 
nor is it imaginable, that the fame fpace can again be in- 
clofed by a progrefs of Thofe two ftrait lines, which con¬ 
tain the angle i unlefs there be conceived fome Flexure, or 
Vergency of the fame ftrait lines towards one another, where¬ 
by they being produced at pleafure may again meet toge¬ 
ther. But this is to deftroy the natural conception of Re&itude in the ftrait 
lines thcmfelves. Therefore in common fen(e there muft naturally intervene a 
third line for the indofing of a fpace. 

Again, for as much as every ftrait line docs in all its parts lye Evenly to all its 
points [Def.4.] therefore two diftimft ftrait lines cannot have the fame Extream 

points. 
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points. As let the ftrait line ABC have its extream points A, C: then the line 
ADC, haying the fame extreams (and fb both together 
bounding a fpace) (hall not be like wife a ftrait line, for * 

that the intermedial parts of thofe two lines A BC, A D G, 4 
cannot in common fenfe be conceived to lye alike in both 
the lines, Evenly to the fame points A, C,but that the parts of the One of them nluft 
deviate from the Even, and dired Courfe, which lyes between the points A, C. 

As alfo farther according to the firfi Populate , a ftrait line drawn from point 
to point, from A to C, can be but One, and the fame fingalar ftrait line a and is 
there underftood fo to be. Or if we fuppofe two ftrait lines applyed to one ano¬ 
ther, to have the fame extreams A, C, thefe ftrait lines, quatenus ftrait, muft be 
wholly coincident with one another, fo that they cannot intercept any imagi¬ 
nable (pace. 

Here Euclide ends the Principles. 


In the Definitions (which are by Commentators commonly accounted a- 
mong the Principles) was laid down the fubjed Matter, or the particular Things 
to be treated of in the firfi Part of thefe Geometrical Elements. 

After the Definitions next follow the Poltulares, and Axioms, that is, Principles 
Practical , and Speculative. Thefe are rightly called Principles , as being the founda¬ 
tion upon which this Science builds its demonftrations, and are in the firlt place 
made ufe of in the dodrine of thofe Magnitudes, and Figures expounded in the 
foregoing Definitions. For to (peak properly Thefe Definitions are not Principles 
of common Reafoning premifed for demonftration fake j but in truth they are a 
fmall part of the ample Subjed of Geometry. 

As in the Dcfini ions of an Angie, of a Circle, of Trilateral, and Quadrilateral 
Figures, of Parallel Lines, is explained what kind of Things are to be underftood 
by thofe feveral Names. And thefe Things arc here laid open for an Entrance into 
Geometry, as being Matters molt fimple, and cafily to be taught, and apprehended. 
But now in purfuit of a perfed underftanding of Them, the Poftulates, and Axi¬ 
oms ferve as Natural, and general Principles of Reafoning, whereby we are en¬ 
abled to demonftrate the manner of their Conftrudion, their Properties, and 
Affcdions. The contemplation whereof is the bulinefs of this firft Element of 
Geometry. 

The Poftulates, and Axioms, or common Notions, are clearly intelligible to every 
ones capacity, altho' fome Annotations made with txamples,and Inftances may 
be to Beginners ufcful for Ealc, and llluftration fake. But for the Propofitions 
themfelves, there is nothing in them further, or otherwife to be expounded, than 
what the literal fenle, and common meaning of the words import. As Tertullian 
fays upon a like occafion, Definition ?!, ac fententix^ quorum aperta cjl natura > non 
ahicr Sapiunt quam Sonant. 
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PROPOSITION I. 

N a given finite ftrait Line to confiitute an Equilateral Tri¬ 
angle. 

Expofition. Let the given ftrait Line be ab. 

Recognition. It is required on the Line a b to conftitute an Equi¬ 
lateral Triangle. 

Conftruttion. The Center a , and the di- 
ftance AB,let be defcribed the Circle bcd. [by 
Poftul. 3.] And again the Center b, and the 
diftance b a , let be defcribed the Circle ace. 

[byPoftul. 3.] Then from the point c where 
the Circles cut one another, to the points a, b, 
let be drawn the ftrait Lines c a, c b , [ by 

Poft. 1.] 

Determination. I fay that the Triangle abc is Equilateral. 

Demonftration. Forafmuch as the point a is the Center of the 
Circle bcd, therefore the Line ac is equal to the Line ab. [Def. 
iy.] Again, becaufe the point v. is the Center of the Circle ace, 
therefore the Line bc is equal to the Line ab. [Def. iy.l But it has 
been proved that the line c a is equal to the line a b*, therefore each 
of the lines c a, c b, is equal to a b. But things equal to one and the 
fame thing are alfo equal to one another, [Ax. 1.] and therefore 
ca is equal to cb: wherefore the three lines ca,ab, bc, are equal 
to one another. 

Conclufion. Therefbrethe Triangle a B^is Equilateral, and iscon- 
ftituted on the given finite ftrait line ab. Which was to bc done. 

The Practice. 




To make an Equilateral Triangle. 

Open the Conipafies to the length of the Given line A B, and 
fixing one foot on the point A, deferibe on either fide of the 
line A B an Arch. Again, fixing a foot on the point B, deferibe 
on the fame fide an other Arch cutting the former; And from 
the point of Intcrfc&ion C, draw CA, CB. Thus is made the 
Equilateral Trianglc ABC. ^ 

By the like practice may bc formed an Ec j 11 i crural Triangle. 

K 


C 
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C 

To make an Equicrural Triangle. 

Open the Compafles to any diftance beyond half of the line 
A B, and defcribe Arches as before. Then from C the point 
of Interle&ion draw C A, CB, making an Equicrural Triangle 

ACB. -' B 

A practical Corollary. 

From hence it is manifeft, how to effed this following Problem. 

A Problem. 

By any two given Points to defcribe a Circle, whole circumference (hall pals 
by the given Points. 

Let the given points be A, B. And [by Poftul. i.] draw¬ 
ing the line A B, let thereon be conftituted an Equilateral 
Triangle ABC, [by Prop, i.] and [by the j*. Poftulate] 
from the point C as a Center, and at the diftance either of 
C A, or C B, a Circle being defcribed, the circumference 
fhallpafs by the given points A, B, for that the lines CA, 

C B, are equal to one another. 

How to defcribe a Circle, whofe circumference fhali pafs 
by any three given points, not lying in a ftrait line, will be Ihewn hereafter* 



ANNOTATIONS. 

The being and the ftru&ure of a Circle, Euchde has before poftulated to be 
granted him, from the natural fimplicity, and evidence of its generation. The next 
limple, and uniform Figure, is an Equilateral ftrait-lin’d Triangle; with which 
therefore the Ekmentator begins. Whofe Genefis, becaufe there is ufed feme Ar¬ 
tifice, and Compofiuon in the work, beyond that of a Circle, requires a demon- 
ftrationto prove the Triangle conftrudted to be Equilateral. And this Euclide evi¬ 
dently deduces from a Circle, that primary Figure already poftulated to be al¬ 
lowed without any demonftration. For Mathematicians proceed by Propoli- 
tion after Propofition: l irftfrom certain Propofitions as natural Principles, unto 
others as they may, with moft facility and evidence, be deduced one from the other: 
The foregoing Propofitions ferving to demonftrate the following. 

The method in all Propofitions, Problems, as well as Theorems, is much the fame, 
and confifts of certain diftindt parts. As for example, in this firft Problem the 
parts are thus to be diftinguifhed- 

I. Tht Propofition. Which propofes in general Terms, a Thing given, and a Thing 
required. In Theorems the Qusfitum is a thing required to be demonftrated as 
an undeniable truth. In Problems the Quafitum is firlt required to made, or con- 
ftru&ed; and then the conftra&ion of the fame is to be undeniably demonftrated. 
As in this Problem, On a given ftrait line to conftitute an Equilateral Triangle. The 
lubjed: given is any finite ftrait line in general: the thing required is an Equila¬ 
teral Triangle to be conftituted upon that given line. 

II. The Expofition of the thing given. This Expofitio Dati is an inftance in fpe- 
cial of what in the Propofition was given in general. As in the Propofition was 
given a finite ftrait line in general. Then next in the Expofition, is laid down in 
particular a finite ftrait line, as the finite ftrait line A B. The ule of the Expofi¬ 
tion is to facilitate the whole matter of the Propofition and Demonftration, by 
fetting it forth in a fenfible Diagram for the readier information of the Intellect; 
which may apply the fame as umverfaily as it was propounded ; for that the line 
A B mav denote any finite ftrait line whatever. 

III. The i ecognition of the thing required. After the Expofition laid down in 
a tingle inftance, there follows in all, and only in Problems, that part which we 
call J^fcogmtio §u*ftii 7 a Recognition of the thing required: The phrafe is, JJ?, 

Oportet. 
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Oj/ortet. In which Oportet we are reminded, what ought next to be done in par¬ 
ticular upon the expofed inftance. As upon this expo kd Datum the line AB, it 
is now required in particular to conftitute an Equilateral Triangle ; fo that in this 
Recognition the fides of the Equilateral Triangle are confined to the length of 
the expofed line A B, and the like in all Problems there is included in this Oportet , 
a Confinement of the Quxfitum to the quantity of the Expofed Datum. 

This, which, as a diftinft part, we call Recognition, is by Clavtus annexed to the 
Expoficion, and by Dajypodms called the firft determination. Yet it cannot pro¬ 
perly belong to either * tor that the thing required is not as yet in being. But in re¬ 
ference to the foregoing Datum now expofed, here is next a fpecial Delignation of 
what is to be, as it was before in general required in the Propofition : And for a 
diltinftion from that part, called properly the Determination, wc have named it 

fycognitio Quccfiti. 

IV. The ConJtruRion. . This is a Geometrical Operation made out of the Po- 
ftulates by an intelleftual drawing of ftrait lines, and deferibing Circles. In 
Problems the conftruftion does both effect the thing required: ana aifo ferves to 
demonftrate the fame to have been rightly effefted. As in the Conftruftion of 
this Problem. The Equilateral Triangle ABC, is firft tacitly con ft r lifted by de¬ 
ferring the Circles B CD, ACE, and drawing the lines C A, CB. Then from the 
manner of its Conftruftion the Triangle is next pronounced, and determined to 
be Equilateral. 

V. The Determination of the thing required. This Part is only a Declaration that 
the thing required is now in a fpecial Diagram exhibited. The phrafe is Myu, I fay, 
or Pronounce. As here in Specie the Triangle ABC (having been jult before ta¬ 
citly conftrufted upon the expofed Datum A B) is now determined, and prominccd 
to be Equilateral: Which the following Demonftration makes Apparent. 

VI. The Demonftration of the Propolition. This is the glorious part of a Ma¬ 
thematical Propofition, wherein is made an undeniable and indubitable proof of 
the thing propofed, and exhibited in a particular Diagram. As here is demonftra¬ 
ted, that the Triangle ABC is Equilateral 

The form of Argumentation is for brevity fake made in Enthymcms ; which may 
be reduced into perfeft Syllogifms : as Cunradus Dafypodius has let forth the firft fix 
Elements in a compleat Syllogiltical form. 

VII. The Conclufton . This is firft particular in reference to the prefent Diagram, 
on which the Demonftration proceeded: as, Therefore the Triangle ABC// Equila¬ 
teral, and conftituted on the given line A B. So that this particular Conclufion con- 

lifts of the Determination, and Expofition. 

Andbecaufe after the fame manner there may on any other finite ftrait line be 
conftituted an Equilateral Triangle, therefore from the Logical Rule of lnduftion, 
there is iaftly a general Conclufion deduced,that on any given finite ftrait line may be con¬ 
ftituted an Equilateral Triangle , which is only the Propofition repeated as being now 
demonftrated. Therefore in a Problem there is fubjoined to the Conclufion, 'omp 
tin TTG^Tzit. Which mas the thing propounded to be done . And in all Theorems, mo iS'tt 

SeJrcq. Which was the thing propounded to be demonftrated. 

This is the regular courfe ufed by Geometricians in their Forms of Doftrine- 
So that in Problems there may be feven parts according to the forenamed Order* 
The Propofition, Expofition, Recognition, Conftruftion, Determination, Demon¬ 
ftration, Conclufion. But in Theorems there can only be fix, and in this Order. 
The Propofition, Expofition, Determination, Conftruftion, Demonftration, Con¬ 
clufion. The different nature of Problems, and Theorems requiring fuch a diffe¬ 
rence in the number, and order of their parts, and fpecial! y in the dtjpofal of the 
Determination; Which part in Problems ever follows the Conftruftion: but in 
Theorems follows immediately the Expofition. 

It is commonly, but improperly faid, that every perfeft Propofition has ailthcfc 
parts. Whereas all Propofitions, which are rightly demonftrated, are alike perfeft; 
For that one Demonftration cannot be more a Demonftration than an other: But 

thus it is, every Propolition requires not all thefe pans. For fomc Theorems 

K z need 
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need no Conftrudicn, by adding ftrait lines, or Circles to the Original Scheme 
of the Propofition, becaufe the Scheme it felf is often fufficient for the Demon- 
fixation of the Propofition. But where it is not, there is then fuperadded a Con- 
fixudion, which is only as an Apparatus, or Preparation made onpurpofeto help 
out the Demonftration of the Theorem, and belongs not to the Propofition either 
as any part of the Datum, or Quzfitum. Now in thefe Cafes, that Theorem is rather 
to be accounted more perfect than any ways defedi ve, which is not forced to feck 
out a Conftru&ion, for the letting forth of its Demonftration. 

Again, in Problems the Determination is oftentimes omitted, as being in it felf 
not abfolutely necefiary, tho' for the more perfpicuity it be convenient. So in 
thefe three firft Problems the Determination is not in the Text of Euclide , yet in 
9, io, ii, and ii : \ Propofitions, which are Problems, the Determination is ex¬ 
prefly let forth. Therefore accordingly we have inferred in this, and the two 
following Problems the Determination, to clear the matter for the eafe of Begin¬ 
ners, that after the Conftrudion, and before the Demonftration, there might be 
let forth, and determined, what by the Conftru&ion has been effected, and is next 
to be demo nitrated. 

Moreover, fbme Problems have only a Quefitum, and not a Datum, upon which in 
particular to work. And fb there is neither an Expofition, nor a Recognition to 
follow, but only a Conftruction, Demonftration and Conclufion. As the tenth 
Tro pofition of the fourth Element, which is a Problem requiring To confiitute an 
Equicrural Triangle, having each of the Angles at the Safe double to the remaining Angle . 
Here now is required to be conftruded fuch a kind of Triangle without any thing 
given. Yet notwithltanding there is no imperfe&ion, or any defed in this Propo¬ 
fition i but that it is a fubul and admirable Problem. Therefore we are to under¬ 
hand, that every Propofition of the Elements is according to its nature compleat 
in it felf, whether it has, or needs not to have all the forementioned Parts. 

Of the Datum in Geometrical Propofitions. 

In Geometrical Propofitions, a thing may be given four feveral ways: In Pofi- 
tion, In Specie or f orm, In Magnitude, In Proportion. 

A point having no Magnitude is only given in Pofition, that is to fay, Here. 
But every kind of Magnitude may be given all the four ways, jointly, or feverally, 
in all, or in fomc. 

A tiling is laid to be given in Pofition, when it is reftrained to a certain Situa¬ 
tion. As the Data in all Problems are: where whatfoever is given ought not, fo 
much as in our imagination, to be removed from its given Situation; but accord¬ 
ing to the reftridion of the Pofition given the Problem is to be performed. 

Now on the contrary, in Theorems the Diagram of the Propofition is not 
tyed to a certain Pofition, but left as indifferent, l or tho‘ Pofition be a fpecial 
condition in the Strudurc of a Problem, whereby it is to be regulated: yet in a 
Theorem it appertains not at ail to the Truth, or Falfity of the Theorem: and 
therefore the Pofition of the Diagrams is alterable at diferetion. Infomuch that 
in fbme Theorems, where two things are given, there a certain Pofition of the one 
to the other, is fbmetimes a means to help out the Demonftration : And therefore 
an arbitrary pofition of the Data in Theorems, is allowed to the Demonftrator 
for a kind ot Conftrudion. As Euclide fometimes applys Figure to Figure, fome¬ 
times conceives two ftrait lines fb dircdly fituated to one another, as to become 
one ftrait line; with fuch like choice and change of pofition, as may beft fei ve to 
the demonftration of the prefent Theorem. 

In this Problem the line A B is not only given in Pofition , as the Datum in every 
Problem is, but aifo *tis given in Specie, being propofed a ftrait line, to fpecifi- 
cate it from a crooked. 

And moreover, 'tis given in Magnitude as a finite ftrait line, which aifo is un- 
derftood to be fo given under a certain Termination, that it may be compared as 
Equal, Greater,or Lcffcr, than an other : and in like manner auy other may be com¬ 
pared 
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pared to it. For tis not meant to be given in fuch, or fuch a Gngular Qaailtity^ 
as of one, or two, or three Inches, or Feet, in relation to any ltated meafurfc; 
but here That is taken to be given in Magnitude, which is propofed under fomfc 
certain limitations, fo that it may be faid to be equal, or unequal to an other 
Magnitude. Yet after fuch an Indefinite manner the Limited Magnitude is put* 
that it may be conceived to reprefent any Magnitude of the fame kind, in any 
quantity whatloever. As in this Propolitiou when we lay, Let the given line be 
A B, there is meant by A B any length, by what meafure foever eftimated. Whe¬ 
ther by Inch, Foot, &c. or not at all eftimated by any diftinft Quantity. So that 
in this Cafe by an Example, or Inftance expofed in particular, the Univerfaiity of 
the Propolition, and its Demonftration are not deftioyed, but (till remain in their 
full Latitude, and general Extent. 

The Methods of Compofition and Refolution, as they are 

ufed by Geometricians. 

There are two ways of Reafoning, whereby Man comes to the knowledge of 
things; And both the ways are eftablifhed upon the lame Foundation, that ir,- 

upon the Didates of Nature , or common Notions among Mankind. The diffe¬ 
rence here only is, that in one way we begin our Difcour/es from thole Natural 
Dictates, and in the other we end with them j treading the fame path forward 
and backward. Both thefe ways we thus explain. 

Ratiocination proceeding from Natural, that is, Self-evident Principles of Truth 
unto other Truths, made known to us from them, and lo going onward by the 
help of thefe difcovcred Truths, to infer and make manifeft Truths more remote, 
and as yet unknown, is called the Method of Compofition , or Synthcfis , For that iri 
this way of Reafoning, we do from Notions moft plain and limple, gather up by 
degrees Notions more intricate, and compounded: framing out of fimple Materials 
firm, and ftately Edifices. 

Ratiocination proceeding from the Suppofition of things uncertain, whether 
True or Falle, Poltible or Impollible; and which by demonftrative Confoquenccs de¬ 
duced from that Suppofition, docs neceflarily come to a manifeft Truth, or Falfity, 

Poffibility, or Impoflibility, is called the Method of Refolution, or Analyfis . For 
that a doubtful Suppofition is hereby relblvcd into a certainty of Truth, or Un¬ 
truth, of Being, or not Being. 

If the IHlie of our Argumentation terminates in an acknowledged Truth, then 
are wc alTured of the Being, and Verity of the Suppofirion upon which wc argued* 
And wc may again take a beginning from the lame Truth, wherein the Refolu¬ 
tion refted > and from thence as a Principle, proceed in the Method of Compofition, 
making a return in the very fame fteps, which in the Refolution of the Suppofi¬ 
tion were traced out before: till at length wc arrive at that thing, which was at 
firft Suppofed, demonftrating in the common Compofitive Method 6f Geometrici¬ 
ans the Truth of Theorems, and the Geometrical effe<ftion of Problems. Thud 
Compofition and Refolution, or Synthcfis and Analyfis, anfwcr one another; the 
Analyfis ending where the Synthcfis begins, and the Synthefis ending where 
the Analyfis begins. Like to an Alccnt and Dcfcent made in the fame path ftep 
by ftep. 

Refolution, or Analyfis, is properly the Method of Invention, and the 
ready way of difeovering the Truth, or Falfity of a Propofition, in any Art or 

Science. 

Compofition, or Synthcfis, is the Method of Do&rinc, or the way of Teaching, 
and therefore in this Method from allowed Principles, all Arts and Sciences are 
ufually delivered. Like as lafting Buildings are railed upon furc Foundations; 
Whereof the Do&rine of thefe Elements is a nioft perfed pattern. 

Therefore of this firft Problem, wc fliali take a review, and nicely obferyc, by 
what Gradations of Compofition it is to fie efie&cd and demonftrated. 

Aud for an Entrance into this Inquiry, we are firft to confider what from the 
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preceding Principles can be made ufe of, upon the given line A B, to effeft this 

Problem, andconltruct an tquilateral Triangle. 

Firft, the <nven line A B being finite, there are given the ends thereof. So that 
three Things are given, two Points, and an interjacent ftrait line. Next there¬ 
fore we areto fearch out, what can arife to our purpofe, from thefe three Data. 
And recollecting ihe former Definitions, Poftulates, and Axioms, (for in the Ma¬ 
thematics memory and reafonmg are to go together) there mull among the reft 
occur to our remembrance the third Poftulate ; From any point unto any diftance to 
dejerik a Circle. And here in thefe prefent Data aptly appear a given-Point A, 
or B, and a given Diftance, namely the ftrait line AB given; therefore of the 
line A B taking one of the Extreams, as the Point A for a Center to a Circle, and 
the given line A B for a given Diftance, we poftulate a Circle to be deferibed. 
Again, taking the point B, the other extream of the 
Wen line A B for a Center, and the given line for the 
ame diftance we poftulate another Circle to be deferi¬ 
bed. Tis evident, that This Circle muft cut the former , 
for that the line A B lyes wholly within both the Fig #£/, 
and is a common J^adius to both Circles. 

Now by the mutual lnterfedions of thefe Circles, 
there occurs a point common to both Circumferences, 
and let it be figned the point C. 

Here then are three knowm points, A, B, C, and the line A B. What can, from 
thefe four things known, be reafonably deduced for the making an Equilateral 
Triangle, is next to be thought on. 

The firft Poftubte cannot but come readily into our mind, which allows the 
drawing of a ftrait line from point to point. So that we are prompted to draw 
from the Found point C to the given points A,B, the two ftrait lines C A, CB. 

Here at laft is made a ftrait-lin'd Figure of three fides called a Triangle, which 
we are next to confider of what kind, or condition it may be: and whether an- 
fwerable to the folution of the Problem. 

The two Circles juft now before deferibed by the fame Radius AB,and BA, 
are obvious to our confideration, and the Idea or Notion of a Circle delivered 
in the i Definition, that the lines from the Center to the Circumference are all 
equal to one another. This Idea does readily lead us to infer, that the line C A 
drawn from the point C in the circumference of the Circle BCD to the point A 
the Center, is equal to the given line A B the deferibing Radius, or the primary 
line from the Center of the Tame Circle. 

In like manner, and by the fame means we are inftru&ed to argue, that the line 
C B drawn from the point C in the circumference of the Circle A CE to the point 
B the Center, is equal to the given line B A, the deferibing Radius of the Circle 
ACE. 

Wherefore finding that both C A and CB, are each equal to AB, wc do natu¬ 
rally fuggeft to our Wives the firft Axiom, that things equal to the fame are equal 
to one another, fb that C A and C B, are equal to one another. And therefore all 
the three linesC A, AB, BC, are equal to one another, making an Equilateral 
Triangle, according to the 23 d , Definition. 

Thus in the Method of Compofition from the third and firft Poftulates, from the 
fifteenth Definition, and firft Axiom, we have fully fet forth the Conftru&ion and 
Demonftration of an Equilateral Triangle on a given finite ftrait line. And have 
together Ihown, upon what eafy rational Grounds and Natural Suggeftions this 
Problem may in this way alone be invented. So the like may be done in many 
other following Problems; for that die Invention of their Conftru&ions and De- 
monftrauons, is not to be far fetched, depending only upon fome few foregoing 
Propofitions, which may at once be brought into memory, and fitly applyed to 
prefent Ufe. 

But Problems more abftrufe and intftcatc, tho' they may by a well cxercifed 
Geometrician be performed wholly in this Compofitive Method, yet it is not the 

readiefi 
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readieft way to difcover how a perplexed Problem may be extricated and effeded. 

In thefe Cafes, inftead of making our Gradations by Compofitton from the Prin¬ 
ciples, and other Proportions arifing from them; Geometricians contrary wile or¬ 
der the matter after the Method of Hefolution, and in the firft place do fuppoje tic 
very Thing to be already done 7 which is propounded to be done. Factum pu i ant 
qjjod faciendum est. And then they examine what can by jult conlequence 
be deduced from the fame Suppojition ; demonftratively inferring one thing alter 
another until they fall upon fomething, which evidently fhevvs how to die cl the 
Problem, or that it is impoffible to be efteded. 

If by legitimate Argumentations we are brought to an impoflibility j It is there¬ 
upon concluded in common reafon, that the Problem is impoflible to be effected,' 
and that the Using fuppofed is inconfiftent with Nature. But if we meet wrh no 
fuch Obftacle, then are we allured the Problem is feafible, and that from the 
Suppofltion of the thing already efteded, We may by necelTary inferences clear 
the way, and come to a certainty how to effed the fame. 

And therefore to give a glynipfe of Light into this Admirable Method of Refla¬ 
tion , take here an Example thereof in the Invention of this tiril Problem. Altho’ 
by realon of its Simplicity it is readily found out in the former Method of Com - 
pojition } as we have already explained. 

PROBLEM I. 

On a given finite ftrait line to conftitute an Equilateral Triangle. 

Invefligated by the Method of Refolution . 

In all Problems we are firft to confider wherein the Stress of the Problem 
does confift. Therefore well pondering the nature of this Queftion, it will appear, 
that the main matter is to find a Point without the given line, from whence uvo 
ftrait lines being drawn to the ends of the given line, (hall each be equal to the fame. 

Now to begin, PutafaBum. Suppofe this done: and 
the point found let it be C, and the Triangle ABC, 
be Equilateral, having the fides C A, C B, each equal 
to A B the given line. 

Having thus fuppofed the Thing in Queftion : Now 
for the Solution of it, as of every Problem, there is to 
be u(ed a dexterous Sagacity of Thought in fearching 
out fomething latent in the Queftion, which is in fornc 
fort known unto Us, and from whence we may by de¬ 
grees arguing from one thing to another, make in the end a perfed difeovery of 
That, which is wholly unknown. For in humane reafoning we can attain to the 
Cognition of Things unknown, and under inquiry, only fo far, as they partake of, 
and fecretly contain within themfelves tire nature of other things already known, 
from which we muft argue; or elfc one thing could never be deduced from an other. 

And therefore this Prseexiftency of the knowledge of fomething jn the very 
things unknown, and fought for, is the foundation of all our Ratiocinations, and 
in this Cafe thus leads Us on. 

Becaufe the line AB is not barely fuppofed, as are the lines C A, CB, but is 
adually given in Pofition, and Magnitude: therefore upon this Datum, with a 
refped likewife had to the Tenor of the Suppofition it fell, the Force and Perfpi- 
cacity of our Mind is to be cxercifed, in bringing forth fomething relating both to 
what is adually Given, and to what is only Suppofed, that may open a way to¬ 
ward the Invention of the Thing Required. 

Now of all the feveral Subjcd Matters of Geometry, and of the Figures before 
defined, there is not as yet any of them in being bclidesa ftrait Line and a Circle: 
both which arc poftulatcd to have a being. Therefore from one, or both of thefo 
two wc arc to begin the Work. 

From a given ftrait line nothing clfc can arife,but either the Continuation thereof 
by the Second Populate i or by its Ctrcumlation the Generation of a Circle according to 

the 
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the Third Populate. It is at firft vie\V4nanifeft, that the Continuation of a (trait 
line cannot ferve to the framing of a Triangle. There is therefore nothing elfe 
exifting but a Circle to help towards this matter. 

Now we having had before an Idea of a Circle delivered to us, and fuperadding 
the conception of a Circle to the given ftrait line : Let us for an Eflay try what 
may arife from them both, that is, From a ftrait line given and a Circle fuppofed. 

Snppofe then by Poftulate the third from the Center A, at the diftance of A B 
given, a Circle to be defcribed. It muft now occur to our thoughts from the No¬ 
tion of a Circle in Def. i y. that the circumference thereof fhall pafs by the point 
C, the end of the fuppofed line A C, for that A C was fuppofed equal to the given 
Line AB. Let theretore be defcribed the Circle BCD palling by the point C iti 
the line AC. 

Again, the Center B, and diftance BA being likewife given, if we fuppofe a 
Circle to be defcribed, the circumference thereof fhall pafs by the point C, the end 
of the fuppofed line BC, for that BC was fuppofed equal to BA. Let therefore 
be defcribed the Circle ACE paffingby the point C in the line BC. 

And becaufe the fame point C is common to the fuppofed lines AC,BC, and 
is moreover in the circumference of the Circle BCD, and alfo in the circumference 
of the Circle A C E; and that the Circles B C D, A C E, have nothing common 
but their Interfedion, therefore the point C is in the Interfe&ion of the Circles 
B C D, A C E, now defcribed. 

Wherefore the point C is found: And thereby the Equilateral Triangle is found. 

For the three Points A, B, C, being now known, and in Pofition given; the three 
fides of the Equilateral Triangle are alfo given by the firft Poftulate , From any 
point to any point to draw a ftrait line. Let therefore from the point C, thus 
found, be drawn the ftrait lines CA, CB (lines only before fuppofed) which 
lines by Ax. i. are equal to one another, becaufe each of them is equal to AB, by 
Def. i f. And fo all the three ftrait lines are equal to one another, C A, A B, BC. 

Thus the Conftruction of an Equilateral Triangle on a given finite ftrait line, is 
naturally found out in the Method of Refolution. From whence does arife a 
Theorem, as a Rule of Practice, how demonftratively to conftrutt the 
fame, as Euclidc has done, in the Method of Compofition, after this manner. 

The Theorem deduced from this Refolution, and teaching 

how Geometrically to effedt the Problem. 

If from the ends of a give* line be defcribed two Circles, at the diftance of the 
given line, and from the point of their Interfe&ion be drawn two ftrait lines to 
the ends of the given line, there fhall be conftituted an Equilateral Triangle on 
that given line. 

In the progrefsof this Problem, tho’ it be very eafy, and its Invention obvious, 
fo that it might have been carryed on in fliort by continued Inferences without 
any Comment, or interwoven Observations: Yet here as we pafs from one thing 
to an another by feveral Gradations, we have thought fit to intermix feme Ad- 
vertifements on purpofe todire<ft,and fet forth, after what manner, and with what 
circumfpe&ion Problems more abftrufe and difficult, ought to be managed in the 
Method of Refolution: Encompafling in our thoughts all things poflible to be 
comprehended within the nature of the Queftion, by which Sagacious fcarch 
moft wonderful and occult Truths may out of that Obfcurity, wherein they lye in¬ 
volved, be brought to Light, and as it were hammered out. 

Zt Sihcis venis abftrufum excudimus igiem. 

PROPOSITION II. 

A T a Given ‘Point to put a ftrait line equal to a ftrait Line 

Given. 

Let the given Point be d, and the given ftrait line be bc. 


it 



OF GEOMETRY. jg 

It is required at the point a, to put a ftrait line equal to the 
ftrait line bc. 

From the point a, to the point b , let be drawn the ftrait line 
ab. [Port, i.j 

And on the line ab let be conftituted the 
Equilateral Triangle dab. [by Prop, i.] 

And to da, DBj let be continued direftly 
the ftrait lines a,e, bf, [by Poft. 1. 1 Then 
the Center b, and diftance bc let bedefcri- 
bed the Circle cgh, [Poft. 3.] And again the 
Center d, and diftance d* let be ddcribed 
the Circle glk. [Poft. 3.]^ 

I fay that at the given point a, is put a 
ftrait line al equal to the given ftrait line 

BC. 

Forafimich as the point b is the Center of the Circle cGH,thefe- 
fore bc is equal to bg, [Def 15-.] Again, becaufe the point d is the 
Center of the Circle glk, therefore dl is equal to dg. [Def. ij\] 
Of which d a is equal to d b, [by Conflr .] wherefore the remainder a l 
is equal to the remainder bg. [Ax. 3.] But it has been proved that 
bc is equal to bg. Therefore each of the lines al, bc, iscqual toBG. 

But things equal to one and the fame thing, are equal to one 
another. [Ax. i.J And therefore al is equal to bc. 

Wherefore at the given point a is put a ftrait line al, equal to 
the given ftrait line bc. Which was to be done. 

ANNOTATIONS. 

In this Problem there are three Cafes, according to the various lituatie^of the 
given point A, in refpeft to the given line B C. 

Fpr the point A is cither without the line B C, as in the Figure ufed in the 
demonftration. 

Or it is within the given line, or elfe at one end of it. In which laft Cafe a Circle 
only deferibed from the fame end as the Center, and to the diftance of the given 
line, effetfts the Problem without the conftru&ion of an Equilateral Triangle. 

The Pra&ice. 

The practice is obvious. For opening the Compares to the length of the given 
line B C, and then placing one foot on the given point A, fet forth the fame 
length with the other foot to L, and draw A L. This is the fenfible and Mecha¬ 
nical Operation. 

But we are again to be reminded upon this occafion, that in the pure Geome¬ 
trical Solution of Problems, no ufe is to be made of Ruler and CompafTcs, or of 
any outward Senfc. And moreover, that whatfoever things are given in a Pro¬ 
blem ought to remain in the portion given. And according to that ftated pofition 
of the Data , and the Tenor of the Problem, every thing is to be tranfc&cd in the 
Mind, as if wc neither ufed our Hands, nor Eyes. And therefore by fomc of the 
Ancient Geometricians Problems are alio called Theorems, for that their Opera¬ 
tions arc only Speculative and Intclle&ual, in a fubjed wholly abftraftcd from 
Matter. Yet we are to know, that they arc the lure and demonftrative Grounds 
of Material and Manual Practices, in the Menfuration of all kinds of Magnitude 

L in 
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in Architecture, Fortification, Navigation; In all forts of Mechanifmj infinitely 
ufefhl to Mankind, both for Neceffity and Curiofity. 

PROPOSITION III. 

T Wo unequal Ur ait lines being Given, to tube from the G rent¬ 
er a ftrait line equal to the Lefser. 

Let the two unequal ftrait lines given be ab, and c; of which 
let a b be the greater. 

It is required to take from a b the greater, a ftrait line equal 
to c the lefler. 

By the preceding Problem, let at the point a be 
put a ftrait line a d, equal to the ftrait line c. 

Then the Center a, and diftance ad, letbedefcri- 

bed the Circle def. [by Poft. ?.] 

I fay, that from the ftrait line a b the Greater, is 
taken a ftrait line ae equal to c the Lefler. 

Foralinuch as the point a is the Center of the Cir¬ 
cle d e f, therefore the line a e is equal to the line 
ad. But the line c is equal to the line ad: fo that 
alfo ae is equal to c. [Ax. I.] 

Therefore two unequal ftrait lines being given, a b and c, there is 
taken front a b the greater, a line equal to c the lefler. Which was 
to be done. 

The Practice. 

The practice of this is as before: Opening the Compaffes to the length of the 
given line C, and letting the lame off from the point A to E. 

Thele three Propofitions are only minifterial Problems, and therefore herepre- 
mifed their general u(e through all Geometry. 

PROPOSITION IV. 

I F two Triangles have two fides equal to two fides, each to each, 
and have an angle equal to an angle, namely that, which is 
contained by the equal lines. 

Then /ball they have the bafe equal to the baje, and Triangle 
JJjall be equal to Triangle, and the remaining angles Jhall be equal 

to the remaining angles, each to each, under which are fubtended 
equal fides. 

Expofition. Let the two Triangles be a b c, d e f, having the two 
fides ab, ac, equal to the two fides de, df, each to each, namely 

a b to d e, and a c to d f, and the angle b a c equal to the angle 

ED F. 

‘Determination. I lay, that the bafe bc, is equal to the bafe ef. 
And the Triangle abc fliall be equal to the Triangle def, and the 
remaining angles (hall be equal to the remaining angles, each to 
each, under which are fubtended the equal fides, namely the angle 
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abc to the angle def, and the angle acb to the angle dfe. 

Conflruttion. For the Trianglq abc, being appiyed to the Tri¬ 
angle def: and the point a 
put on the point d ; and the 
ftrait line a b on the ftrait 
line de; 

T^emonf ration. Then (hall 
the point b agree with the B 

point E •, for that a b is equal 

to de. [by Snppofition .] 

Now ab agreeing with 
de, ac lhall alfo agree with df, for that [by Snppofition] the angle 
b a c, is equal to the angle edf. 

So that alfo the point c lhall agree with the point f ; for that 

the line ac is likewife equal to d f, [by Snppofition ] i 

But now alfo the point B had agreed with the point E ; lo that 
the bafe bc lhall agree with the bafe ef. 

For the point b agreeing with the point e, and the point c with 
the point f, if the bale bc lhall not agree with the bale ef ; Then 
two ftrait lines lhall comprehend a fpace. Which is inipoffible, 
[by Ax. ii.] 

The particular Conclufion. Wherefore the bafe bc lhall agree with 
the bafe ef; and therefore fhall be equal to it, [by Ax. 8.] 

So that alfo the whole Triangle abc, lhall agree with the whole 

Triangle def, and therefore lhall be equal to it, [by Ax. 8.] 

And the remaining angles lhall agree with the remaining an¬ 
gles, and therefore lhall be equal to them, namely the angle abc 
to the angle def, and the angle acb to the angle dfe. 

The general Conclufion. If therefore two Triangles have two 
fides equal to two ftdes, each to each, and have an angle equal to an 
angle; namely, That which is contained by the equal lines: Then 
lhall they have the bafe equal to the bafe, and Triangle Ilia 11 be 
equal to Triangle, and the remaining angles lhall be equal to the 
remaining angles, each to each, under which are fubtended equal 
fides. Which was to be Demonftratcd. 

Annotation on the Propofition. 

This Propofition is the firft Theorem, and Foundation of all Geometry, which 
therefore with the whole manner of its demonftration, we lhall fpecially endea¬ 
vour to explain. 

In a Triangle there are StvcnTImigi to be confidercd. 

The three Sides,the three Angles,and the Area,or Space comprehended by the fides. 
Of thefe Seven here are three Things in one Triangle, namely, two Sidn, and the an - 
gle container ,/, which are fuppofed equal to three the like Tilings in the other Tri¬ 
angle. And from the fuppofed equality of thefe Three, is demonftratcd the equa¬ 
lity of all the other Four, that is, of the third fide to the third fide, of Area to 
Area, and at the two other angles to the two other angles, each to its corrctpon- 
dent angle. 

L a 
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Annotation on the Expofition. 

What Things were in the firft part of the Proportion Given, or Suppofed in ge¬ 
neral (namely, in tiro Triangles tiro fides equal to two fides , and the contained an¬ 
gles equal) Thofc are now in the Expofition exemplyfied in the Triangles ABC, 
DEF, and in particular fet forth: Side to fide, AB equal to D E, AC equal to 
D F, and angle to angle, B A C equal to E I) F (Each to each &c. ) That is, 

the two fides in one Triangle taken 
fingly, and compared refpectivelv to 
the two fides fingly, in the other Tri¬ 
angle. For otherwife the two fides 

D 

in one Triangle taken both together, 
may be equal to the two fides in the 
other Triangle taken boF.i together; 
that is, the furam of the two fides in 
one Triangle may be equal to the 
fumm of the two fides in the other 
Triangle, and the angles contained 
be equal to one another: Yet from thence the other parts in thofe Triangles 
cannot be proved equal to one another. As in one of the Triangles, if one fide 
be 2, and the other be $■, which together are 7: And in the other Triangle 
if one fide be 3, and the other be 4, making alio together 7 : And let them 
contain equal angles, yet the Triangles {hall not in the other parts be equal 
to one another. Therefore it is here Ipedally find Each to Each, Jingula later a jin- 
gulu laUribus , vusnya 

Annotation on the Determination. 

As the Expofition did fet forth particularly, in the Triangles ABC, DEF, what 
was in the firit part of the Propofition fuppofcd, and given in general Terms: fo 
what was in the lecond part of the Propofition laid down in general, as to be de- 
monftrated from what was fuppofed, and given in general. That is now in the De¬ 
termination fpecified in the particular parts of the fame Triangles ABC, DEF: 
and pronounced to be true. Saying, The bafe B C is equal to the bafe E F, and 
the Triangle ABC&c. Now the truth thereof is to be made good by the fol¬ 
lowing Demonftration. 

Annotation on the Conftruction. 

After the Expofition and Determination, there often follows in Theorems a 
Conjhtukon, wherein are added to the fimple Figure of the Propofition fome ftrait 
lines, or Circles, or both, to make way for the Demonftration. This Propofition 
requires no fuch kind of Conftruction, having all lines requifite to the denion- 
flration, laid down at firft in the Expofition and Determination. But here Euclide 
ufo another fort of Conftrudtion, or apparatus towards his Demonftration, by a 
mental Application of one Figure to an Other: which is by the Greeks called 
iCxzi^'ts, ipbarmojjs'y an Adaptation, Appoficion, or Application of one magnitude 
to another: And in the manner following is thus made ufe of 

hr the Triangle ABC being applyed to the Triangle DEF* and the point A put on 
tic point D.] It is not meant, that this Application be made by the ufe of Hands 
and Eyes: but by an imaginary pofition, firft of the point A on the point D; and 
then of the line AB on the line DE, as foUoweth. 

And the Jlrait line AB m the flrait line DL] In the 4 th . Dcf. Euclide tells us, 
that by a ftrait line we are to conceive fuch a line as lyes evenly to all its points. 
So that upon this conceptiou of a ftrait line, if we imagine one ftrait line to be 
placed upon another ftrait line, we mull alfo conceive, that no part of the one 
docs anywhere fwerve, or any ways deviate from the other * And as agreeable to 
this conception of a ftrait line, we may obferye the exa&nefi of Euthds exprek 
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ficm, how that the lines A B, D E, which before in the. Expofition of the Propor¬ 
tion were called Sides , in relation to a Triangle, are now in refped of their Ap¬ 
plication to one another, called firait Lines, not Sides, becaufe from the notion of a 
firait line it follows, that if ftrait lines be apply’d to one another, They limit be 
imagined to be entirely coincident with one another. Thus far proceeds the Con- 
ftru&ion by way of Application, or Epharmofis. That is, firfi the imaginary pofition 
of the point A on the point D. And fecondly of the firait line A B, on the firait line 
D E. From whence by a juft Ratiocination Eucltde dcmonftrates the equality of 
the two Triangles, in the W hole, and in every Part. As followeth. 

Annotation on the Demonftration. 

* 

Then Jfjall the point B agree with the point E, for that A B is equal to D F.] 
Here is firft to be obferved the difference between the agreeing of two firait lines, 
and the agreeing of their extream points. The Former is in relpeft of being ftrait lines, 
the Other in refpedt of their equality to one another. For all ftrait lines are 
conceived to have their parts Congruous: And all equal ftrait lines to have alio 
their extreams Congruous. And therefore Euchde upon the Application of the 
ftrait lines AB, DE, to one another, having prefumed from the notion of Re&i- 
tude the mutual agreement of their intermedial parts; He next urges the agree¬ 
ment of their extream points from their fuppoled equality. For the extream point 
A of the line A B, being conceived to lye on the extream point D of the line D F, 
and the line AB on the line DE; if of the line AB the other extream point B, 
does not agree with the other extream point E of the line DE: then one of elide 
points falls ftioi't of the other: fo that one of the lines lliall be a part of the other 
line. And becaufe the lines AB,DE,are fuppofed equal, therefore the part Dull 
be equal to the whole. Which is impoftible by the 9 th . Axiom. Therefore the 
point B Dull agree with the point E- 

Now A B agreeing with D E, alfo A C Jball agree with D F; for that the angle B A C 
is equal to the angle E D F. ] 

For otherwife, if A C agrees not with D F; then fliall A C fill either within, or 
without DF: fo that one of the angles B AC, ED 1 : , fliall be a part of the other. 
And becaufe the angles B A C, EDF, are fuppofed equal; therefore the part Dial! 
be equal ro the whole. Which is impoftible. Therefore the line AC lliall agree 
with the line DF. 

So that alfo the point C Jhall agree with the point F.] 

For the lame reafon as before, that the point B did agree with the point E, 
AC being fuppofed equal to DF,as AB was to DE. Here again is to be ob¬ 
ferved, how Euclidc diftinguifttes between the agreement of the lines AC, DF, 
and the agreement of the extream points C and F. For from the equality of the 
angles B AC, EDF, he proves the coincidency of the lines AC,DF: And from 
the equality of the lines A C, D F, he proves the coincidency of the extream 
points C,F. 

For the point B agreeing with the point E, and the point C with the point F, if the 
bafe B C jhall not agree with the ba]e E 1 : .] 

ThenmuftBC tall either within, or without EF, fo that the ftrait lines BC, 
EF, Ihall comprehend a fpace. Which by Ax. 10. is impoftible. Therefore BC 
fliall agree with EF. 

The fubtil changes made in the courfe of this demonftration are remarkable. 
Firft, from the Definition of a ftrait is implycd the coincidency of the interme¬ 
dial parts of two ftrait lines, which arc applycd to one another, namely of AB 
and D E. Secondly, from the fuppofed equality of two ftrait lines, is proved the 
agreement of their extream points. Otherwife the part would be equal to the 
whole. Thirdly, from the fuppofed equality of two angles, is proved the coin- 
cidency of their containing lines. Otherwife the part again would be equal to 
the whole. And iaftly, from the agreement of the two extream points B with E, C 
with F, of two firait lines B C, E F, is concluded the agreement of the lines Them]elves, 
namely of B C and E F. Otherwife two ftrait lines would comprehend a Space. 
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Annotation on the Conclufion. 

We are here to obferve a double Conclufion. The firft particular, The other 
oeneral. The particular Conclufion is the foregoing Determination repeated word for 
word, but fo as being now demonftrated; and therefore concluded true in thole 
particular Triangles ABC, DEF. The general Conclufion is the Propofition it felf re¬ 
peated, and concluded with, as juftly following upon that particular Conclufion 
already demonftrated. 

For according to the Mathematical method, as before in Problems, fo here in 
Theorems, is in the firft place laid down the Propofition in general terms. 

Then next, of this Propofition 
there is made an Expoftm , and a De¬ 
termination in a particular Inftance, 
or Example. An Expofition of what 
is given: and a Determination or 
Specification of what is to be proved. 

As here in the two Triangles ABC, 

DEF, is fet forth particularly by 
name, every Thing given , and every 
7 Inr.g propojed to be demonf rated. As 
we have diftinguilhed them in the fe- 
veral Paragraphs , of Expofition, and Determination . 

Now upon this Inftance in the Triangles A BC, DEF, the demonftration pro¬ 
ceeded: and therefore Euchde firft concludes particularly, as to that Inftance in the 
faid Triangles A BC, DEF. And thereupon implying the like reafon in the like 
matter, He concludes by the Logical Rule of Indudion, with the Propofition it felf 
in general, as at firft it was laid down. For what is now particularly demonftrated 
in the Triangles ABC, DEF, the fame may be proved after the fame manner in 
anv other two Triangles, which have the fame conditions. And therefore the 

* O * 

Propofition is in general concluded to be true. 

This is the regular form of a Geometrical demonftration in all Theorems j which 
we have here explained at large, once for all. 

Advertifement. 

Thus with more Artifice than is commonly taken notice of, Euclide manages 
this Dcinonftration. And indeed the nearer any Propofition comes to a Principle, 
or an evident Truth, as this rropofuion doth, the more difficult it is to be demon¬ 
ftrated ; becaufe the Mediums for the proof of fuch Propofuions, which are fo near 
to Principles, can be but few, and thole Mediums not much more manifeft than 
the Propofition it felf. Therefore in thefe kind of Propofitions the manner and 
management of the Demonftration is more exquifite, and requires an extraordinary 
nicety on the Mailers part clearly to demonftrate, and a greater attention in the 
Scholar, for the right underftanding of the fubtilty of fuch a demonftration. 

Wherefore, (ome for want of ducconfideration have unjuftly cavill’d at the demon- 
ltration of this 4 : \Propofition,as being in a manner Mechanical. Whereas they have 
no: rightly conlidered, what in the Application of magnitude to magnitude is Geo¬ 
metrical, or purely Mathematical, and what is Mechanical. To apply any Meafure, as 
a Foo;, Cubit, &c. to any other magnitude, as Carpenters, and fuch like Artificers do, 
or in general to adapt one magnitude to another, and then from their vifble and fen- 
fhlc Congruency or lncongrucncy , to conclude their equality or inequality, This in¬ 
deed is plainly Mechanical. But in the demonftration of this Propofition there is 
n idling of this kind, no ull* made either of Hands or Eyes. Only there is of two 
1 1 angles compared together an imaginary pofition of a point on a point, and a 
ftr.ui line on a ftrait line: and from this mental Application the demonftration 
takcf its beginning, and by clear Ratiocination from one necefiary Inference to 
auo.hvr, proves the entire Congruency of the two Triangles, equally convincing 
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Ctccoi, and Oculatos: for that here the Congruency is not enforced by any evidence 
of Sente; but only by an Intelledual deinonftration. And the Epharmofa, or Ap¬ 
plication of one Triangle to the other, is alfo intellectual, and neceflarily to be 
preluppoted, in order to the proof of their Exact Congruency, tfow if fuch an 
Epharmofis could juftly be excepted againft, then the 8' b . Axiom of the equality of 
Congruous magnitudes, which even Ramus himtelf allows to be maxime Geometri- 
cum , were altogether ufelcfs in Geometry. For that there mult in fome manner 
an Application be conceived of lome part of one magnitude, to fome part of an¬ 
other magnitude, in the way of a ConftruCtion or apparatus to the demonftration, 
before we can proceed to demonftrate the Congruency of all its parts, and from 
Thence to conclude the equality of the whole to the whole, by the 8 th . Axiom. 

Briefly then to determine in this Cate. 

Congruency is a natural Rule of equality ; and the certainty of Congruency, if 
made from Senfe, is Mechanical; if by a juft Rcafoning proved,it is truly Mathe¬ 
matical. Which diftinCf ion, if fome of our Commentators had well obferv'd, they 
would not in this matter have made fuch frivolous Obje&ions againft Eucl'tde , nor 
committed fuch Paralogifms in their vain Attempts to amend ni^demonftrations 
of this kind. 


PROPOSITION V. 

O F Eqiiicrttral Triangles, the angles at the baje are equal to 

one another. 

Aid the equal fir ait lines being produced, the angles under the 
lafe flail be equal to one another. 

Let there be an Equicrural Triangle abc, having the fide ab 
equal to the fide ac ; and to the ftrait lines ab, ac, let be comb 
nued dire&ly the ftrait lines b d, c e, [by Poll, i.] 

I fay, that the angle a b c is equal to the angle a c b. 

And alfo the angle c b d, to the angle b c e. 



For in the line bd, let any point be taken, as f. Then from the 
greater AE,let betaken ag equal to af the lefs, [by Prop. 3.]and 

let be joyned the ftrait lines fc, gb, [by Poft. 1.] 

Now forafmuch as af is equal to ag [by Cotijiru&ton\ and ab 

to ac j [by Suppo/ition]. Therefore there are two lines fa, ac, 

equal to the two lines g a, a b, each to each, and they contain a 

common angle fag. Therefore [by Prop.4.] the bafe f c is equal 

to the bafe g b ; and the Triangle a f c Ihall be equal to the Triangle 

agB, 
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agb, and the remaining angles fhall be equal to the remaining 
angles, each to each, under which arefubtended equal fides, namely 
the angle acf to the angle abg, and the angle afc to the angle 

agb. . 

And now becaufe the whole line a f is [by Confiruciion~\ equal to 

the whole line ag, of which ab is equal to ac, [by Suppofit 
Therefore the remainder bf is equal to the remainder cg, [Ax. 3.] 
But alfo it has been proved, that fc is equal to gb. 

There are therefore the 
two lines bf, f c, equal to 
the two lines c g, g b, each 
to each, and the angle b f c 
equal to the angle cgb, 
andBc is thpir common 
bafe; therefore the trian¬ 
gle bfc, fliall be equal to 
the triangle cgb; and the 
remaining angles fliall be 
equal to the remaining an¬ 
gles, each to each, under which are fubtended equal fides. Where¬ 
fore the angle 1 bc is equal to the angle gcb. And the angle bcf 
to the angle ceg. 

Now whereas the whole angle a b g has been proved equal to 
to the whole angle acf, of which the angle c bg is equal to the 
angle bcf. 

Therefore the remaining angle abc is equal to the remaining 
angle acb. And they are at the bafe of the Triangle abc. But 
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bafe 


Therefore of Equicrural Tria w ^ 4 ... 

to one another. 

And the equal ftrait lines being produced, the angles under the 
bafe fliall be equal to one another. Which was to be demonftrated. 

Corollary. 

From heme ' tis manifejly that of Equilateral TriarigleSy the three angles are equal to 
one another. 

l or every fide may in order be put for a bafe, and accordingly, as in an Equi- 
crura! Triangle, the three angles may be proved equal to one another. 

Tiiis Proportion fee ms very difficult to young Geometricians, by reafon of the 
crols interfering of the Triangles, which are compared to one another. We 
have therefore endeavoured to clear the matter by making feparate Figures, in 
which the (everal Triangles compared together, may be more cafily diftinguifhed. 


PROPOSITION VI. 

I F two singles of a Triangle be equal to one another, thenfhall 

the fides jubtended under the equal singles be equal to one 
another. Let 
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Let the Triangle be abc, having the angle abc equal to the an¬ 
gle AC B. 

I fay, that the fide ac is equal to the fide a b. 

For if a c be unequal to a b, one of them is the greater. Let the 

greater be a b. 

And from a b the greater, let be taken d b equal 

to ac the lefs, [by Prop. 3.] and let be joyned dc. 

Now forafmuch as d b is equal a c, and b c is com¬ 
mon; therefore there are the two lines db, bc, e- 
qual to the two lines ac, c b, each to each, and the 
angle dbc is equal to the angle acb, [by Suppofi- 
tion] Therefore ( by Prop. 4.] the bafe d c is equal 
to the bafe a b ; and the Triangle abc (hall be equal 
to the Triangle d c b, the greater to the lefs. Which 
is abliird. 

Wherefore a B is not unequal to ac. Equal therefore it is. 

If therefore two Angles of a Triangle be equal to one another, 
then fhall the fides fubtended under the equal angles be equal to 
one another. Which was to be Demonltrated 

Corollary. 

From hence tis nmnifejl , that if the three Angles of a Triangle be equal to one another, 
the Triangle fhall be Equilateral. 

ANNOTATIONS. 

Of the Converfion of Geometrical Propofitions. 

This Sixth Propofition is the Converfe of the Fifth. 

One Propofition is (aid to be the Converfe of another, when the Poficion of one 
is the Conclufion of the other; and the Condufion of this is the Pofition of that. 
As the fifth Propofition puts two Jides of a Triangle equal to one another , and thence 
concludes , that thetr oppofite Alices are equal. So this fixth Propofition puts % two An¬ 
gles of a Triangle equal to one another , and thence concludes that their oppofte fides are 
equal. Thus in the Converfion of Geometrical Propofitions, the Pofitions and 
Conciufions are reciprocal. 

The fifth Propofition might have been here entirely converted, I mean in that 
latter part alfo of the Angles under the Bafe: from whole equality the Triangle 
may likcwife be demonltrated to be Equicrural, as Proclus has Oicwn. But this 
Converfion being ufelefs, Eucltde does omit. Or rather, if the Form of this de- 

monltrauon be ttridly examined, it will appear that the fecond part of the fifth 
Propofition, was riot Euclids. But that becaufe Eucltde, to prove the equality of 
the Angles at the Bafe, doth firlt prove the equality of the Angles under the Bafe; 
This might give an occalion to lotnc one afterward, for the fiibjoining of this 
property of an Equicrural Triangle to Euclids Original Propofition. And this 
conjedure is very probable, for that the equality of the Angles under the Bafe, 
is not made ufe of in any of the following Propofitions. Now certainly Euclidc ne¬ 
ver !a»d down an Elementary Propofition ufelefs in any part thereof: nor cvcf 

put that for one part of the Propofition, which is only ufed ns a Medium to 
prove the other. 
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Of die two kinds of A'nalyfts ufed in Geometrical Propofitions. 


The demonftration of this fixth Proportion is much different from thole befblt. 
All which were made from true and known Principles, to prove o f her Truths un¬ 
known in the common Synthetical Method, but contrary wile this Theorem is 

wholly demonftrated Analytically. 

/ _ * * 

We have before difcourfed of the two Methods of Compofition and Relolution ; 
and fhewn the ufe of the Analytical Method in the Inventibn and Solution of 
Euclid s firft Problem: Now here again, we haveoccafion to take more particular 
notice of a twofold confideration of Analyfis, not in refpeft of its Nature and 
Method in the courfe of Reafoning, which remains the fame in both ; but of the 
different iffuc or event, that may arife from any Analyfis by a juft Ratiocination. 
For if the Analyfis of a Suppofition ends in an acknowledg'd Truth, then the thing 
fuppofed was true. But if the Analyfis of a Suppofition ends in a certain Untruth, 
then the thing fuppofed was falfe. Therefore from thefe different endings, True 
or Falle, there are given two denominations to Analyfis . One is faid to be Con - 
Jhvehvc. , the other beflruHive. 

The Conftnicfcive Analyfis is lo called, for that ending in a manifeft Truth, we 
may again upon this true foundation in the Synthetical Method, conftrud a de- 
monlfration of that Things from whole bare Suppofition the Analyfis took its begin¬ 
ning. And in thefe Cafes alone the Methods of Refolution and Compofition an- 
Iwer to one another, the Conftrudive Analyfis having always a correfpondent Syn- 
thefis: So that what Truths we find out by the help of the Analytical Method, the 
fame when fo found we teach to others in the Sythetical Method. This Marinus 
Gethaldns has fhewn in his admirable Books De fyjolutione & Compofitiont Mathematical 

And Examples thereof we may find among the Scholia in the i $ th . Element of 

Euduic . 


Tiie Deftructivc Analyfis is lb called, for that ending in an evident Falfity, it 
deftroys the Suppofition, from whence the Analyfis began to argue. 

Now unto the Deftructivc Analyfis there cannot be made any return in the 
Synthetical Method, becaufe upon Falfity, wherein this Analyfis ends, that is, upon 
Nothing, or no I oundation, cannot be railed any Structure. 

Synthcfis therefore is but of one fimple confideration and denomination, for 
that it can only argue from Principles of Truth laid down. As we muft build upon 
fome foundation, as well Speculatively, as Mechanically. 

But Analyfis, which may argue demonftratively from Suppofitions either True or 
Falfe, and fo accordingly muft reft at Principles of Truth or Falfity, is therefore 
from its different endingdiftinguifhed, and (as before faid) denominated Conftru&ive 
and Deftrudtive. §tua Supposition em pomt Analyfis , out deftruit. Not as 
C l \ v i u s fays, Prikcipia pomt , aut defiruit. For from what Suppofition 
can the Principles be either confirmed or deftroyed: But contrarily, thefe Prin¬ 
ciples muft either confirm, or deitroy the Suppofition. 

The Conftruchve Analyfis is fimply called Analyfis. The Deftruiftive Analyfis 
is commonly called a.-a.yvyn an AbduHion or ReduRton to Impojjibikty . 

\\ hicu way of Argumentation Geometricians thus make ufe of. 

It a Propofition, altho it be true, yet cannot be readily proved fo to be: then 
They ufuallv put, or Suppofe its Contradictory , and dilproving This , there necefiarily 
follows the acknowledgement of the Propofition firft laid down. For that of two 
Con:radi<ftory rropofitions, if one be proved falfe, the other muft be true, their 
being no Medium between Being and not Being. 

10 this filth Propofition are put tiro Angles of a Triangle , equal to one another : 
and upon this Pofition it is pronounced, that lheir fubtendmg Jides are alfo equal\ 
But now die equality of their fubtendmg fides is not here directly proved. Only 
us urged, that if the fides be not equal, then they muft be unequal. 

And now fippofing the fides unequal, then Euchde demonftratively proceeds there¬ 
upon, and by gradual Confequences rclolves this Suppofition into a manifeft impof- 
fiaihty, proving. That in a Triangle^ if the fides fubtendmg the equal Angles be unequal, 

then 
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then the whole Jhall be equal to its part : which is a hianifeft untruth; for that The 
whole is greater than its part , is a Principle of man ifeft Truth. 

Thereto re the Suppofition of the inequality of the two fides which fubtend the tivo 
equal Angles of a Triangle , being tieceflarily refolved into fucli an abfurdity, was 
not true. Tor Ex vero ml nifi verum , Prom Truth no Untruth can follow. 

Wherefore according to the fixth Proportion, Two Angles of a Triangle being 
equal, the fides fubtended under the equal Angles, are therefore Logically con¬ 
cluded equal, for that it is demonftrated, that they cannot poflibly be unequal. 
Equal therefore they are. 

But in thisDeftru&ive Analyfis, very often the Dedu&ion to an impoflibility is 
Immediate , and the abfurdity forthwith feeti, and urged again ft the falfe pofition 
without any further Argumentation. As before we may obferve in the Clofe of 
the 4 th . Prop. When we fay, If the haje B C does not agree with the lafe D 1 ; , then 
two Jfrait fines pall comprehend a Jpace , which Inference is immediate and con¬ 
tradicts the io‘\ Axiom. Wli ere upon the abfurdity is prcfently difeovered; and 
therein that Suppofition is immediately overthrown as untrue. And this is ftridtly 
to be called Deduction to impoflibility. 

But now again, if the Propofition it felf be not in the beginning of the demon- 
fixation, undertaken to be proved oftenfivelv, in fome parts thereofj as the fourth 
Propofition is: but that in its ftead, an Hypotheiis concradidory to the Propofi- 
tion, is put at the very firft (as it is in this and the next Propofition, with many 
others) then the confequent abfurdity does not immediately appear: but alter 
intermediate Inferences which are made upon that Hypothecs Ofi enfively , Itep by 
ftep, we do fall at length into an Impoflibility, and thereupon deltroy the fame 
Hypotheiis, from whence we began to argue. And this is an exaU Analyfis: 
which to explain more fignally, let us review the Analyfis of this fixtli Propofi¬ 
tion, and particularly obferve the feveral gradations of Argumentation, made 
upon the Suppofition. 

1 or now of the Triangle ABC if the fides A B, A C, be not 
allowed to be equal, notwithftanding that their oppofitc Angles 
at Cand B were fiippofed to be equal: Then fuppoling them 
to be unequal, Euclid* (by the Propofition) takes from the 
greater A B a line B D equal to the lefs A C. Next (by the firft 
Poftulate) he draws a ftrait line DC; and fb there is made the 
Triangle DCB. After this Conftru&ion he proves (by the 
4 th . Propofition) that the Triangles ABC, DCB, are equal 
to one another. Hitherto the demonftration goes from the Sup¬ 
pofition fairly on tv cV-ar, Oficnfivcly , proving the equality of 

the Triangles A B C, D C B. 

But here now after this Oltcniiv'c Proof, the next and immediate Rcfult is, that 
one ofthefe Triangles is but a part of the other; the Triangle DCB a part of 
the Triangle ABC, and yet upon the Suppofition is juIlly demonftrated equal to 
the lame. But this Equality and Inequality of the fame things being inconfillent 
with Nature, mult overthrow and mill that Hypotheiis, which by a politive demon¬ 
ftration, is refolved into this Impoflibility; And therefore upon fitch an Evidence 
certain it is, that of the Triangle ABC, the fides AB, AC, cannot be unequal, 
and therefore equal. 

But becaufe there arc fome who allow not this Apagogical method of Argu¬ 
mentation to be fo fat isfa dory, as the ulual Synthetical manner of demonftration; 
therelore to clear this matter, wc fiiall for the vindication of Geometricians, exa¬ 
mine further the nature and force of all Demonftrations Mathematical and Philo- 
fophical: As we have done bdore concerning Definitions Mathematical and Phi- 
loiophical. 

Of Demonftrations Mathematical and Philofophical, as to 

Their feveral ends. 

Every Man can rcafou no otherwife, than from the Ideas of outward things, accord- 
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in^ as he receives them, and makes reflections on them.. When the Ideas are the 
fame in fevcral pcrfons, then they cannot but reafonably agree in their judge¬ 
ments: when they are different, as being differently received, then Men mult dif- 
a<*reej tho’ both may argue well, according to their own Ideas and Sentiments of 
thofe things. Befides, for want of due Obfervations, both may happen to be in 
the wron°^ and that the very Truth is much otherwife. For we can only affirm, 
or deny, as things are apprehended by us: whether the things do in themfelycs 
agree, or not agree, one with the other. 

Xow many things there are which fo clearly and diftindly prefeut themfelvcs 
to our common underllanding, that they beget in us a ready and certain judge¬ 
ment of their Truth, or Falfity: and do fo much urge our Natural reafon upon 
their Self-evidence, that without any doubting we affirm, or deny. When with 
our Affirmation, or Negation, there is accordingly a real agreement, or disagree¬ 
ment between the things themfelves, then is this Perception of ours true Know¬ 
ledge, and an immediate conformity of the Mind of Man to the apparent Truth 
ofthings. Thefe are then taken by us for Principles of knowledge, and fo made 

ufe of in our common difcourfings. 

But again, numberlefs other things there be, whofe Truths arc lefs apparent, 

and with fearch and labour of Mind to be difeovered i for which, we mull, as in 
a Labyrinh, ufe a clew of Silk to find them out. This is our innate Power of 
reafon in*, or Natural Logic, whereby every Man from the Ample Apprehenfion 
of things, and thofe clear and independent Sentiments of Humane Underllanding, 
is enabled to difcourfe, to hunt out and judge fo exadly, as to acquire in many 
matters an affurancc of Truth, and to reft therein. For tho’ we are not born 
with Irrefragable Propofuions in our Brains, as with Eyes in our Head; yet we 
come into the World with the advantage of fuch a Mind, that from thofe Eyes, 
and our other Senles, by the Natural Sagacity and Power of inferring one thing 
from an other, we can and do advance our Thoughts in the knowledge of things, 
far above all whatfoever our Senfations can reach unto. 

But for a farther improvement of this our common Realon, Anjlotlc has, with 
great fubtilty of Thought fram'd the Inftrumentof Inftrumcnts; and reduced the 
the loofe and familiar Difcourfings of Men into an infallible Art, both for the 
form of Argumentation by Syllogifms, as a Touch-ftone to difeover how trucly 
or fallaciouily they are made i and alfo for the matter thereof: having gathered 
all forts of Arguments under certain Heads, and digefted them into their proper 
Claffcs, called In which he (hews what kind of Arguments arc only Pro- 

habl r, and beget in us that which is called Or in ion, the mifehievous Mother of 
Difputeand Brandling. What again are Demon/} rat nr, and infallibly Convincing, 


and do ?.ive us a Certainty of Knowledge 


v - 

Of which there are two Degrees. 


l or this Knowledge, or Cognition is either abfolutely perfect, and fully fatif- 
fying our Intellect ; or elfc in fbme degree is lefs fatisfadory : I mean not in the 
certainty of the Truth; but only in the manner of our Knowledge of this Truth. 
For befides the certain Knorcknge of a thing to be ; wc naturally defire to know more¬ 
over, Why it is fo y from the immediate conllituent caufc of fuch a Being. 

To demo nitrate anv tiling Scientifically, from its immediate Ellen- 

9 V' I ^ * f 

tial Caufc, is the utmoll perfection of humane Knowledge, if wc could arrive unto 
j: in a thorough and Methodical Contemplation of any matter. 

This Scientifical demonflration called by Anjhtit that is From the very im¬ 
mediate Caufc by tv huh a thing is made to be tv hat it is , the Phi lofo pliers pretend unto: 
but with how little fuccels and fatisfadion to our Underllanding, their perfor¬ 
mances are advanced, docs evidently appear from the fo many different Scds 
oi Jarring Philofophers. 

Whereas the Geometrican leaves nothingdi(putable, or uncertain; tho’ his dc- 
monilration is very feldomc a<;-, at which he aims not with Philofophers, but 
f .mks it lufficient fo far to iatisfy our underllanding, as undeniably to demonllratc 
r: the Qaoii fit , 77 . thug to be, tho' it appears not in the demonllration of 

: Being, Why it //, or iiotv it comes to b:. If lie had undertook this bulincfs, 

the 


ti 
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the Geometrician would have become as doubtful and miferablc a Difputer, as the 
Pliilofopher. 

But yet we may obferve, that the Geometrician does fomctimes give a demon- 
ftration a«7x : as in the firft Propofition. For there Euclidc proves the Triangle to 
be Equilateral, becaufe the fides thereof con fill of the Rays of the fame Circles: 
which is the immediate caufe of their equality. Neither indeed could this firifcdc- 
monftration be otherwife than Scicntifical, or A/57;; Jor that an Equilateral Tri¬ 
angle being the Figure next in nature to a Circle, in refpcft of its limplicity and 
uniformity, fo that there is no other medium poflible to intervene between them; 
therefore it could have no other production, nor any other proof thereof, than 
from a Circle. The Demonftrations likewife of the two following Propolitions are 
of the fame kind from the lame caufe. 

But generally the Geometrician takes to cv, evidence and certainty of being to 
be abundantly fufficient, both for our plcafure and contentment in thefe Specula¬ 
tions, wherein we have an indubitable knowledge of fome Truths in the fccret and 
admirable properties of Magnitudes and Numbers. Altho’ the famous French Lo¬ 
gician, blames much the Geometricians, for being thus defective in their demon- 
itrations: which he would have to be all Scientifical and a dv, and that the Ele¬ 
ments ought to have been fb methodized. And this he dcfpairs not of; but that 
at fome time it may be accoilipliflied. Tin’s is indeed the fullncfs or Science, which 
only can make perfedfc the itate of humane Nature: But fitch a knowledge it is, 
that feems beyond the reach of any finite Being. A chain ot things (to fpeak 
with Homer) fa lined to the foot of Jove--, the frame of whole Links is only known to 
Him the Maker. I wifli therefore that this French Writer had Ihewcd himlell* in this 
point, as great a Geometrician as he is a Logician in others; and given fome specimen 
of chat Perfection, which he requires in Geometry. Of which \ liiall have but liule 
hopes, till he can /hew me how an Acorn comes to be an Oak, ami not an him. 

But for this matter the ancient Geometricians, well exercifed in demonilrable 
Speculations, fully knew their own llrength, and contented Themielves with the 
certainty of Truth, rather than to venture at the Caulcs of that Truth, which 
woti’tl be ever 1 yable to difpute. 

Euclidc therefore never attempted to order thefe Elementary Propolitions, in a 
natural dependence on one another, as the caulcs of each others Truth. Yet arc 
tlicv fo difpofed, as to be fure Guides to lead us along infallibly from one Truth 
unto an other, and in that order ferve to prove indubitably a Thing to be, from 
the Evidence and Force of fome thing before acknowledged, tho' not as a Caufe 
of its Being; yet as a Caufe of our neceilary Aflent to (udi a Being. 

Demon (tration r* a dr.-, can be but one in any matter, for that of the fame thing 
there is but one only ElTential and Immediate Caufe. 

Demon ftration r* or, may be very various, fome lliort and clear, others more 
puzzd'd and wandring about; according to the Sagacity of thole, who enilcavour 
to find out the rcadicft and apteft Mediums to prove the matter propoled. So that 
many times of the fame Geometrical Propofition, there may be fevcr.il demonftra- 
tions: And even a total change (as many have made to no purpofe) o [ Euclid s 
Order in thefe Elements. 

To conclude therefore concerning the Forms of* Geometrical demonltratinns. 
Forafmuch as r* or is what generally the Geometrician ufes, both in the .Synthe¬ 
tical and Analytical Method, and that in either way the proof of a 'flung to be, 
is made no more Scientifically or Ac'-n, than the proof of a 'flung not to be, we arc not 
much to prefer the one before the other; but may as the matter requires, tor facility 
and brevity, make ulc of either; The courfe of Argumentation in both being 
equally Often live, and the Mediums of the fame Nature and Force, that is, Propor¬ 
tions already demonftrated, or allowed Principles. 'Tisonly walking nrough them 
forward or backward, Ibnietimes from known Truths to prove an umlifcovcred 
Truth in the Synthetical Method: And fometimes by the fame known \ ruths to 
di I prove an undifeovered Untruth in an Analytical Deduction to Impoffibilny. A 
form of Argumentation moll: proper to overthrow a falfc Pofition: and thereby to 
Hi the contradictory Propofition for a certain Truth. 1 his 


eltabh. 
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This then is the glory of the Geometrician, to demonftrate upon clear and uh- 
queftionable grounds, either Synthetically or Analytically. And be (ides, it is his 
wifdom not to adventure with the Philofopher, at a natural and neceflary Series 
of things, from the immediate Caufes to their immediate Effedh, in which at¬ 
tempt all Philofophers have hitherto failed; but by irrefiftible reafoning exa&ly 
to perform what he undertakes, that is, to have (uch a Maftery over our Intellect 
as to convince. Iofbmuch that every Man fhall in reafbn fubmit, and as readily 
yield his Aflent, as that he knows he thinks: And before all other Sciences, this 
is the power and preference of Geometry. 

PROPOSITION VII. 


o 


N the fame fir ait line, to the fame two Jlrait lines cannot he 
conftituted two other ftrait lines, equal each to each, at an¬ 
other and another point, both points feated the fame way, and the 
other two lines having the fame ends with the two firSi lines. 


For if it be poffible, on the ftrait line ab, to the two ftrait lines 
ac, cc, let two other ftrait lines ad.de, equal 
each to each, be conftituted at another and an¬ 
other point, as at c and D,the points c, d, feat¬ 
ed j the fame way: And the lines ad, db, hav¬ 
ing the fame ends a, e, with the two firft lines 
a c, c b. So that ca be equal da: both having 
the fame end a - , alio ce be equal to db: both 
having the fame end c. 

And now let be lovned c d. 

• _- 

Fir ft then in the Triangle a c d. 

Forafmuch as ac is equal to ad [by Supo- 
fition] therefore the angle acd is equal to the 
angle adc Prop- j\] 

But the angle ac d is greater then the angle 
ecu, a part of thefame angle acd. Wherefore 
the angle adc (equal to acd) is alfo greater k 



than the angle bcd 


hkywift 


* And therefore the angle 


angle adc, is much greater than the 



fame angle bcd. 


But again in the Triangle bcd. 


ikeaufe bc is equal to bd | by Suppofition] therefore the angle 
r. t> c, is equal to the angle bcd. [Prop. $■.] 

* But the angle bdc has been now proved much greater 
than the angle bcd. And it is impoflible to be equal and greater 
than the fame. 

Therefore on the fame ftrait line to the fame two ftrait lines, can¬ 
not be conftituted two other ftrait lines, equal each to each, at an¬ 
other and another point, both points feated the fame way, and the 
other two lines having the fame ends with the two firft lines. 
Which was to be demonftrated. 

t That is, on the fame fide of the line a b. For if the point c lyes 
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on one fide of ab, and the point d on the contrary, then two equal 
lines may beconftituted at thofe points,and have the fame ends with 
the two firft lines. As may be eafiiy conceiv’d, if we imagine the 
Triangle adb, to be turned over on the other fide of the line a b. 

PROPOSITION VIII. 

I F two Triangles have two /ides equal to two fides , each to each. 

And have alfo the bafe equal to the bafe\ then (hall they have 
the angle equal to the angle , contained by the equal lines. 

Let the two Triangles be a b c, d e f, having the two fides a b, a c, 
equal to the two fides de,df, each to each, that is, ab to d e, and 
ac to df. And let them allb have the bafe bc equal to the bafe ef. 

I fay, that the angle b a c is equal to the angle E D F. 

For the Triangle abc be¬ 
ing apply d to the Triangle 
D e f, and the point b put on 
the point e, and the ftrait line 
b c, on the ftrait line e f ; then 
the point c (hall agree with 
the point f; for that bc is 

equal to e f. 

Now bc agreeing with ef ; 
ba, ac, Jfliall alfo agree with ed, d f. For if the bafe bc fliall agree 
with the bafe ef, and the fides b a, ac, do not agree with the tides 
ED,DF, but change their fituation, as eg, gf- 
Then on the fame ftrait line to the fame two ftrait lines, (hall be 
conftituted the fame way, two other ftrait lines, equal each to each, 
at another and another point, having the fame ends. Hut they can¬ 
not be fo conftituted. [by Prop. 7 .] 

Wherefore the bafe bc agreeing with the bafe ef, the fulcs ba, 
a c, fliall not difagree with the fides e d,df; therefore they fliall agree. 

So that alfo the angle b a c fliall agree with the angle e-d f, and 
therefore fliall be equal to it. [Ax. 8 .] 

If therefore two Triangles have two fidesequal to two fides, each 
to each, and have alfo the bafe equal to the bafe, then fliall they 
have the angle equal to the angle, contained by the equal lines. 
Which was to be demonftrated. 

Advertifemcnt. 

Obfervc here and ellewhere, a conftant propriety of Speech among the Grccl^ 
Geometricians, that the fame ftrait lines when they relate to a Figure, arc ever 
called Sides, ■vtJjim, but when referr'd to an angle contained by thole (ides, then 
they retain,or relume the appellation of ltraic lines, -aw ^ufifuiy, not ■zxSjpx. 

ANNOTATIONS. 

This eighth Propfiiion is in effect the Converfc of the fourth, in which two fides 
of a Triangle with the contained angle, were fuppofed equal to the like parts of an 

other 
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other Triangle; and from thence was proved the equality of their bates, &c. Now 
here two fides of a Triangle with the bale, are luppofed equal to the like parts 
of an other Triangle, and from thence is proved the equality of the angles con¬ 
tained by the equal lides. And tocompleat the Converie, Euchde might have gone 
on, and (aid, alio the whole Triangle is equal to the whole Triangle, &c. as in the 
4 :b _ Proportion. Rut this evidently following of it (elf, needed not to be repeated. 

The demonffration of this Propofition, like as that of the 4 th . depends upon 
the eighth Axiom of Congruous Magnitudes. And here alfo in this demonftration, 
as before in the fourth, mav be clearlv obferved the difference between a Geome- 
tricai and a Mechanical Congruency; the Mechanical being manifefted only by 
Seme, and the Geometrical only by the force of Reafon. As in this 8 th . Proportion 
the Triangles ABC,DEF, are proved to be Congruous, not from an evidence of 
Sente,- but from the 7 th . Proportion: which is a Theorem molt rationally demon¬ 
ftrated: and indeed inferted among thefe Elementary Propofitions chiefly for that 
purpofe, there being hereafter no further ufe made thereof. 

In the firth and fixth Propofitions, the parts of a fingle Triangle are compared 
to one another: Firft, in the fifth from two equal lides is proved an equality of 
their oppofite angles: Then in the flxth, from two equal angles, is demonftrated 
an equality of their fubtending Tides. 

In the fourth and eighth Propofitions, arc compared two Triangles to one an¬ 
other: and from three equal pans given in each Triangle, is demonftrated an equa¬ 
tin' between the two Triangles in the whole, and in every remaining part. 

Thefe four Propofitions are the Fundamental Theorems of the Elements: And 
the Ground upon which they ftand is the Axiom of Congruency; which Mathe¬ 
matical Congruency ought therefore to be rightly underftood, according as we haye 
before declared. 

PROPOSITION IX. 

1 | 1 O cut a given [trait lin'd angle into halves. 

Let the given ftrait lin’d angle be b a c. 

It is required to cut the fame into halves. 

Let there lie taken in the line ab, any point 
as d. And from the line ac, let the line ae be 
taken off equal to ad, and draw de. Then on 
de let be conftituted an Equilateral Triangle 
dei ; : and draw a f. 

I fay, that the angle b a c is cut into halves 
by the (trait line a f. 

For becaufe a d is equal a e, and a f common, 
therefore there are the two lines d a, a f, equal to the two lines E A, 
av. each to each; andthebafe df, is equal to thebafeEF, there¬ 
fore the angle d a f, is equal to the angle e a f. [Prop. 8.] 

Wherefore the given ftrait-lin’d angle bac, it cut into halves by 
the ftrait line a f. Which was to be done. 

The Practice. 

From the point A at any diftance whatever in the lines A B, A C, take A D equal 
to A H.; then from the points D and 1 L, with the fame opening of the Compafles, 
L-t be deferibed two Arches interfering each other, fuppofe at the point F, havim» 
drawn the tlraic line AF, the angle B A C is divided into two equal parts. ° 
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PROPOSITION X. 

1 | * 0 cut a given finite ftrait line into halves. 

Let the finite ftrait line given be c b. 

It is required to cut c b into halves. 

Let there be conftitutal upon cb an Equila¬ 
teral Triangle c a b, and let the angle cab be cut 
into halves, by the line ad. 

I fay, that the ftrait line cb is cut into halves 
in the point d. 

For becaufo ca is equal to ab, and ad com¬ 
mon, therefore there are the two lines ca, ad, equal to the two 
lines ba, ad, each to each, and the anglec ad, is equal to the angle 
bad: Therefore thebafe cd, is equal to to the ba fe db 

Wherefore the given finite ftrait line c b, is cut into halves in the 
point d. Which was to be done. 

The Practice. 

Opening the Compafies to any diftance greater than hall' the line CB, from 
the points C and B, with the lame opening of the Compafies let be delcribed two 
Arches interfering one another on each fide the line C B, a (trait line drawn be¬ 
twixt the points of interfedtion will divide the line into two equal parts. 

PROPOSITION XI. 

T O a given fir ait line, from a point given in the fame to draw a 
Ur ait line at Right angles. 

Let the given ftrait line be AB,and the point given in the fame be c. 
It is required from the point c unto 
ab to draw a ftrait line at Right angles. 

Let there be taken in the line a c any 
point as d, and to c d let there be put an 
equal line c e : Then on d e let be con- 
ftituted an Equilateral Triangle fde. 

And draw the line c f. 

I fay, that to the given ftrait line ab from the point c given in 
the fame, is drawn at Right angles the ftrait line cf. 

For becaufe c d is equal to c e, and c f common; therefore there 
are the two lines c d, c f, equal to the two lines c e, c f, each to each, 
and the bafe df is equal to thebafe ef; wherefore the angle dcf 
is equal to the angle ecf, and thefe are confcquent angles. But 
when a ftrait line (landing upon a ftrait line, makes the confcquent 
angles equal to one another, then each of thofe equal angles is a 
Right angle. Wherefore each of the angles dcf, ecf, is a Right angle. 

Therefore to the given ftrait line a b, from the point c given in the 
fame, is drawn at Right angles the ftrait line c f. Which was to be 
done. N The 
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The Practice. 

On each fide of the given point C, in the line A B, take CD and CE equal to one 
another, then from the points D and E, with any opening of the Compaffes greater 
than CD orCE, let be defcribed two Arches interfering each other, fuppofe 
at the point K, the ftrait line E C drawn betwixt the points F and C, lhall be 

Perpendicular to the line A B. 

This is the pradice with Ruler and Compaffes, but the readied way of drawing 
Ferpendicnlars both in this and the next Propofition, is by a Square. 



the fame 


PROPOSITION XII. 

ifinite fir ait line. from a giver, 



Let the given infinite ftrait line be ab, and let the given point 
which is not in the fame line be c. 

It is required to a b, from the point c to 
draw a perpendicular ftrait line. 

Let there be taken on the other fide of the 
line ab, any point as d. Now the Center c, 
and the diftance cd, let be defcribed a Circle 
E fg. Then let the line eg be cut into halves 
in the point H,and let be joyned cg, c h,ce. 

I fay,that to ab, from the point c is drawn a perpendicular ch. 

For becaufe g h is equal to H e, and h c common; therefore there 
are the two lines g h, h c, equal to the two lines E h, h c, each to each; 
and the bafe cg is equal to the bafe CE: wherefore the angle chg, 
is equal to the angle che, and thefe are confequent angles. But 
when a ftrait line (landing upon a ftrait line makes the confequent 
angles equal to one another: then each of thofe equal angles is a 
Right angle, and the (landing ftrait line is called a perpendicular 
to that, upon which it (lands. 

Therefore to the given infinite ftrait line a b from the given point 
c, which is not in the fame line, is drawn the perpendicular c H. 
Which was to be done. 


The Practice. 

From the point C at any diftance greater than the neareft 
CD, let be defcribed an Arch, cutting the line AB at the 
points H and E, then from the points H and E, with the \ 
fame opening of the Compafles, let be defcribed two Arches 
interfering each other at the point I, the Ruler being laid 
to the points I and C draw C D, it fhall be perpendicular 
to A B from the point C. 

PROPOSITION XIII. 


c 




❖ 


vn— B 


I Fa ftrait line/landing any ways upon a Strait line makes angles, 
it fhall make either two Right angles , or angles equal to two Right. 

For let a ftrait line ab (landing upon a ftrait line cd, make an¬ 
gles. 
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gles, as cba, abd. I fay, that the angles cba, abd, are either two 
Right angles, or equal to two Right. 

For if the angle cba, be equal to the angle abd, then are they 

two Right angles, [bv the iolDef] 

But if not, let from the point b. be drawn be at right angles to CD. 
Wherefore c be, E b d, are two Right angles. 

Now whereas the angle cbe, is equal to the 
two angles cba, abe, let the angle ebd be 
added in common. Wherefore the angles cbe, 
ebd, are equal to the three angles cba, abe, 

ebd. 

Again, whereas the angle dba, is equal to 
the two angles d be, eba, let the angle abc,d b 

be added in common. Wherefore the angles 
d b a, a b c, are equal to the three angles D b e e b a, a b c. 

But the angles cbe, ebd, were proved equal to the lame three 
angles; And things equal to one and the lame, are equal to one 
another. Therefore alio the angles cbe, ebd, are equal to the an¬ 
gles DBA, ABC. 

But the angles cbe, ebd, are two Right angles, wherefore alfo 
the angles d b a, a b c, are equal to two Right angles. Therefore if a 
ltrait line Handing any ways upon a ftrait line makes angles it 
lhall make either two Right angles, or angles equal to two Right. 

Which was to bedcmonftrated. ' 


PROPOSITION XIV. 

J F to a ftrait line, and to a point in the fame , two ftrait lines not 
tying the fame way, do make the confequent angles equal to two 
Right angles, Thofe ftrait lines ft Jail be dir eftty placed to one another. 

For to the ftrait line a b, and to a point in the fame B,let two ftrait 
lines bc, bd, not lying the fame way, make the confequent angles 
abc, abd, equal to two Right angles. I fay, that bd is diredlly 
placed to bc 

For iffiD be notdire&ly placed to bc; let be bedireftly placed to bc. 
Now torafmuch as the ftrait line ab, Hands 
upon the ftrait line cbe: therefore the angles 
abc, abe, are equal to two Right angles. 

[Prop, i?.] 

But alfo the angles abc, abd, are equal to 
two Right angles [by Suppofition] wherefore 
the angles cba, a be, are equal to the angles 

cba, A BD. 

Let the common angle cBa be taken away. Therefore the re¬ 
maining angle abe, is equal to the remaining angle abd, the lefs 

to the greater: which is impoflible. Therefore be is not dire&ly 

placed to bc. Ni In 
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In like manner may we prove, that there is not any other line 
befides bd. Therefore bc is directly placed to bd. 

If therefore to a ftrait line, and to a point in the lame, two ftrait 
lines not lying the lame way, do make the confequent angles 
equal to two Right angles, Thofe ftrait lines fhall be direftly placed 
one to the other. Which was to be demonftrated. 

PROPOSITION XV. 

F two fir ait lines cut each other, they Jhall make the Vertical 
angles equal to one another. 

For let the two ftrait lines a b, c d, cut each other in the point e. 

I fay, that the angle a e c, is equal to the angle deb: and the an¬ 
gle c e b, is equal to the angle aed. 

Forafmuch as the ftrait line a e, Hands upon 
the ftrait line c d, making the angles cea,aed,a 
thereforethe angles c ea, aed, are equal to 
two Right angles. 

Again, becaufe the ftrait line d e ftands upon 
the ftrait line a b, making the angles aed, deb, 
therefore the angles aed, deb, are equal to D 
two Right angles. 

But the angles c e a, a e d, were proved equal to two Right angles. 
Wherefore the angles c e a, a e d, are equal to the angles a e d, d eb: 
let the common angle a e d be taken away; then the remaining 
angle c e a, is equal to the remaining angle bed. In like manner it 
may be proved, that the angles ceb, d ea, are equal. If therefore 
two ftrait lines cut each other, they fhall make the Vertical angles 
equal to one another. Which was to be demonftrated. 

Corollary. 

From hence tii manifejl , that if Jbait lines , how many fitter, cut one another in the 
fame point, they jhall make the angles at the fcttion equal to four J{ight angles. 

PROPOSITION XVI. 

F every Triangle, any one fide being produced, the outward 
angle is greater than either of the inward, and oppofite angles. 

Let the Triangle be abc, and let the fide bc be produced to d. 

1 fay, that the outward angle acd, is greater than either of the 
inward, and oppofite angles cba, bac. 

Let a c be cut into halves in the point e ; and drawing b e let it be 
continued to f, fothat e f be put equal to be: And letbejoyn’d fc. 
Forafmuch as a e is equal to e c, and b e, to e f : therefore there are 
the two lines a e, e b, equal to the two lines c e, e f, each to each, and 
the angle aeb, is equal to the angle fec (for they are Vertical 

angles) 
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angles) Therefore the bafe ab, is equal to the bafe fc, and the Tri¬ 
angle abe is equal to the Triangle fec; 
and the remaining angles are equal to the A 
remaining angles, each to each, under / \ E / 
which are fubtended equal fides, [ Prop. / \/ ' 

4.] therefore the angle b a e, is equal to the / x 
angle ecf. But the angle ecd, is greater /, 
than the angle ecf. Therefore the angle e c d ® 
is greater than the angle bae: That is, the 
outward angle ecd, or a cd, is greater than 
the inward and oppofite angle b a c. 

In like manner, the fide a c being produced 
to g, and the fide b c being cut into halves in 
the point h : and drawing a h, let it be continued to 1, fo that h i be 
put equal to a h : and let be joyned 1 c; It will be demonftrated as 
before, that the outward angle bcg, is greater than the inward and 
oppofite cba. But the angle bcg, is equal to the Vertical angle 
acd; therefore the angle a cd, is alfo greater than the angle c b a; 
And it has been proved greater than the angle bac. Therefore of 
every Triangle any one fide being produced, the outward angle is 
greater than either of the inward and oppofite angles. Which was 
to be demonftrated. 

PROPOSITION XVII. 

4 

F every Triangle two angles takgn together every way, are 
left than two Right angles. 

Let the Triangle be a b c. I fay, that any two angles of the Tri¬ 
angle ab c, are lefs than two Right angles. 

For let b c be produced to d : And becaufe 
of the Triangle abc the outward angle acd, 
is greater than the inward and oppofite an¬ 
gle abc; let be added in common the angle 
acb : therefore the angles acd, acb, are 
greater than the angles abc, bca. But the 
angles acd, acb, arc equal to two Right angles; therefore the 
angles abc, bca, are lefs than two Right angles. In like manner 
we may demonftrate, that the angles b a c, a c b, are lefs than two 
Right angles: And alfo that the angles cab, abc, are lefs than two 
Right angles. Therefore of every Triangle two angles taken toge¬ 
ther every way, are lefs than two Right angles. Which was to be 

demonftrated. 

PROPOSITION XVIII. 

F every Triangle the greater fide fuhtends the greater angle. 

Let the Triangle be a b c, having the fide a c greater than the fide 

N 3 a b. 
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ae. I fay, that alfo the angle abc, is greater than the angle bca. 

For becaufe ac is greater than ab, let ad be put equal to ab; 
and let be ioyncd b d. 

Now forafmuch as of the Triangle bd c, the 
outward angle adb is greater than the inward 
and oppofite angle dce; and that the angle 
adb, is equal to the angle abd, (becaufe the 
the fide ab is equal to the fide a d) Therefore 
the angle abd, is greater than the angle acb. 

But the angle abc is greater than the angle abd, wherefore it is 
much greater than the angle a c b. Therefore of every Triangle 
the greater fide fubtends the greater angle. Which was to be de- 
monftrated. 

PROPOSITION XIX. 

O F every Triangle under the greater angle, is fuhtendedthe 

greater fide. 

Let the Triangle be a p, c, having the angle a b c, greater than the 
angle bca. I fay, that the fide a c is greater than the fide ab. For 
if not, then a c is either equal to a b, or lefs than it. 

But a c is not equal to ab; for that then the 
angle abc fliould be equal to the angle acb. 

Hut it is not equal [by Suppofition] there¬ 
fore ac is not equal to ab Neither yet is 
ac lefs than ab, for then alfo the angie abc 
ihould be lefs than the angle acb. But it is 
not lefs [by Suppofition.] therefore a c is not lefs than ab. And it 
has been demonftrated, that it is not equal: therefore the fide a C 
is greater than the fide ab. Wherefore of every Triangle under the 
greater angle is fubtended the greater fide. Which was to be de- 
monftrated. 

PROPOSITION XX. 

O F every Triangle two fides taken together any way,are great¬ 
er than the remaining fide. 

Let the Triangle be abc. I fay, that two (ides of the Triangle 
abc taken together any way, are greater than the remaining fide. 
Namely ca, ac, than bc: and ab, bc, thane a: and bc, ca, than 
ab For let b a be produced to the point d, and to c a let a d be put 
equal, then let be joy tied d c. 

Now forafmuchas da is equal to ac, there¬ 
fore the angle adc is equal to the angle acd. 

But the angle bcd is greater than the angle 
acd: therefore the angle B c d is greater than 
the angle adc. And becaufe d cb is a Triangle 
having the angle bcd greater than the angle bdc; and that under 

the 






OF GEOMETRY. 7* 

the greater angle is fubtended the greater fide : therefore d b is 
greater than b c. But d b is equal to b a, a c : therefore b a, a c, are 
greater than b c. 

After the fame manner (hall we demonftrate, that a b, b c, arc 
greater than c a ; And b c, c a, than a b. Therefore of every Triangle 
two fides taken together every way, are greater than the remaining 

fide. Which was to be demonftrated. 

PROPOSITION XXI. 

I F from the Ends of any one fide of a Triangle be conflituted 
twofir ait lines within the Triangle : The conflituted lines /ball 
be lefs than the two remaining jides of the Triangle: But Jhall con¬ 
tain a greater angle. 

For on one of the fides b c, of the Triangle a b c, from the ends 
b, c, let be conftituted within, two ftrait lines bd,dc. 

I fay, that b d, d c, are lefs than b a, a c, the two remaining fides of 
the Triangle abc: but do contain an angle bdc greater than the 
angle b a c. 

For let b d be produced to e. 

Now forafmuch as of every Triangle two 
fides are greater than the remaining fide; there¬ 
fore of the triangle b ae the two fides b a, a e, 
are greater than b e. Let e c be added in tom- 
mon, therefore b a, a c, are greater than b e, e c. 

Again, becaufe of the Triangle ced, the two fides ce,ed, arc 
greater than cd: letDBbe added in common, therefore ce, e jj, arc 
greater than c d, d b. But b a, a c,have been proved greater than b e, 
e c : therefore b a, a c, are much greater than b d, d c. 

Again, forafmuch as of every Triangle the outward angle is 
greater than the inward and oppofite: therefore of the Triangle ced 
the outward angle bdc, is greater than dec. And by the fame rea- 
fon, of the Triangle bae, the outward angle b e c, is greater than 
b a e. But b d c has been prov’d greater than dec, that is, b e c ; there¬ 
fore the angle b d c is much greater than the angle n a c. 

If therefore upon any one fide of a Triangle, be from the ends 
thereof conftituted two ftrait lines within the Triangle, the confti¬ 
tuted lines are lefs than the two remaining fides of the Triangle: 
but fhall contain a greater angle. Which was to be demonftrated. 

ANNOTATIONS. 

This Proportion is of much ufe in Optics concerning Vifual Rays, and An- 
glesj in that the fame Obicft (hall appear greater, orlellcr, as upon various di- 
ftances, the angles received in the Eye arc greater, or lefler. And therefore in ge¬ 
neral tis to be noted that every Thing appears to us lefs, than it really is in 
magnitude. 

The like ufe of this Propofition is made in Pcrfpe&ivc, Pi&ure, and Archi- 
tedture: where Images, Statues, Columns, &c, arc proportioned according to their 

heights 
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heiafcts and diftances. Phidias his Statue of Minerva was very famous mi this point, 
-,-h ch feemed near hand (b monftrous to the vulgar: but feared in that part of 
the Temole where it was defign d to be placed, it appear d tuoftbeauuful We have 
the liKe example of Figures in the banqueting Room at IIbite Hal Thus many 
Geometrical I'ropofit.ons, which fcem trivial, have excellent Uies. 

PROPOSITION XXII. 


O F three ft rait lines, which are equal to three given Ur ait 
lines, to con ft it at e a Triangle. 

But any two taken every way, ought to he greater than the re¬ 
maning line. 

Let three given {trait lines be a, b, c, of which let any two taken 
every way, be greater than the remaining line: namely a, b, than 
c. a, c, than b, and b,c, than a. It is required to conftitute a Triangle 
of (trait lines equal to a, b, c. Let be put a ftrait line d e, terminated 
at d, but imerminate towards e ; and let D F be put equal to a, and 
fg equal to b, and gh to c. Now the Center f, and diltance fd, 
let be deferred the circle dkl : And again, theCenterc, and di- 
ftancecH, let be deferibed the circle hlk: and let be joyned kf, 
k g 1 lay, that the Triangle k f g, is conltituted of three ftrait lines 

equal to a,b.c. 

For becaule the point f is the Cen¬ 
ter of the circle dkl, therefore f d is 
equal to r k; bui fd is equal to a, 

wherefore a ill) fk is equal to a. 

Again, becaule the point g is the 
Center of the circle hlk, therefore 
GH is equal to g k : but gh is equal 
to c: wherefore alfo g k is equal to c; 
and FQ alfo is equal to B Wherefore the three ftrait lines KF, FG, 
gk, are equal to the three ftrait lines a,b,c. Therefore of the three 
ftrait lines kf,fg, gk, which areequal to the three given ftrait lines 
a,b, c, is conltituted the Triangle kfg. Which was to be done. 



PROPOSITION XXIII. 

T O a given Ur ait line, and to a point in the fame, to conUitute 
a ftrait din d angle equal to a given Jlraitdind angle. 

Let the given ftrait line be a b, and in the 
fame let the point be a; andletthegivenftrait 
lin'd angle be dce. It is required to the given 
ftrait line AB.and in it to the point a, tocon- 
ftitutea ftrait lin’d angle equal to the given 
ftrait lin’d angle dce. 

Let there be taken in each line cd,cf., any 
points; as D,E;and let be drawn the ftrait hne 

d e. Now ot three ftrait lines which are equal to the three ftrait lines 

CD, 
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cDjDE, ce; let be conftituted a Triangle a fg, io that cd be equal 
to af; and ce to ag; as alfo de to fg. 

Then forafmuchas the two ftrait lines d c, c e, are equal to the 
two ftrait lines f a, ag, each to each, and the bafe de is equal to the 
bafe f g : therefore the angle dce is equal to the angle FAG.[Prop.8.] 
Therefore to a given ftrait line AB,and to a point in the fame a, is 
conftituted a ftrait-lin’d angle fag, equal to a given ftrait-lin’d an¬ 
gle dce. Which was to be done. 

PROPOSITION XXIV. 

F two Triangles have two fides equal to two fides, each to each : 
And have the angle greater than the angle , which is contained by 
the equal lines : They Jhallalfo have the bafe greater than the bafe. 

Let the two Triangles be abc, def, having two fides a b, a c, 
equal to two fides d e, DFjeachto each, that is, ab to de; ActODF: 
And let the angle b Acbe greater than the angle edf : I fay, that 
the bafe b c is greater than the bafe e f. 

Forafmuch as the angle bac is greater than the angle edf, let to 
the ftrait line de, and to a point in the fame d, be conftituted the 
angle ed g, equal to the angle bac. And to either of the lines a c, 
d F, let d g be put equal, and let be joyned ge, g f. 

Now becaufe ab is equal toDE, and ac 

to dg; therefore there are the two lines 

b a, ac, equal to the two lines e d, d G,each 
to each; and the angle bac, is equal to the 
angle edg, therefore the bafeBC, is equal 
to the bafe E G. Again, becaufe d g is equal 
to d f, therefore the angle d f g is equal to the angle d g f, [Prop, y.] 
ButDGF is greater than its partEGF, therefore alfo dfg isgreater 
than egf. But EFG is greater than its part dfg, therefore efg 
is much greater than egf. 

And becaufe there is the Triangle egf, having the angle efg 
grater than the angle egf, and that under the greater angle is fub- 
tended the greater fide: therefore the fide eg is greater than ef. 
But eg is equal to bc: wherefore bcis greater than e f. 

If therefore two Triangles have two fides equal to two fides, each 
to each: and’ have the angle greater than the angle, which is con¬ 
tained by the equal lines: They lhall alfo have the bafe greater 
than the bafe. Which was to be demonftrated. 

PROPOSITION XXV. 

F two Triangles have two fides equal to two fides, each to each, 
and have the bafe greater than the bafe \ They JlraU alfo have 
the angle greater than the angle , which is contained by the equal 
lines. 

Let. the two Triangles be a b c, d e f, having two fides a b, Ac,equal 

O to 
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to two fides d E, d f, each to each, that is, a b to d e ; a c to D F: And 
let the bafe ec be greater than the bafe ef : 1 fay, that the angle 
sac is greater than the angle edf. 

For if not, then bac is either equal to edf, orlefs. But the angle 
bac is not equal to the angle ed f: For 
then the bafe bc Ihould be equal to the 
bafe e f. [ Prop. 4- ] But it is not fo [by 
Suppofition] therefore the angle bac 
is not equal to the angle edf. 

But neither is it Ids. For then the 
bafe bc Ihould be lefs than the bafe ef 
[Prop, lx.] But it is not fo[by Suppofi¬ 
tion] therefore the angle bac is not lefs 
than the angle edf; and it has been proved, that it is not equal. 
Therefore the angle b ac is greater than the angle edf. 

If therefore two Triangles have two fides equal to two fides, each 
to each, and have the bafe greater than the bafe : They lhall alfo 
have the angle greater than the angle, which is contained by the 
equal lines. Which was to be demonftrated. 

PROPOSITION XXVI. 

J F two Triangles have two angles equal to two angles, each to 
each, and one fide equal to onefide, either that which is be¬ 
tween the equal angles , or that, which is fubt ended under one of 
the equal angles: They {hall alfo have the other fides equal to the 
other fides, each to each , and the remaining angle 

mauling angle. 

Let the two Triangles be abc, def, having two angles abc, 
bc a, equal to two angles def, efd, each to each, that is, abc to 
def, and b c a to efd. 

And let them have one fide equal to one fide. 

Firft, the fide between the equal angles: that is, bc equal to ef. 
I fav, That they lhall have the other fides equal to the other fides, 
each to each, namely ab tODE; and ac to df: and the remaining 
angle bac, equal to the remaining angle edf. 

For if ab be unequal to de, one of them lhall be the greater. 
Let a B be the greater, and let b g be put a 

equal to e d, and let be joyned g c. Now for- A 

afmuch as bg is equal to ed, and b c to ef, f\ 

therefore there are the two lines bg,bc, equal / A 
to the two lines ed, ef, each to each, and / VA 
the angle gbc is equal to the angle def; 
therefore the bafe g c, is equal to the bale ~ it^c 
de [Prop.4.. j And the Triangle gbc lhall be equal to theTriangle 
def, and the remaining angles lhall be equal to the remaining 

angles, 
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angles, each to each, under which are fiibtendcd equal Tides, 

Therefore the angle bcg, is equal to the angle efd. But efd 

was fuppofed equal toBCA; wherefore bcg is equal to bc a: The 
lefs to the greater; which is impoflible. Therefore a ji is not un¬ 
equal to d e, equal therefore it is. 

But alfo b c is equal to e f ; therefore there are the two lines a bj 
b c, equal to the two lines DE,EF,each to each, and the angle abc is 
equal to the angle d e f, wherefore the bafe a c is equal to the bale 
df : and the remaining angle u a c is equal to the remaining angle edf. 

Now again, let the lides fubtended under the equal angles be 
equal, as a b to d e ; I fay, that alfo the other lides lhall be equal 
to the other Tides, that is, a c to dF, and bc to ef: And alfo 
the remaining angle b ac, lhall be equal to the remaining angle edf. 
For if B c be unequal to E f, one of them is the greater. 

Let b c (if poflible) be the greater, and let b h be put equal to e f, 
and let be joyned Ah. 

Now forafmuch as b h is equal to e f, and a b to d e : therefore 
there ire the two lines a 8, fi h, equal to the two lines d e, e f, each 
to each, and they contain equal angles : wherefore the bafe a h is e- 
qual to the bafe df, and the Triangle abh : is equal to theTriangle 
d e f. And the remaining angles lhall be equal to the remaining an. 
gles, each to each, under which are fubtended equal lides; therefore 
the angle b h a is equal to e f d . But e f d is equal to b c a, therefore 
alfo b H a is equal to b c a : that is, of the Triangle a H c, the outward 
angle b h a, is equal to the inward and oppofite b c a : which is im¬ 
poflible. Therefore bc is not unequal to.EF, equal therefore it is. 
But alfo a b is equal to d e : therefore there are the two lines a b, b c, 
equal to the two lines d e, ef, each to each, and they contain equal 
angles: wherefore the bafe a c, is equal to the bafe df, and the Tri¬ 
angle abc, is equal to the Triangle def, and the remaining angle 

ba c, is equal to the remaining angle edf. 

If therefore two Triangles have two angles, equal to two angles, 
each to each, and one fide equal to one fide, either that which is be¬ 
tween the equal angles, or that which is fubtended under one of 
the equal angles: they lhall &c. Which was to be demonftrated. 

PROPOSITION XXVII. 

I F a fir ait line falling on two Jlrait lines , makes the alternate 
angles equal to one another, the /trait lines pall he 'Parallels 
one to the other. . 

For let the ftrait line ef, falling on the two ftrait lines ab, cd, 
make the Alternate angles a e f, e f d, equal to one another: I lay, 
that ab is Parallel tocD. 

% w 

For if not, then ab, cd, being produced lhall meet either on the 

0 % parts 
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the parts 


Therefore 


angie gef, the outward angle a f. f is greater than the inward and 
oppolite angle efg. [Prop, id.] But it is alfo equal [by Suppofi- 
tion: which is impoffible; therefore a b, c d, / 

being produced lhall not meet on the parts a_ —5 

Of B,V. / 

After the fame manner fhall be demon- c —yf --o 

ftrated, that they meet not on the parts / 

of a,c. But meeting in neither part, they are Parallels, [Def. 3y.‘ 

therefore a b is Parallel to c d. 

Wherefore ifaftrait line falling ontwoftrait lines, makes the Al¬ 
ternate angles equal to one another, the ftrait lines lhall be Parallels, 
one to the other. Which was to be demonftrated. 


proposition xxvni. 


T F a fir alt Hue falling on two ftrait lines , makes the outward an¬ 
gle equal to the inward and oppofite on the fame parts : Or the 
inward angles on the fame parts equal to two Right angles]\ the 
ftrait lines Jhill he parallels one to the other. 

For let the ftrait line ef falling on the two ftrait lines a b, c d, 
make the outward angle egb, equal to the inward and oppolite, 
and on the fame parts, namely to the angle ghd: or the inward an¬ 
gles on the fame parts, namely bgh, ghd, equal to two Right an¬ 
gles. I fay, that ab is Parallel to cd. 

For becaufe E g B is equal to g h d [by Suppo- £ 

fition] and e g b is equal to the Vertical angle agh; a V; _b 

therefore alfo agh is equal to ghd, and they \ 
are Alternate, therefore ab isParallel to cd. c ~~——— D 
Again, becaufe bg h, g hd, are equal to two \ F 

Right angles [by Suppofition. j and alfo agh, 
bgh, are equal to two Right angles; [Prop. 13-J therefore agh, 
bgh, are equal to bgh, ghd. Let bgh common be taken away, 
then the remaining angle agh is equal to the remaining angle ghd. 
And they are Alternate, therefore ab is Parallel to cd. 

If therefore a ftrait line falling on two ftrait lines, makes theout- 
ward angle equal to the inward and oppofite on the fame parts: or 
the inward angles on the fame parts equal to two Right angles: 
the ftrait lines lhall be Parallels one to the other. Which was to 
be demonftrated. 


PROPO- 
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PROPOSITION XXIX- 

♦ 

O N Tar a lie l lines a Jlrait linefalling doth make the Alternate 

angles equal to one another. 

And the Outward angle equal to the Inwardand Oppofite on 
the fame parts. 

And the Inward angles on the fame parts equal to two Right. 

For on the Parallels a b, c d, let the ftrait line e f fall, I fay that it 
makes the Alternate angles agh,ghd equal. 

And the Outward angle egb equal to ghd the Inward and Op¬ 
pofite angle on the fame parts. 

And the Inward angles on the fame parts bgh, ghd, equal to 
two Right angles. 

For if the angle a g h be unequal to ghd; one of them is the 
greater. Let the greater be agh. 

Nowforafmuch as a g h is greater than ghd, 
let be added in common bgh. Therefore agh, a 
bgh are greater than bgh, ghd [Ax. 4..) But 
a g h, u g h are equal to two Right angles [Prop, c 
13.]; therefore bgh, ghd are lefs than two \f 

Right angles. But ftrait lines infinitely produced from Angles lefs 
than two Right, do meet together, [Ax. n ] therefore ab, cd, in¬ 
finitely produced fliall meet together. But meet they do not; for 
that they are fuppofed Parallels; therefore agh is not unequal to 
ghd: equal therefore it is; And agh,ghd, are Alternate angles. 

But again, agh is equal to the Vertical angle egb, [Prop. 1 y. ] 
therefore alfo egb is equal to ghd. The Outward angle equal to 
the Inward and Oppofite. 

Let now be added in common bgh: therefore egb, bgh arc e- 
qual to bgh, ghd. But egb, bg h are equal to Two Right angles 
[Prop. 13.] therefore alfo bgh, ghd, The Inward angles, are equal 
to two Right. : 

Wherefore a ftrait falling on Parallel lines does make the Alter¬ 
nate angles equal to one another: And the Outward angle equal to 
the Inward, and Oppofite on the fame parts; And the Inward angles 
on the fame parts equal to two Right. Which was to bedemonftrated. 

ANNOTATIONS. 



This Piopofition is the Converle of the two preceding; and in the three laft 
Proportions is comprifed the Fundamental Do&rinc of Parallclijm ; wjicrcin three 
Spccificativc and Convertible Properties of Parallels arc laid down. 

Ftrfi^ From the Equality of the Alternate angles the Lines are proved Parallels, 

in Prop. 27. 

Secondly^ From the Equality of the Outward angle to the Inward and Oppofite: 
And then next, 

Thirdly , From the Equality of the two Inward angles to Two Right, the Lines 
arc alio proved Parallels, in Prop, 28. 

So 


Pi 
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So that in thefe two Proportions is demonftrated, that all ftrait lines having any 
one of theie three properties are Parallels, that is, Non-Concurring strait lines. 

Now the folio win 2, 29 lb . Propolition is the Converfe of the two preceding, and 
dcrnonilraCes, that all Parallels have all thefe three properties. 

But in this 29*. Propolition, the firft and main part of the Demonftration de- 
dends wholly upon the 11 h . Axiom, which tho* it be certainly true; yet for that 
it is lvable to dubitation, and lome Objedions may be made againft it 5 this Dc- 
monftration hath not clearly paffed without fome reprehen fion. 

For befides what hath been faid before in the Annotations upon this 1 i l \ Axi¬ 
om, Euclide himfclf in the 17 th . Propolition, doth in effedt demonftrate, That two 
ftrait lines meeting together, being cut by a ftrait line, are drawn from angles left than 

two Right. And fay they, it might be as reafonably required of Eucltde , to have de¬ 
monftrated the Converfe, That two ftrait lines drawn from angles left then two Right, 
Jhall meet together, which is the 1 i tb . Axiom, and afiumed for a Principle without 
any Demonltration. 

Again, in the 28 th . Propolition it is demonftrated, That if the two inward angles 
be equal to two Right , then the lines are Parallels . But alio it leems as requifite and 
reafonable to have demonftrated, That if the two inward angles be left than tivo Right , 
then the lines are not Parallels ; but at length fliall meet together : This Suppolition 
having no more Natural evidence then the other. There have been in all Ases 
feveral Attempts made to remove this (himbling block: But too tedious they are 
to be here examined. You may perufe what Procltis has ventured at in his Com¬ 
mentaries on Prop. 29. and what Clavius has laborioully perform’d. What a ft range 
notion of Parallels Borcllus has fram’d in his Euchdes Reftitutus, at Prop. 14. Lib. 1 . 
and what others have endeavoured herein. There arc likewile two Tranflations of 

Euclide into Arabic, one of Nafaradinus printed at Rome. The other of-- 

never Printed, a Copy whereof is in the Oxford Library. In both of them much 

Labour is taken to dear this Matter. 

After thefe great Geometricians, we fhall with pardon adventure upon this Mat¬ 
ter; and in lieu of Euclids 11 th . Axiom bring into the Elements the confideration 
of the Distance of Parallels, and their Equidistances toward one 
another. For altho in our Annotations upon the Definition of Parallels, we have 
fhewn, that the name Parallels ought not in Euclids h’cnfe to be Tranflated Equi- 
diftant lines ; or by that name fhould be conceived Equidiftant ftrait lines, but only 
Pbonconcurring ftrait lines : yet wc do not lo wholly exclude the Notion of Equidi¬ 
ftancy in the doctrine of Parallelifm, but that there may be a juft ufc made thereof; 
tho' Equidiftancy be not taken into the Definition of Parallels. 

Firft then it is obfervablc, that vulgarly Parallels are conceived to be Equidiftant 
ftrait lines; altho’ the Geometrician puts only the notion of Nonconcurrency into 
the Definition, without any regard had to the Equidiftanq r of Parallels; and this 
is done upon very good reafon. For a Nonconcurrsncy in fome ftrait lines is a 
Notion generally ufd'ul throughout all Geometry: therefore Euclide among the 
reft of his Definitions proper to his firft Element, has laid down this Notion of 
Nonconcurrency under the name of Parallels. So that Parallels and Nonconcur¬ 
ring ftrait lines may be fubftituted indifferently for one another in any demonftra¬ 
tion , as the Deftnitum and Definition ought to be. But Parallels and Equidiftant 
ftrait lines cannot be fo indifferently taken and ufed; notwithftanding the vulgar 
conception of them. Yet fome particular ufe may be made in Geometry of 
the Equidiftancy of Parallels, as wc fhall fliew ; if according to the vulgar conce¬ 
ption it be admitted among the other common Notions, that Parallels are equidi¬ 
ftant ftrait lines: And fo this to be received for a Maxim from Euclids Definition 
of Parallels, as he has from the Definition of a Right angle put for an Axiom, that 
all Right angles are equal to one another. 

To proceed then in this matter, we fhall as aforefaid, add to Euclide only a De¬ 
finition of the diftancc of Parallels, and inftcad of his u tb . Axiom affume their 

Equidiftancy as a common Notion. 


DEFI- 
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DEFINITION XXXV. 

The diftance of Parallels is a (trait line, drawn from any point 
in either Parallel, perpendicular to the other. 

As of the Parallels AB, CD, thediftanceis theftrait line EF, drawn from the 
point E in the line AB, perpendicular to the line CD. 

And again, the diftance or the fame 
Parallels is the line G H drawn from 
the point G in the line CD, perpendi¬ 
cular to the line A B, and fo forth in¬ 
finitely. 

This Notion,or Definition of diftance 
is agreeable to the 4 th . Definition of the third Element, and to the 4 th . Definition 
of the fixth Element. 

AXIOM XII. 

Parallels are every where equally diftant from one another. 

That is, the Perpendiculars drawn from any point in either of the Parallels 
to the other, are equal to one another. As in the Parallels A B, C D, the line E F 
perpendicular to C D is equal to G H perpendicular to A B. So every where from 
any points in the One , the perpendiculars to the Other , are mutually equal to one 
another. 

We have formerly fhewn how Poftdonius has defined Parallels from the equality 
of their perpendiculars; yet wc find not what advantage was further made of that 
Definition, toward the amendment of Euclids demonftration, or for any other ufe 
he makes thereof in Geometry. But according to Euclids Definition, the Notion 
of two ftrait lines in the fame plane produced both ways infinitely, which (hall ne¬ 
ver meet, is as proper and common a fubjedt of Geometry, as Angles and Figures 
are, and of as general an extent. 

Yet furthermore we acknowledge, that the Equidiftancc of thefe ftrait lines is a 
Notion concomitant with that of Nonconcurrency, and that they mutually put one 
another, as a caufe puts the effedt, and an effedt puts the caufr. So that in Parallels 
Artificers do in Arcnitedture, and other the like matters, refpedt their Equidiftancy, 
as beft fuiting with their bufinefs: whereas the Geometrician makes ufe only of 
their Nonconcurrency. And our great Geometrician the Famous S'avilian Profefibr 
of Geometry in Oxford D r Wallis lays, Paralleltfmus jEquidiflantia vel idem funt y vel 

certe Je mutuo comitantur . 

Seeing therefore that thefe Notions are naturally, and in common Senfe imme¬ 
diately conjoyn’d, we do retain Euclids Definition of Parallels, and have afumcil 
for cl Geometrical Axiom their Equidiflancy. 

If this may be fo allowed, or at leaft admitted, as a more clear and obvious Nch 
tion than the 1 i l \ Ax. of Euclidc y then (hall we briefly demonftrate that troublcfbmc 
part Of the a$ lh . Pfopofition, concerning the equality of the Alternate angles in 
Parallels, without any ufe of the 1 i tU . Axiom. 

The Demonftration of the equality of the Alternate An¬ 
gles in Parallels. 

On the Parallels A B, C D, let firft the ftrait line E F fall on A B at Right 
angles. 

1 fay, that BP likewife falls on CD at Right ancles; and therefore makes the 
Alternate angles equal, and the outward angle equal to the inward and oppcfite, 
and the two inward angles equal to two Right. For if EF falls not at Right an- 

glcs 
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gles on CD, let EI fall at Right angles on CD, [by Prop. 12.] therefore El is 
the distance of the Parallels A 8, CD, [Def. 5 5-.] Like wile F E falling on A B at 
Right angles, [by Suppofition] is the di- 
llance alio of the lame Parallels. Wherefore 


of the Triangle Erl, the odes E r, E I,are 
equal, therefore the angles at the bale EFI, 

EIF are equal. But E 1 F is by Conftru- 
<ftion a Right angle, wherefore EFI is a Right ingle, lo that the angles at the 
bale are equal to two Right. But they are lefi [by Prop. 17*] therefore El is 
not at Right angles to C D, and by the fame reafon no other can be drawn from 
the point E befides E F. Wherefore E F is at Right angles to C D, and alio it is 
at Right angles to A B [by Suppolition.] therefore all the aigles at E and F are 
Right, and equal to one another. 

Again, on the Parallels AB, CD, let 
the ftrait line E F fall otherwife at adven¬ 
ture. I fay, that it makes the Alternate 
angles AGH,GHD, equal to one ano¬ 
ther. 

Now for the demonftration thereof we 
Ihall premile this Lemma. 

A Lemma is a Propoficion taken ia by 
the by, to make way for the proof of fome 
Principal Propofitian. • 

LEMM A. 



FE,EI, are equal [by As. k a. that Paral¬ 
lels are Equidiftant ftrait lines.] And becaufe 







If two Right angl'd Triangles A B C, D E F, have the fide A C, fubtending the 
right angle B, equal to die fide D F, fubtending the right angle E: and a fide AB 
about the right angle B, equal to the fide DE, about the right angle E, then fliall 
they have the remaining tide B C, equal to the remaining fide E F. For if B C be 
not equal to E F, then one of them is the greater. Let E F be the greater, and 
from the greater EF /V D 

take the line E G equal ^ 

to B C the left; and let sy 

be drawn G D. yS Sy 

Forafmuch then as 

EG is made equal to yS I y 

BC, and ED is equal —--—- 1 r / - 

to BA, [by Suppofici- B * C E 

on] and they contain 

right angles at E and B, therefore the bafe DG (hall be equal to bale AC [Prop.4.] 
But A C is equal to D F [by Suppolition] therefore D G is equal to D F: lo that 
in the Equkrural Triangle D G F, the angles at the bale D F G, D G F, are equal 
to one another. But DGF is greater then the right angle DEG, (the outward 
greater then tbc tnxard and oppojue ? by Prop. 16.) therefore the angles D G F,D F G, 
arc greater than two Right; which is impoffible [by Prop. 17-] therefore the line 
B C is not unequal to E F, equal therefore they are to one another. Which 
was to be demonftrated. 


E 


After the demonftration of this Lemma, we thus further proceed to prove the 
equality of the Alternate angles in any Oblique Se&ion. 

On the Parallels AB, CD, let the ftrait line EF fall at adventure. I fay, that 
it makes the Alternate angles A G H, G H D, equal to one another *. and alfo the 
Alternate angles C H G, H G B, equal to one another. 

For from the point H to the line A B, draw a perpendicular HK [by Prop. 12.] 
Again, from the point G to the line C D draw a perpendicular G L. 

Now forafmuch as in the right angld Triangles HKG, GLH, the line HK 
is equal to the line G L> for that each is the diftance of the fame Parallels, [Def. 

3 7. and 



OF GEOMETRY* 


8y 


if. and Ax. 12.] and HO, fubtending the right angles at Kand L, common,there¬ 
fore the remaining fide KG, is equal to the remaining fide LH (by the precedent 
Lemma). Wherefore there are the two lines HK,KG, equal to the two lines GL, 
LH, each to each, and they contain 
equal angles, namely Right ; therefore 
[by Prop. 4.] the angles K G H, G H L, 
are equal > that is, in the Parallels AB, 

C D, the Alternate angles A G H, GHD, A 
are equal to one another. 

Again, becaufe the angles AGH, 

HGB, are equal to two Right [Prop. 

13.]; and likewife CHG, GHD, are 


K 



B 




L 


D 



equal to two Right, therefore A G H, 0 
HGB, are equal to CHG, GHD. 

Taking therefore away the equal Alter- p 
nate angles A G H, G H D, the remain¬ 
ing Alternate angles C H G, H G B, are equal to one another. 

Wherefore on Parallel lines a ftrait line falling, doth make the Alternate angles 
equal to one another, &c. Which was to be demonftrated. A/on> rvhdt follows in 
Euclide is without exception. 

Having thus demonitrated this 29 th . Propofition without the help of the xi‘ h . 
Axiom; we (hall next demonftrate that 11 “'.Axiom. 

A Demonftration of the Eleventh Axiom of Euclide. 

0 

If on two ftrait lines AB, CD, a ftrait line E F falling,doth make the inward 
angles toward the fame parts EFD, FEB, lefs than two Right: 1 fay, that the 
lines AB, CD, being inti itcly produced toward the parts of B,D, where the an¬ 
gles are lefs then two Right, Ilia 11 meet together. 

Forafmuch as the angles AEF, . 

FEB,are equal to two Right [Prop. ^ 

13.], and CF E, EF D, are equal to 
two Right, therefore thefe four are 
equal to four Right angles. But EF D, 

FEB, are lefs than two Right [by 
Suppofition ]; therefore the angles c - 
EFC,FEA, are greater then two 
Right, Wherefore the lines BA, 

DC, being infinitely produced toward the parts of A, C, fliall that way never meet 
[by Prop. 17.]. If now they meet not toward the parts of B, D, then the lines A B, 
CD, are Parallels [Def. 34.]; and Parallels have the two inward angles toward 
the fame parts equal to two Right [by Prop. 29.]. But the angles E 1 D, FEB, 
are fuppofed lefs; and to be lefs and equal to the fame is impoffible; Therefore 
the lines A B, C D, being infinitely produced toward the parts of B, D, fliall meet 
together. Which was to be demonftrated. 

Notwithftanding this, it is demonftrable that two ftrait lines drawn from an¬ 
gles lefs than two Right, may in fome manner be for ever prolonged j yet fliall 
they never meet together. 

For let the ftrait lines A B, C D, be cut by A C mak¬ 
ing the inward angles BAC, DC A, lefs than two 
Right. Now let AC be cut into halves, orotherwife 
in E: and equal to E A let be put A F, and to EC, 

C G; than draw F G. Again, let F G be cut in H, 
and equal to H F, let be put F B, and to H G, G D» 
then draw B D. 1 fay, that the lines A B, C D, may 
for ever be T/w prolong'd, yet never fliall they meet 
together* For if poffible, let them meet in the point Li c 
therefore B P being cut in K, the line K B fliall be 

P 


F 


D 
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equal to BL, and K D to DL. Wherefore of the Triangle B D L the fides DL, 
L B, lhaU be equal to the third fide BD, which is lmpofhble by the ao*. Propofi- 
tion. Therefore the hoes AB, CD-,drawn from angles lefs than two Rights may for 
ever be prolonged, and never meet together. Which was to be demonftrated* 

From her»ce° it is manifeft, that Magnitude is infinitely divifible: and that an in¬ 
finite progrefs may be made in a finite Space. 

And moreover for the better underftanding of Euchde in this matter, we are to 

diitin^uilh between a production of lines kj a» ap, in infinitum. Infinitely, and 

Infinities, Infinite Times. The former is an unlimited,free courfe of pro¬ 
longation, fuch as Geometricians always underhand by «? :y. The other 

here in this Inltance is a limited and retrained prolongation, made ftep by ftep, 
and in fuch a manner as that the fteps are (horter, and (horter made continually, 
and the Hues arc approaching nearer and nearer i yet fo as never to meet together. 


PROPOSITION XXX. 


S Trait lines Tarallel to the fame Jlrait line , are alfo Tarallel to 
one another. 

Let each of the lines ab, cd, be parallel to e f : I fay, that ab is 

parallel to cd. / 

For let a (trait line g k fall upon them. G / 

Now forafmuch as the ftrait line gk falls a-- 7 ® 

on tire parallels a b, ef; therefore the angle £ _ vL - F 

agh is equal to the Alternate angle ghf, / 

[Prop. 29. j c - 7 (— - D 

Again, becaufe the ftrait line gk falls on /" 

the parallels 1. f, cd; therefore the outward / 
angle ghf is equal to the inward and oppofiteGKD, [Prop. 19.] 
But the angle agh, that is, agk has been proved equal to ghf. 
Therefore ag k is alfo equal to g k d : and they are Alternate angles; 
wherefore ab is parallel to cd [Prop. 17.]. Therefore ftrait lines 
parallel to the fame ftrait line, are parallel to one another. Which 
was to be demonftrated. 


PROPOSITION XXXI. 

B Y a green point to draw a Ur ait line parallel to a Ur ait line 
green. 

Let the given point be a, and the given ftrait line beBc. It is re¬ 
quired by the point a, to draw a ftrait line parallel to bc. In the 
line bc, let be taken any point as d, and 
let be joy n’d a d : then to the ftrait 1 i ne d a, “ 

and to the point in the fame a, let be confti- / 

tuted the angle d a e, equal to the angle / 

a d c, [by Prop, z j.] and to the ftrait line 5- jf - c 

E a, let directly be produced the line af. 

Now forafmuch as on the lines bc,ef, the ftrait line ad falling, 
hath made the Alternate angles ead,adc, equal to one another; 
therefore ef is parallel to bc, [Prop. 17.]; wherefore by the given 

point 
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point is drawn the ftrait line e af, parallel to the given ftrait line b c. 
Which was to be done. 


PROPOSITION XXXII. 


O F every Triangle one of the ftdes being produced, the outward 
angle is equal to thelmvard and oppofite. 

And the three inward angles of a Triangle are equal to two Right. 


Let the Triangle be a b c, and one of the fides b c,be produced to jj. 

Ifay, that the outward angle acd is equal to the two inward 
and oppofite c a b, a b c. And of that Triangle the three inward an¬ 
gles a b c, b c a, c a b, are equal to two Right. 

For by the point c, let ce be drawn 
parallel to a b. [Prop. 51.] Now forafmuch 
as a b is parallel to c e, and on them falls 
ac; the Alternate angles bac, ace, are 
equal to one another. [Prop. 19.] Again, 
becaufe a b is parallel to c e, and on them 

falls the ftrait line b d ; the outward angle e e d, is equal to the in¬ 
ward and oppofite abc. But it hath been prov’d that ace is equal 
to B a c ; therefore the whole outward angle a c d is equal to the two 
inward and oppofite bac, abc. 

Let the angle acb be added in common, therefore the angles a e i>, 
acb, are equal to the three angles abc, bac, acb: But the angles 
a c d, a c b, are equal to two Right; [Prop. 15.J therefore a b c, b a c, 
a c b, are alio equal to two Right. 

Therefore of every Triangle one of the Tides being produced, the 
outward angle is equal to the two inward andoppolite. 

And the three inward angles of a Triangle, are equal to two Right. 
Which was to be detnonftrated. 



Corollaries. 

1. Of an Equilateral Triangle all the three angles arc given. 

For each angle is a third part of two Right angles, that is, 6 o Degrees of 180; 
or two third parts of one Right angle, that is 60 of 90 Degrees. 

i. Of an Equicrural Triangle if one angle be given, the other two 
are alfo given. 

For the angles at the bale are equal, and the third angle compleats, 01* makes up 
two Right angles, that is, 180 Degrees, or twice yc. 

3. Of a Scalene Triangle, if two angles be given, the third is alfo 
given; and if one angle be given, the fuinm of the other two is 
alfo given. 

For thelo angles added to the given angle, compleat two Right angles. As if 
the given angle be do, the (uinm of the other two is iao, which together make 
180, or two Right angles. 

l>z 
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4.. Of a Scalene Right-angl’d Triangle, if one of the acute angles 

be given, the other is alfo given. 

For each of the Acute angles is the Complement of the other to a Right angle. 
As if one be 60 Degrees, the other is 30, which together Compleat 90 Degrees, 

or a Right angle. 

5-. Of every Multilateral Figure the inward Angles are equal to 
twice fo many Right Angles, lefe by four, as is the number of 
their Sides. 

For from any point within the Multilateral Figure, 

let ftrait lines be drawn to every angle, then (hall there 
be made fo many Triangles as is the number of the Sides. 

As in a Figure of five Sides, there fhall be five Triangles, 
which contain twice five, or ten Right angles. And of 
thefe Triangles their Vertical angles about the point with¬ 
in, are always equal only to four Right angles: where¬ 
fore the remaining angles are equal to fix Right angles, 
that is, to twice five, Ids by four. And the like in all other Multilateral Figures. 

6 . Of every Multilateral Figure, the outward angles are altoge¬ 
ther equal only to four Right angles. 



For each inward angle with its outward, are together equal to two Right an¬ 
gles -> and all the inward angles are equal to twice lo many Right angles, left by 
four as if the number of their Sides: Therefore all the outward angles are equal 
only to four Right angles. The fame is likewife manifeft in all Quadrilateral and 
Trilateral Figures. 

ANNOTATIONS. 



A Problem. 

To divide a Right angle into three equal angles . 

From hence 'tis manifeft, how to trifed a Right angle. For let A B C be a 
Right angle, and on AB let be conflituted an Equilateral Triangle A BD. Now 
hecaufe the angle AB D is two third parts of the Right angle U c 

A ft C, [by the firfi Corollary ] ; therefore the angle D B C is one A 

third of the fame Right angle. Again, let the angle ABD be / \ 
bifc&cdby the line BE, then Ihall each angle ABE, EBD, \ 

be a third part of the Right angle. Wherefore the Right angle / 

A B C is divided into three equal angles A B E, E B D, D B C. /_ _ 

Archimedes lays the foundation of his menfuration of a A B 

Circle upon the Trife&ion of a Right angle, and the divifion of an Equilateral 
Triangle into two Right-angld Triangles; in each of which one Acute angle is 
known to be the double of the other, one to be 6o, the other 30 Degrees: and 
the Side fubtending the Right angle to be alfo double of the Side fubtending the 
lealt angle, that is, A B to be double of A E. Upon which grounds he demonftra- 
ftratiyeiy proceeds to his Immortal Glory. If 
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If every ftrait lin'd angle, Obtufe and Acute, could like wife be Geometrically 
Trifedted, it would alfo be of excellent ufe. But this lyes in the fame oblcurity 
with the Quadrature of a Circle, and the Duplication of a Cube; and the pre¬ 
tenders to the Solutions of thefe Problems have all hitherto ihamefully mifcany d 
in their vain attempts, and overweening opinion of themfelves. 

Laftly, to look into the Pliyfical realon, why the three an¬ 
gles of a Triangle are equal to two Right, it may thus plainly 
appear. Tor le* the lines A B, C D, be at Right angles to B D. 

If they be fuppoied to incline toward each other till they meet 
in the point E; then what is by this inclination diminifhed 
from the Right angles AB D, CDB, the fame is again reftored 
in the angle BEDi fo that the three angles EBD, BDE* 

BED, are equal to the two Right angles ABD, CDB. 

PROPOSITION XXXIII. 

S Trait lines, which * the fame way joyn equal and parallel lines, 
they alfo are equal and parallel. 

Let the equal and parallel lines be ab,cd, and the ftrait lines, 
which the fame way joyn them be ac, bd. 1 lay, that a c. bo, are 
alfo equal and parallel: For let be drawn bc. Now forafnnich as ab 
is parallel to cd, and on them falls bc, 
the Alternate angles a b c, b cd, are equal 
to one another; and becauleAB is equal 
to cd, and bc common: therefore the two 
lines ab, bc, are equal to the two lines 
B c, c d, and the angle a b c is equal to the 
angle bcd, therefore the bafe ac is equal to the bafe bd, and the 
Triangle abc is equal to the Triangle bcd, and the remaining an¬ 
gles fliall be equal to the remaining angles, under which are fnb- 
tendcd equal fides: therefore the angle acb is equal to the angle 
cbd. And becaufeon the two ftrait lines ac,bd, the ftrait line bc 
falling, hath made the Alternate angles acb,cbd, equal; therefore 
a c is parallel to b d, [Prop. 17.]; and it hath been proved to be alfo 
equal to the fame. Therefore ftrait lines, which the fame way joyn 
equal and parallel lines, they alfo arc equal and parallel. Which 
was to bedemonftrated. 




ANNOTATIONS. 

♦ 

* Which the fame way, ] That is, from the point A to the point C, and from the 
point B to the point D: not crofs-ways from A to D,and from B to C. 

Bccaufe the tWo lira it lines, which joyn equal, and parallel lines are here prov'd 
to be equal, and parallel to one another, therefore the comprehended fupcrficies 
now found to bc bounded by parallel lines, is called a Parallelogram jpacc : as follows 
in the next Propofition. Therefore it is not properly faid to bc a Parallelogram 
Pigure, but a Parallelogram Space, as indoled by parallel lines, which Space, or 
Area, is the thing conmlered in all Euclids Proportions concerning Parallelograms. 
And a ltrangc overfight it was in Clavius (otherwife a molt faithful Kxpofitor) to 
give a particular definition of a Parallelogram, as a diltindt Figure, af ter Euchdc 
had defined all the kinds of Quadrilateral Figures. Quandoquc bonus dormitat Homcrus . 

This Theorem plainly difeovers the natural Origin and Gencfis of Parallelogram 
/paces, from two equal and parallel lines conjoyn'd by two other ftrait lines. A 
notion very remarkable. P 3 PROPO- 
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PROPOSITION XXXIV. 

O F ‘Parallelogram Spaces the oppofite fides , and alfo the oppo¬ 
se angles, are equal to one another. 
e_And the Diameter cuts the fame into hakes. 

Let t'ne Parallelogram be acdb, and the Diameter thereof bc. 
I fay, that of the Parallelogram acdb, the oppofite Sides, and alfo 
the oppofite Angles, are equal to one another. And the Diameter 
bc, cuts the fame into halves. Forafmuch as ab is parallel to CD, 
and on them falls the ftrait line bc, therefore the Alternate angles 
a b c, b c d, are equal to one another. Again, becaufe the line a c is 
parallel to the line b d, and on them falls the ftrait line b c, therefore 
the Alternate angles acb, cbd, are equal to one another. 

There are then the two Triangles abc, 
cbd, having the two angles abc, bca, 
equal to the two angles b c d, cbd, each 
to each; and one fide equal to one fide, 
that is, the fide adjacent to the equal an¬ 
gles, namely bc common to both. There¬ 
fore [by Prop, ifi.j they Avail have the remaining fides equal to 
the remaining fides, each to each, and the remaining angle equal to 
the remaining angle: wherefore the fide a b is equal to the fide c d, 
and ac to bd: and the angle bac to the angle bdc. And becaufe 
the angle abc is equal to the angle bcd, and the angle cbd to the 
angle acb; therefore the whole angle abd, is equal to the whole 
angle ac d: and it is proved, that the angle B A e, is equal to the an¬ 
gle bdc. Therefore of Parallelogram Spaces the oppofite Sides and 
alfo the oppofite Angles, are equal to one another. 

I fay alfo that the Diameter cuts the fame into halves. 

Forafmuch as ab is equal to c d, and b c common, therefore there 
arc two lines a b, b c, equal to the two lines b c, c d, each to each; 
and the angle abc, is equal to the angle bcd, wherefore alfo the 
Bafe ac is equal to the Bafe bd, and therefore the Triangle abc 
is equal to the Triangle bcd: wherefore the Diameter bc cuts the 

Parallelogram acdb into halves. Which was to bedemonllrated. 

ANNOTATIONS. 

The name of Parallelogram Spaces, we haye noted to be literally formed (as in 
common fpeech) from the termination of Planes made by parallel lines j and this 
name extends only to the Square, Oblong, Rhombus, and Rhomboeid: wherefore 
after the Definitions of thefe four Quadrilateral Figures, Euclidt defines not a Paral¬ 
lelogram i lor that he had then inartificially defin'd anew, what was before defined. 
But now upon this common afie&ion here demonftrated, he does comprehend un¬ 
der that one name the Square, Oblong, Rhombus, and Rhomboeid: fo that what 
Properties at any time are demonftrated upon Parallelograms in general, that is 
Parallelogram (paces, do alike belong to all thefe four Figures. 

Euzlids proceeds after the lame manner in Solids, at Prop. 24. and 2f. El. XI. 
where having laid down in diitimft words a Solid comprehended by parallel Planes, 

he 
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he next after this in one compound word, calls the fame Solid a Parallcleptpidm , 
without premifing any Definition. 

The Commentators therefore were not in this point well advifed, who give a 
formal Definition of a Parallelogram, as if it were a Figure of an other kind, than 
what had been already defined by Eucltdc, 



PROPOSITION XXXV. 

AraUelograms on the fame Bafe , and in the fame Tarallels, 
are equal to one another. 

Let the Parallelograms be aecd, ebcf, on the fame Bafe Be, 
and in the fame Parallels a f, b c. I fay, that the Parallelograr 
a b c d, is equal to the Parallelogram ebcf. Forafmuch as a b c d is 
a Parallelogram, therefore ad is equal to bc, [Prop. 34,.]; by the 
feme reafon alfo ef is equal to bc: fo that 
ad is equal to ef, and de is common; 
therefore the whole ae is equal to the 
whole d f; but alfo ab is equal to dc. Where¬ 
fore the two lines e a, a b, are equal to the 

two lines fd,dc, each to each, and the an¬ 
gle F d c is equal to the angle e a b, the outward to the inward • 
therefore the Bafe eb is equal to the Bafe Fc,and the Triangle e a b, 
is equal to the Triangle fdc. Let dge common to both be taken 
away: then fhall the Trapezium abgd be equal to the Trapezium 
E g c f. Let the Triangle g b c be added in common: therefore the 
whole Parallelogram a b c p, is equal to the whole Parallelogram 

ebcf: wherefore Parallelograms on the fame Bafe, and in the feme 
Parallels, are equal to one another. Which was to be doinonftrated. 



i. 


ANNOTATIONS. 

Of Geometrical Places. 


When in Theorems, or Problems, the fame thing may be alike in feveral places 

Indeterminately , then is this call’d the Geometrical Place of that Theorem, or Pro¬ 
blem, and thefe kind of Propofitions arc call’d Local Theorems, and Local Pro¬ 
blems. As in this 3f. Prop, it evidently appears, that to the Parallelogram A B CD, 
there may bc infinite other equal Parallelograms, on the fame bale A B, v in the 
fame parallel lines: fo that of one of the parallels the whole line, as A F, infinitely 
produced, is the common Place of tliis Equality in Parallelograms footed on the 
fame bafe: The like alfo is on equal bafes. And moreover 111 Triangles on the 
fame, or equal bales; as it is demonftrated in the 3<f, 37> 38, and 41. following Pro¬ 
pofitions ,* This is faid to be Locus planus ad lincam rcclam . Like wife there arc 
Geometrical Plane Places of the fame nature, found in the Circumference ofc a 
Circle. As if it be required to draw from the ends of a ftrait line two ftrait 
lines, which ftiall contain a Right angle; tis evident by Prop. 21. and 31. El. III. 
that in a Semicircle every one of the angles is a Right angle, fo that the Cir¬ 
cumference of a Semicircle, is the Geometrical Place of a Right angle. This is 
faid to be Locus planus ad Circumftrentiam circtdi , and the Problem called a plane 
Problem, or a Problem in loco piano. 

Befidcs thefc plane Places in ftrait lines, and the Circumference of a Circle, there 
arc alfo Loci JoIidi y Geometrical folid Places, which admit of foch lolid Problems. 

Thefc are found in,the Conic Segjtns, namely,, the Parabola, Hyperbola> and Ellipfis. 

They 
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PROPOSITION XXXIV. 

O F TaraGelogramSpaces the oppofite fides, and alfo the oppo- 
fite angles, are equal to one another. 
c And the Diameter cuts thefame into hakes. 

Let the Parallelogram be acdb, and the Diameter thereof bc. 
I fay, that of the Parallelogram acdb, the oppofite Sides, and alfo 
the oppofite Angles, are equal to one another. And the Diameter 
ec, cuts the fame into halves. Forafmuch as ab is parallel to cd, 
and on them falls the ftrait line bc, therefore the Alternate angles 
a b c, b c d, are equal to one another. Again, becaufe the line a c is 
parallel to the line b d, and on them falls the ftrait line b c, therefore 
the Alternate angles acb, cbd, are equal to one another. 

There are then the two Triangles abc, 
cbd, having the two angles abc, bca, 
equal to the two angles bcd, cbd, each 
to each; and one fide equal to one fide, 
that is, the fide adjacent to the equal an¬ 
cles, namely bc common to both. There- 
fore ■ bv Prop. z 6 .i they fhall have the remaining fides equal to 
the remaining fides, each to each, and the remaining angle equal to 
tlie remaining angle: wherefore the fide a b is equal to the fide c d, 
and ,\c to bd: and the angle bac to the angle bdc. And becaufe 
the angle a bc is equal to the angle bcd, and the angle c bd to the 
angle a c b ; therefore the whole angle abd, is equal to the whole 
angle a cd : and it is proved, that the angle bac, is equal to the an¬ 
gle bdc. Therefore of Parallelogram Spaces the oppofite Sides and 
alfo the oppofite Angles, are equal to one another. 

I fay alfo that the Diameter cuts the fame into halves. 

Forafmuch as a b is equal to c d, and b c common, therefore there 
arc two lines ab, bc, equal to the two lines bc, cd, each to each; 
and the angle abc, is equal to the angle bcd, wherefore alfo the 
Hale ac is equal to the Bafe bd, and therefore the Triangle abc 
is equal to the Triangle bcd: wherefore the Diameter bc cuts the 
Parallelogram acdb into halves. Which was to be demon ftrated. 

ANNOTATIONS. 

The name of Parallelogram Spaces, we have noted to be literally formed (as in 
common fpcech) from the termination of Planes made by parallel lines; and this 
name extends only to the Square, Oblong, Rhombus, and Rhomboeid: wherefore 
after the Definitions of thefe four Quadrilateral Figures, Euclidt defines not a Paral¬ 
lelogram; tor that he had then martificially defin’d anew, what was before defined. 
Cut now upon this common affe&ion here demonftrated, he does comprehend un¬ 
der that one name the Square,Oblong, Rhombus, and Rhomboeid : fo that what 
Properties at any time are demonftrated upon Parallelograms in general, that is 
Parallelogram (paces, do alike belong to all thefe four Figures. 

Eizhdc proceeds after the fame manner in Solids, at Prop. 24. and 2$-. El. XI. 
"here having hid down in diitmtt words a Solid comprehended by parallel Planes, 

he 
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he next after this in one compound Word, calls the fame Solid a Paralleleplpedon , 
without premifing any Definition. 

The Commentators therefore were not in this point well advifed, who give a 
formal Definition of a Parallelogram, as if it were a Figure of an other kind, than 
what had been ahead y defined by Eacltde. 

PROPOSITION XXXV. 

Arallelograms on the fame Bafe , and in the fame Parallels, 
are equal to one another. 

Let the Parallelograms be abcd, ebcf, on the fame Bafe bc, 
and in the fame Parallels a f, b c. 1 fay, that the Parallelogram 
a b c d, is equal to the Parallelogram e b c f. Forafmuch as a b c d is 
a Parallelogram, therefore ad is equal to bc, [ Prop. 34..]; by the 
lame reafon alio e f is equal to B c : fo that * ok e 

a d is equal to e f, and d e is common; 
therefore the whole ae is equal to the 
whole d f; but alfo ab is equal to dc. Where¬ 
fore the two lines e a, a b, are equal to the 
two lines fd,dc, each to each,and the an- B c 
gleFDC is equal to the angle eab, the outward to the inward; 
therefore the Bafe e b is equal to tile Bale f c, and the Triangle e a b, 
is equal to the Triangle fdc. Let dge common to both be taken 
away: then fliall the Trapezium abgd be equal to the Trapezium 
eg c f. Let the Triangle gbc be added in common: therefore the 
whole Parallelogram a b c n, is equal to the whole Parallelogram 
E b c F: wherefore Parallelograms on the fame Bafe, and in the fame 
Parallels, are equal to one another. Which was to be domonftrated. 

ANNOTATIONS. 

Of Geometr ica 1 Places. 



When in Theorems, or Problems, the fame thing may be alike in feveral places 
Indeterminately , then is this call’d the Geometrical Place of that Theorem, or Pro¬ 
blem, and thefe kind of Propofitions are call'd Local Theorems, and Local Pro¬ 
blems. As in this 3 j\ Prop, it evidently appears, that to the Parallelogram ABCD, 
there may bc infinite other equal Parallelograms, on the fame bale A Bj- in the 
fame parallel lines: fo that of one of the parallels the whole line, as A F, infinitely 
produced, is the common Place of this Equality in Parallelograms famed on the 
fame bafe: The like alfo is on equal bafes. And moreover in Triangles oil the 
feme, or equal bafes; as it is demonlbated in the 3 6, 37,38, and 41. following Pro¬ 
pofitions; This is faid to be Locus planus ad line am reel am. Like wife there arc 
Geometrical Plane Places of the feme nature, found in the Circumference of a 
Circle. As if it be required to draw from the ends of a ftrait line two ftrait 
lines, which lhall contain a Right angle; 'tis evident by Prop. 21. and 31. El. 111 . 
that in a Semicircle every one of the angles is a Right angle, fo that the Cir¬ 
cumference of a Semicircle, is the Geometrical Place of a Right angle. This is 
feid to be Locus planus ad Circumferentiam circuit , and the Problem called a plane 
Problem, or a Problem in loco piano. 

Bcfides thefe plane Places in ftrait lines, and the Circumference of a Circle, there 
arc alfo Loci Joltdi , Geometrical (olid Places, which admit of fuch folid Problems. 

Thefe are found in .the Conic Se 8 ions> namely, the Parabola, Hyperbola, and Eiltpfis. 

They 
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They are called (olid Places, and fbiid Problems, notwithftanding that thefe Fi¬ 
gures lye in a plain fuperficies, becaufe they have their Origin in a folid Figure, 
as the Cone: and are made by the cutting of a Conical Stipeificies with a Plane: 
as the Conic Elements of Apollonius ihew, how thefe Figures are feated and created 
in a Conic Body. Prop. 11,12,13. Lib. 1 . 

There are alio Lmearv Problems differing much from thele Solid, and Plain 
Problems, tho‘ they be defenbed in a fimple plain fuperficies j but not by a Ample 
motion, as is the ltrait line, and C;rcie. They are therefore in a fpeciai manner 
called Lineary y becaufe their folutions are effe&ed by certain lines arifing from 
compounded, and involved motions. Such is the Helix or Spiral line of Archimedes, 
the Conchoid ot Nisomrdes, the Linecz i etraymiyantes. or Quadratrices , with divers 
others deferibed by the Ancients, and Moderns. See Pappus alter Prop . 4. Lib. 111 . 
and Prop. 30. Lib. IV- 

Geoctefia, or the Menfuration of Plain Figures. 

Elementary Annotations. 

Upon this Propofition, and Ibme of the next following, is grounded the Do¬ 
ctrine oi the Menfuration of all Plain Figures, as to their fuperticial Content, or 
Area ; which is one fort of practical Geometry deduced from thefe Speculative 
Elements; and of a necelLry ule in many human Affairs. This Doctrine is com¬ 
monly named GeocUfia, from the Partition and Diltribution of Lands; it being 
one of the moft valuable Matters handled in this part of Geometry : And with us 
particularly called the Art of Surveying. But the ufe of the word Gcodeefia , like as 
the word Geometria, is enlarged beyond us original figmtication, and extended to 
the general Do&rine of the Menfuration of all forts of Figures in a plain fuper¬ 
ficies. And to this ufe fully aniwers the name Epipedometria , or Pianometria , an ealier 
word, tho’ Critically no", fo proper, as being compounded of Latin and Greek. 

Now in all kind of Menfuration, whatfoever is taken for a meafure whereby to 
eftimate and value any propoLd quantity, the fame muft be certain and deter¬ 
mined. In Dijcrete quantity it is an Vmte , which naturally mealurcs all Numbers, 
In Continued quantity, as Magnitude, it muft be a fuppofed Vnite to meafure Magni¬ 
tudes. 1 fay fippofed ; for that Magnitude being a quantity infinitely divifiblc, has 
no indivifible unite in it felf, whereby to meafure Magnitudes, as Number has an 
indivifible unite to meafure Numbers. Put inftead thereof we make to our fclves 
by mutual agreement fome certain meafures, as an Inch, or Foot, in every kind of 
Magnitude, which as a Geometrical unite may anfwer to an unite in Numbers, fo 
that in Magnitudes the Geometrical meafure is only a fuppojed *Unite taken by Confcnt . 

As fome one ftrau line is put to meafure Lengths: And let this meafure be called 
the Lineal Unite. 

Someone plain Figure to meafure plain Figures: And let this be called theda- 

perficial V)mte. 

Some one Solid Figure to meafure Solids: And let this be called the folid Vnite. 

The value then, or eftimate of any Magnitude is made from the multitude or 
number of the Geometrical meafunng Unites, which that Magnitude fhall contain: 
Be they Lineal, Superficial,or Solid Unites, according to the Ipecies of the Magni¬ 
tude, as it is cither a length, a fuperficies, or a folid, which is propofed by fome 
certain meafure to be eftimated. 

In the Menfuration of Lengths, ther e is no other trouble than to agree upon 
what knonm Length the Lineal Unite, or meafuring Line (hall be. Whether Inch, 
Foot, Yard, Pearch, or any other Civil and Political meafure, according to the 
cuftom of the Place. 

But in the Menfuration of Planes, which is according to Length and Breadth, it 
is not only a known fuperficial quantity to be agreed upon, but alfo rvhat Figure 
of a bitten fuperficud quantity^ is moft proper to be the common meafure ot all 

plain Figures. 

This matter requires lome Artifice, in regard of diyers miftakes that may arife 
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in the Management of it. For no certain rule of Menfuration can be made from 
the circumambient bounds, or Perimeter of a plain ftrait-lin'd Figure (as vulgarly 
may be imagined) becaufe fuch plain Figures may be of equal quantity in their 
Areas, yet of very unequal Perimeters: and contrarily of equal Perimeters, yet of 
very unequal Areas. 

As for Example, let the Figure A BCD be right angl’d, and have the fide AB 
6 inches in length, and the fide BC as much in breadth: and accordingly let the 
Figure be divided by parallel lines. So now it is eafily demonftrated from the 
Diagram, that the four fides of this Figure (which are its Perimeter) (hall be 
24 inches ; aud the whole Area fhall contain 3 6 fquare inches: -\s is alfofbund 
by multiplying 6 into 6 ; that is, by drawing the length AB into the breadth BC; 
which is the general Rule of all fuperficial Menfurations; for that every figurate 
fuperficies is to be meafured by the two dimenfions of length and breadth. 
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Again, let the Oblong AEFG, have the fide AE 18 inches in length, and the 
fide E F 2 inches in breadth: fo the Perimeter diall be 40 inches; yet the Area is 
but 3 6 fquare inches, and equal to the Area of the fquare ABCD, whofe Peri¬ 
meter is but 24 inches. 

Likewife let the Oblong A H 1 K have the fide A H 12 inches, and HI 3 inches, 
the Perimeter then fhall be 30 inches, and the Area (till 3 6 fquare inches. 

Again,let the Oblong ALMN have the fide AL 9 inches, and the fide LM 4 
inches,then the Perimeter Hull be 26 inches; and the Area as before 3* fquare inches. 

• 1 * 

In thefe Figures we have the Areas equal,and the Peri- 
| meters unequal: But the Perimeter of the fquare is the 
a the Icaft; and in Oblongs of equal Areas with the fquare, 
1 = where they differ molt from a fquare Figure, that is, 
g where the difference between the length and breadth is 
§ the moft, there the Perimeter is the greateft; and as 
5 the difference becomes lefs and left, fo the Perimeter is 
lefs and lefs, till in the fquare it is the leaft of all. 

Again on the contrary, let the fquare A B C D be as before; and let A E F G the 
Oblong, have the fide AE n inches in 

length, and the fide EF, One inch in D 
breadth, then the Perimeter is 24 inches, 
and equal to the Perimeter of the fquare T 

ABCD; yet the Area is only 11 fquare 2 
inches, whereas that of the fquare is 3 6. 

Likewife let the Oblong A HIK have N 
the fide AH 10 inches,and the fide HI 2 K 
inches; the Perimeter is again 24 inches, q 
but the Area 20 fquare inches. 

So farther, let the Obkmg ALMN 
have the fide AL 9 inches, and the fide 
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L M 3 inches: wherefore the Perimeter is alfo 24 inches; but the Area is 27 fquare 
inches. Again, 
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Again, kt theOblong AOPQjiavetbe fide AO 8 inches, and the fide OP 4 
inches: the Perimeter here is h inches? but the Area 3a fquare inches. 

{i%> let the Oblong A RST have the fide AR 7 inches, and the fide RS s 
inches: the Perimeter is frill 24 inches? but the Area is 37 fquare inches. 

In thefe figures we have the Perimeters equal, and the 
Areas unequal: but the Area of the fquare is the greateft. 
And ohferve that the nearer any Redangle comes to a 
fquare Figure, that is, where the difference between the 
§. length and breadth is the lefs, there the Redangles of e- 
= qual Perimeters are the more Capacious: fo that where 
the difference is nothing at all, that is, where the Figure is 
5 a fquare, there the Area is the greateft in refped of all the 
Parallelograms, that are of equal Perimeters with the fquare. 

Upon thefe various changes in Areas and Perimeters, e- 
qual Areas and unequal Perimeters, equal Perimeters and 
unequal Areas, *tis manifeft that a Rule for the menfura¬ 
tion of the Area or Superficial content of Parallelograms, 
made from their Perimeters is very uncertain, and therefore 
the way of all menfuration in genera!, is not to be founded upon the Perimeter 
of the l'isure, as any certain Rule. 
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Parallelogram fpaces: Of which there are four kinds, the Square, Oblong, Rhom¬ 
bus, and Rhomboeid. 

Firft then, whereas it is here demonftrated, that all Parallelogram fpaces on the 
fame hafe, and in the fame parallels, are in their Space, or Area equal to one ano¬ 
ther; altho it be evident that their Perimeters may be infinitely unequal, on* 
Perimeter ftiil greater then another, as their angles are more and more oblique 
one than another, and accordingly two of their fides are equally prolonged more 
and more infinitely ? therefore no certain meafure of the equal Areas of thefe Paral¬ 
lelograms can be taken from their unequal Perimeters. 

To clear this Matter from its firft ground, we are to recoiled that a fuperficies 
is a Magnitude of two dimenfions taken tranfverfly to one another, in length and 
breadth: and therefore every fuperficial Figure is to be eftimated by its proper 
length and breadth. It remains then, to find out the proper length and breadth 
of thefe various Parallelograms, wherein they may all agree for their juft eftima- 
tion, in regard that they are ioArca all equal to one another: and therefore fome 
one kind of meafiira.tion according to their proper length and breadth ought to be 
fought, which (hall be to every Parallelogram the fame in quantity, and ajfo com¬ 
mon to them aU: howfoevec elfe they be differim* from one another in their Peri- 


Upon enquiry 
it will be found 
manifeft, that the 
proper length and 
breadth for the 
menfuration of 
thefe Parallelo¬ 
gram fpaccs,ought 
not to be taken 
from their ob¬ 
lique fidcs. As of 


the oblique Paral- A 


their 


ies. 



telegram ABEC, if AB be put for its length (mote that among Geometricians 


id breadth are indifferently apply d to the longer, 

fete.AB.bc the length of the Figure ABEC, 


fide 
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fide BE ought not to be efteemed its proper meafuring breadth. For befidesthat 
this falls into the former erroneous way of meafuring by the Perimeter, the abfur- 
dity is alfo farther made thus manifelt If.of the Parallelogram fpace ABE*, 
the fide B E be its proper breadth, then likewife in the Parallelogram A B F G, 
having the fame length AB, the fide BF. fhould as well be accounted the proper 
breadth thereof. Now becaufe thefe Parallelogram fpaces are equal to one another, 
and have the fame length AB, therefore their breadthsBE, BF, fhould alio be 
equal to one another: but BE, BF, are eafily demonftrated to be unequal; there¬ 
fore their proper breadths are not to beeiteemed by the fidesBE, BF. In ge¬ 
neral therefore the oblique pofition of length to breadth, is a way altogether un¬ 
certain and undeterminable, as being infinitely variable, and fo unfit for any Rule 
or common Practice in thefe fuperficial Menfurations. 

Forafinuch then that neither from the Perimeter, nor from length and breadth 
taken obliquely towards one another, can be formed a Rule for the Menliiratioii 
of Parallelogram fpaces; it necelTariiy follows that length and breadth are only 
to be taken at Right angles each to other, a way one and the fame unalterable, 
commonly known, and eafily pra&iced. And hereupon tis nianifcft, that the 
Right angl’d Parallelogram on the fame bafe, and in the fame parallels, is the 
Standard unto which all the other oblique angl'd Parallelograms are to be referred 
for their Menfurations. As the Areas of A B L C, A B F C, &c. are all to be known 
from the Area of the Redangle A B C D; for that any two of its lides, which con¬ 
tain an angle, as AB, BC, or AD, DC, being at Right angles to one another, are 
the very proper length, and breadth of this Parallelogram; one whereof being 
drawn into the other, brings forth the Area, which in this 3;‘\Prop. is demon- 
ftrated to be equal to all poflible oblique angl’d Parallelograms on the fame bafe, 
and in the fame parallels.: 

Therefore for the Mcnfuration of an oblique angl’d Parallelogram, it muft be 
reduced to its Equivalent Redirigle: And this is done by drawing from any one fide 
a perpendicular to the oppofite^ produced if need be. 





% 


i 


i 


As in the oblique Parallelogram ABEC, from the fide CE, let be drawn EH 
perpendicular to the oppofite fide A B the bafe produced. Here then E H is equal to 
CB, or D A, the oppofite lides of the Re&anglc AB CD, for that they are parallel 
by Prop. 28. and therefore equal by Prop. 34. So that the perpendicular E H is the 
proper breadth of ABEC. And as the Re&angle ABCD ismeafured according 
to its proper length and breadth, by the bafe AB drawn into the perpendicular 
BC, fo is theRhomboeid ABEC meafuredby the fame bafe AB,drawn into the 
perpendicular HE equal to BC,or AD : Likewife A B F G is meafured by A B into 
K 1 : . Thus the perpendicular is the only true, and common breadth of all Paralle¬ 
lograms on the lame bafe, and in the fame parallels. Therefore the Rule tor the 
Mcnfuration of oblique angl'd Parallelograms is this. 


In oblique angl’d Parallelograms, the bafe, and a perpendicular to 
the bafe, from the oppofite fide, drawn into one another, give the 
Area of the Parallelogram. 

By the bafe is meant any one fide of the Parallelogram taken two ways ■, cither 

CL 2 by 
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by letting fell a perpendicular from the longer fide upon its oppofite as a bafe, 
or from the Ihorter fide upon its oppofite as a bafe. For in the Rhomboeid A B C D 
the perpendicular may be DE upon the bafe A B, or the perpendicular DF upon 
the bafe B C. From thefe two different cadencies of the perpendicular upon the 
bafe, the Rectangles are changed both in bafe and perpendicular: yet each Rectan¬ 
gle is equal to the fame Rhomboeid by this Prop. And the Rhomboeid is in¬ 
differently eftimated by either Rectangle. 



A E B 


The perpendicular with its bafe; as D E with A B, or D F with BC, are called 

the Lai era reft a, or the upright fides of the oblique Parallelogram, becauft; they 
make a right angled Parallelogram equal to the oblique. 

Now for the Menfuration of a Rectangle, we are firft to know the quantity of 
its length and breadth, that is, the diftind quantity of two fides containing any 
of its angles. As for lnttance of the Rectangle A BCD, we are to know* the di¬ 
ftind quantity of the lines AB and BC. 

To find therefore the quantity cif any propofed length, we muft have recourfe 
to fome certain and known meafure of lengths, for a Lineal unite to make an ac¬ 
count by the lame. As in the fide A B, let BE be the Lineal unite, whether Inch, 
Toot, or Yard, &c. put by content for the Menfuration of A B. The fame meafure 
then is ftill to be ufed in the fame matter, to avoid the confiifion of meafures; and 
therefore the very fame is to be taken in the fide BC'. for the Menfuration thereof 
and let it be BE equal to BE; and let the Figure compleated by lines parallel to 
E B, B I ; , be E BI G, or cite conceive E I> to pals tranfverfly the length B F, equal 
to BE, then (hall likewite be traced forth the fame liiperficial unite or meafuring - 
Plane E BI G, whereby to eltimate the whole Parallelogram fpace of ABC D. 

Whereas then EB, B F, are equal to one another, therefore the Figure EBFG 
isalquare: and if the line EB be put an inch, 
then EBFG is in its Area an inch fquare; fo that 
of the redangle A B C D, if the fide A B con¬ 
tain E B (even times, that is, (even Lineal units, 
as 7 inches, and according to the fame meafure 
the fide BC y inches, then the whole fpace 
lhall contain fuperficia! units, or fquare 
inches, each of them equal to EBF G. And this 
a: once is found by Multiplying 7 into y; that is, 
by drawing the length A B into the breadth B C: 

'fhe general ground of all fuperficial Menfiira- 
tions. 

Thus have wc fliewn how an oblique Parallelogram (pace, is firft to be reduced 
to'Redangle for its Menfuration; and then how all Redangular Spaces, Squares, 
and Oblongs, mult be mcafiircd by lome certain Square fpace, whole fide* is a 
known meaiure of lemuhs. 

Lairly, therefore to confirm this matter, let there be put fbme known mea.fure 
of lengths, which wc call the Lineal Unit e, and let it be the line A B, f.up- 
pole a foot: audio Al> let be put AD equal and at fijght an&Iet. Again, let A E 

be 
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be put equal to A B, and at an oblique angle, then let be conipleated the Figures 
AB CD, A B F E. Therefore 
AB C D is a Iquare^nd A B F E 
a Rhombus, having every fide 
equal to AB the Lineal unite, or 
fuppofed foot. Yet the Rhom¬ 
bus A B F E, is not equal in A- 
rea to the Square A B C D, but ^ 
only to a pare thereof, namely, 
to the Oblong A B G H by this 
3; th . Prop. And in this cafe the 

varieties are endlefs; as in the 
Rhombus A B 1 K, which is ftill A 

alefs part of ABCD, and but equal to the Oblong ABLM, and fo forth infi¬ 
nitely ; therefore there is no certainty but in the fquare Figure. 

And as the Square is u(ed in the Menfuration of Planes, fo upon the like rcafons 
the Cube is ufed in the Menfuration of Solids. And in general it is to be oblerved, 
that whatever mealiire is at firft put for lengths, the fame pafleth for length, 
breadth, and depth, and forms the meafuring Square or Cube; be the Lineal 
unite either Inch, Foot, Yard, Perch, &c. 

Thus for the Menfuration of all kinds of Magnitudes, as they are of one, or trw, 
or three Dimenfions, there is in common practice conftituted fo me certain meafure 
conformable to each Dinienfion. And (as we muft begin with the moft fimple Di- 
menfion) for lengths there is firft made an agreement upon fome Lineal unite : next, 
to continue in a certainty of meafiire, from the fame Lineal unite is to arife the 
Square unite for Planes; and from the Square unite the Cubic unite for Solids. As to 
lnftance in particular, a Lineal Inch, or Foot, &c. from this a Square Inch, or 
Foot,&c. then laftly, a Cubic Inch, or Foot, &c. to be the Meafuring unite ac¬ 
cording to the Dimenfions of the Magnitude, which is to be eftiinated by fuch or 
fuch a meafure, Inch, or Foot, &c. fuitable to its proper Dimenfion. 

PROPOSITION XXXVI. 

P arallelograms on equal bafes, and in the fame parallels are 
equal to one another. 

Let the Parallelograms be abcd, efgh, on equal bafes bc, fg, 
and in the fame parallels ah, bg. I fay, that the Parallelogram 
abcd is equal to the Parallelogram efgh. For let bejoyndBE,cH. 
Now foralmuch as bc is equal to fg [by Suppofition) : and alfo fg 
is equal to eh [by Prop. 54..] ; therefore 
B c is equal to eh ; but alio they are pa¬ 
rallels by Suppofition, and be, cH,joyn 
the fame. Now lines which the fame way 
joyn equals and parallels, are alfo equal 
and parallel [Prop. 35.]. Therefore eb, 
ch, are equal and parallel: therefore ebch is a Parallelogram, and 
is equal to abcd; for it hath the fame bafe bc, and is in the fame 
parallels bg, ah. By the fame reafon, efgh is equal to the fame 
ebch; fo that alfo the Parallelogram abcd, is equal to the Paral¬ 
lelogram efgh. 

Therefore Parallelograms on equal bafes, and in the feme paral¬ 
lels, are equal to one another. Which was to be demonftrated. 

(L 3 Corollary, 
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Corollary. 

From hence 'tis manifeft, that Parallelograms on unequal bafe, and in the fame 
parallels are unequal to one another: on the greater bale the greater Parallelogram, 

on the lets the lefs. 

PROPOSITION XXXVII. 



Riangles on the fame bafe, and in the fame parallels are equal 
to one another. 

Let the Triangles be abc, dbc, on the fame bafe bc, and in the 
fame parallels ad,bc. I fay, that the Triangle abc, is equal to the 
Triangle dbc. Let ad be produced both ways to the points E,f, 
and bv b let be drawn be parallel to ca, e 
and by c, c f parallel to bd : therefore each 
of thefe, ebca, dbcf, is a Parallelogram, 
and ebca is equal to d b c f : for they are 
on the lame bafe b c, and in the fame paral¬ 
lels b c, e f. And the Triangle abc is half 
of the Parallelogram ebca; for the Dia¬ 
meter a b cuts the fame into halves. And the Triangle dbc is halfof 
the Parallelogram dbcf; for the Diameter d c, cuts the fame into 
halves: but the halves of equals are equal to one another: where¬ 
fore the Triangle a b c is equal to the Triangle dbc. 

Therefore Triangles on the fame bafe, and in the fame parallels, 
are equal to one another. Which was to be demonftrated. 



PROPOSITION XXXVIII. 

T Riangles on equal bafes, and in the fame parallels are equal 
to one another. 

Let the Triangles be a b c, d e f, on equal bafes b c, e f, and in the 
fame parallels b f, a d. I fay, that the Triangle a b c is equal to the 
Triangle def. For let ad be produced both 
ways to the points g, h, and by b let bedrawn 
cg parallel to ca, and by f, fh parallel to 
de, therefore each of thefe g b c a, de f h, is 
a Parallelogram. And gbca is equal to defh; 
for they are on equal bafes b c, e f, and in the 
fame parallels bf,gh. And the Triangle abc 
is the half of the Parallelogram gbca; for the Diameter ab cuts 
the fame into halves. And the Triangle d e f is the half of the 
Parallelogram df.fh; for the Diameter d f cut the fame into halves; 
but the halves of equals are equal to one another: wherefore the 
Triangle abc is equal to the Triangle def. 

Therefore Triangles on equal bafes, and in the fame parallels, 

are equal to one another. Which was to be demonftrated. 

Corollary. 
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Corollary. 

* I 

From hence tis manifeft, that Triangles on unequal bafe, and in the fanic paral¬ 
lels are unequal to one another: on the greater bale the greater Triangle, on the 
lets the lefs. 

PROPOSITION XXXIX. 

E Qual Triangles on the fame bafe, and the fame way featcd, 
are in the fame parallels. 

Let the equal Triangles be abc, dbc, on the fame bafe bc, and 
the fame way feated. I fay, that they are in the fame parallels. 
For let be joyn’d a d ; I fay, that a d is parallel to 
b c. For if not, by the point a let be drawn a e 
parallel to bc, and let be joyn’d e c: therefore the 
Triangle abc is equal to the Triangle ebc; for 
they are on the fame bafe b c, and in the fame 
parallels b c, ae. But abc is equal to dbc : there¬ 
fore alfo d b c is equal to ebc, the greater to the lefs: which is im- 
poffible. Therefore ae is not parallel to bc. In like manner may 
we prove that no other is befides a d : wherefore ad is parallel to b c. 

Therefore equal Triangles on the fame bafe, and the fame way 
feated, are in the fame parallels. Which was to be demonftrated. 

PROPOSITION XL. 

E Qual Triangles on equal bafes, and the fame way feated, are 
in the fame parallels. 

Let the Triangles be abc, dce, on equal bafes bc, ce, and the 
fame way feated. I fay, that they are in the fame parallels. For let 

be joyn’d ad ; I fay, that ad is parallel a_ 

to be. For if not, by the point a let be 
drawn a f parallel to b e, and let be joyn’d 
fe: therefore the Triangle abc is equal 
to the Triangle fce ; for they are on e- 
qual bafes bc,ce, and in the fame paral- / 
lels b E, a F- But the Triangle a b c is equal 
to the Triangle dce, therefore alfo the Triangle dce, is equal to 
the Triangle fce, the greater to the lefs: which is impofiible. 
Therefore at is not parallel to be. In like manner tve may prove 
that no other is befides ad: wherefore ad is parallel to be. 

Therefore equal Triangles on equal bafes,and the lame way feated, 
are in the lame parallels. Which was to be demonftrated. 

PROPOSITION XLI. 

I Fa 'Parallelogram full have the fame bafe with a Triangle, and 
be in the fame parallels, the Parallelogram Jhatl be double of the 
Triangle. 

For let the Parallelogram abcd have the fame bafe With the 

Triangle 
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Triangle e b c, and be in the fame parallels b c, ae. I fay, that the 
Parallelogram a b c d, is dou ble of the Tri- a 
angle e b c. For let be joy n’d a c. Now the 
Triangle ab c is equal to theTriangle e b c*, 
for they are on the fame bafe b c, and in 
the lame parallels b c, a e. But the Parai* 
lelogram a b c d, is double of the Triangle 
a b c ; for the Diameter a c cuts the fame 
into halves. So that the Parallelogram a b cd, is alfo double of the 
Triangle ebc. 

If therefore a Parallelogram have the fame bafe with a Triangle, 
and be in the lame parallels, the Parallelogram fhall be double of 
the Triangle, Which was to be demonftrated. 



ANNOTATIONS. 

This Propofition compleats the Dodrine for Menforation of plain Surfaces: 
the Foundation whereof we have folly laid down at Prop. 3 And whereas it was 
there (hewn, that the Rule, by which ail Parallelograms on equal bales, and in the 
fame parallels are to be meafored, was to multiply the bafe into the peroendicu- 
lar: Now here "tis further demonftrated, that the Parallelogram on the fame bale 
with the Triangle, and in the fame parallels is the double of the Triangle; wherefore 
half of the Parallelogram is equal to the Triangle. And therefore 


To find the Area of a Triangle; 

Let a perpendicular from any angle of a Triangle to the bafe, be multiply’d into 
half the bafe, it (hall give the Area of the Triangle. 

And forafmuch as a Triangle is the raoft fimple of all redilineal Figures, there¬ 
fore all redilineal Spaces may be refolved into Triangles, and from the particular 
Triangles added together, be juftiy meafored by this 4i ft . Propofition. 



Now to reduce any Multilateral Figure into the feweft Triangles, note, that every 
Multilateral Figure may be divided into fb many Triangles, lefs by two, as is the 
number of its Sides. As a Pentagon into f. Triangles, lefs by 2, that is, into three 
Triangles. An Hexagon into four. An Heptagon into five. AnOdogon into fix, 
&c. As thefe Figures make apparent. 

Corollaries. 

1. For the Menfuration of any Multilateral Figure. 

Now to find the Area of any Multilateral Figure, let the Figure be divided af¬ 
ter the moft convenient manner into the feweft Triangles, and each Triangle be 
meafored by its bafe and perpendicular, according to the foregoing Rule in mul¬ 
tiplying the perpendicular into half of the bafe; then (hall thefe Triangles added 
together give the Area of the Multilateral Figure. For further inftru&ions in thefe 
kind of Matters, recourfe is to be had to the Writers of Pradical Geometry. Here 
we have only touched (lightly on the Ufesof thefe Elementary Proportions, 

2. For 
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t. For the Menfuration of a Regular Multilateral Figure. 

From hence tis manifeft, that in a Regular Multilateral Figure a perpendicular 
from the Center to any of the Sides multiply d into half tlte Perimeter gives the 
Area. 

E 



AsAB multiply’d intoBCDE, half the Perimeter and equal to BF, is equal 
to the Area of the Figure, that is, to the Parallelogram A B F G. For that of each 
Triangle the perpendicular A B multiply’d into half the bale gives the Area: All 
which Triangles together are equal to the whole Multilateral Figure. 

Therefore alio the Right angl’d Triangle A B H, having the Side B H equal to 
the whole Perimeter BCD E FG, is equal to the fame Multilateral Figure. 


3. For the Menfuration of a Circle. 

And as there is found this equality of Areas between a Regular Polygon and 
filch a Right angl’d Triangle; fo Archimedes hath dcmonltrated the fame between 
a Circle and a Right angld Triangle, one of whole Sides about the Right angle is 
equal to the Radius, and the other to the Perimeter of the Circle. 



Now the Phyfical reafonof this agreement between a Rc&iiineal Figure and a 
Circle teems to be, for that a Circle is, as it were, a Regular Polygon conjijtingof infinite 
equal [ules. So that a Triangle, one of whole fides about the Right angle, is equal 
to the Radius, and the other equal to the Perimeter, is in Area equal to the Circle, 
like as it is in Regular Polygons. As ot the Triangle AB C> if the fide B C be iup- 

poled equal to the Perimeter of the Circle, then fliall the Triangle ABC be equal 
to the Circle, as Archimedes hath dcmonltrated. But how Geometrically to ex- 
hibite a ftraic line equal to the Perimeter of a Circle, and to demonltrate the 
fame (as in this Inltance BC) tobcaline equal to the Perimeter, Hie labor, hoc opus. 

Archimedes therefore makes a further attempt toward this Matter, and in his 
wonderful Book of Spiral Lines , demonltrates m Prop. 18. that if to the term 
of a Spiral line deferibed by the firft Revolution of the Gcneirix , a Tangent be drawn: 
and from the Original, or Central point of the fame be likewi/e drawn a limit line 
at Right angles to the Gcnetrix, and produced till it meets with the Tangent, then 
fliall this ftrait line be equal to the Perimeter of the Circle, whole Radius is the 
line that describes the Helix, 

But how to draw the Tangent is a work left unfinilhed. Ami till a Tangent to 
an Helix be Geometrically demonftrated, a ftrait line equal to the Perimeter ot a 
Circle remains unknown. 

Archimedes having in tliefc methods proceeded Geometrically toward the invefti- 

cation of a ftrait line equal to the circumference of a Circle, without a plenary 
b R fUlf- 
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fatisfaction, endeavours next to come to a nearnefs of equality, fo far as it might 
be eaiilv practicable, and fufikient for common life. 

He begins with the Trillion of a Right angle, or a Quadrant of die circum¬ 
ference of a Circle (commonly fignihed by the number of 90 Degrees} fo that each 
Segment is a third part of the Quadrant, or 30 Degrees of 90, and therefore a i2 lh . 
part of the whole circumference, that is, of 3 60 Degrees. 

Firjl 7 Now he bdeds this angle, and by confequence the Arch, which maketli 
each Segment a 24“. part of the circumference. Secondly , This bife&ed, makes 
each Segment a 48 h . part of the circumference. Thirdly \ This again biletled,makes 
each Segment a 96 \ part of the circumference: In which Segment Archimedes refts. 

Thus from the Bifedions of a 1 impart of the circumference thrice repeated, he 
takes a regular Polygon of 96 lidcs circumfcribed about a Circle. Then he de- 

J 4 _ * 

monftrates the Perimeter of this Polygon to be to the Diameter of the Circle as 22. 
to 7. almoft, that is, to be triple of the Diameter, and moreover the overplus 
above the triple to be almoft \ part, or parts of the Diameter: which is the fame 
thing; whether the Diameter de divided into 7- or 70. equal parts. And becaufe 
the circumference of the contained Circle is lefs than the Perimeter of the cir- 
cuinfcribed Polygon, therefore the overplus of the circumference above the triple, 
is much lefs than i or of the uiaincter. 

l or of two unequal magnitudes the leffer hath a lefs proportion to a third magni¬ 
tude, than the greater hath to the fame. As a Groat hath a leffer proportion to a 
Penny, than a Shilling hath to a Penny. 

Again, he takes a regular fohgonof 96 Tides inferibed in a Circle, then he de- 
monftratesthe Perimeter of this Polygon to be alio triple of the Diameter of the 
Circle, and the overplus above the triple to be greater than j? parts of the Diameter. 

And bccaule the circumference ot the Circle is greater than the Perimeter of 
the contained Polygon, therefore the overplus above the triple is much greater 
than -J parts of the Diamuer. 

So that Archimedes ufes, firft a circumlcnbed Polygon of 9 6 (ides, whole Peri¬ 
meter is greater than the circumference of the Circle; and then an inferibed Po¬ 
lygon of i/j (ides, whole Perimeter lslels than the circumference: and from their 
proportions to the Diameter he proves the fame a Fortiori, that the quantity of the 
Circumference is triple of the Diameter, and lomewhat lefs than parts, yet fome- 
wlut greater than parts of the Diameter, being firft divided into 70, and again 
into 71. equal parts. Linu:s eaiilv comprehended, and expo fed in the ieaft and 
i ewe ft numbers. 

The Moderns indeed have brought this within cloler bounds; but in great num¬ 
bers more nice than necefiary. The numbers o 1 A dr 1 anus Metiuswc for ufefulnefs 
next to thofe of Archimedes. He Hates the circumference unto the Diameter, as 
5 57 to 113, that is triple, and moreover 16 parts almoft of the Diameter divided into 
1 j 3 equal parts, and thus to be noted /.•, or 3 almoft. Whereas ! multiply'd into 
16, makes only dh which being greater than T is not fo near to the juft and precife 
Truth, as thele numbers of Aananus Menus. But Archimedes , who in his Book en¬ 
titled Ffammiies , or Arenanas , does by mod artificial Calculations, beginning from 
a round (mail Poppv-feed give us this vail number, which reduced into oul* De¬ 
cimal form of Notation, is ioc>ooc<>o,cococcoc,O0000000,00000000,00C00000, 
c::e^2on,occc;coo,cccooQCo. Which he demonflrates to exceed the number of 
the Sand of the Seas, if the whole World within the Spherical Concave of the 
Stan, (winch he takes to be as large as the ancient Syftem of Ariftnrchus was, and 
after twothoufand years revived mod ingeniouflv by Copernicus) confuted only of 
(itch a Mafs of Sand; He, t fay, could have come to any nearer and nearer terras 
at pleafure, it he had thought :t ncccilary or convenient. But when after all at¬ 
tempts and labour whatfoever, he knew the matter muft end in a bare Approxi¬ 
mation, like a great and prudent Mailer of his Art, refts within the readied and 
moil uleful limits. And all the endeavours of our late Geometricians reach no fur¬ 
ther, than proceeding in Fra&rons of greater and greater numbers to bring the 
overplus above the triple to be klTer and Idler than 1 or yet ftill to be greater 

than 
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thanWinch Afhvttdet hath demonftrated to he the ftanding limit on the othet 
fide, unto which endJefs approaches may be nearer and nearer made to very little 

purpofe. 

PROPOSITION XLII. 


U Nto a givenTrtangle to conftitute an equal Parallelogram iti 

an angle equal to a given ttrait-lirid angle , 

Let the given Triangle be a e c, and the given ftrait-lin’d angle D. 
It is required to conftitute a Parallelogram equal to the Triangle 
abc, in an angle equal to the ftrait- 
lin’d angle d. Let b c be cut into halves 
in e, and let be joyn'd a e, then to the 
ftrait line ec, and to a point in the fame 
e, let be conftituted the angle ce f, e- 
qual to the angle d [by Prop, ig.]: And 
by a, let be drawn a g parallel to e c, 

and by c, cg parallel to ef. Therefore fecg is a Parallelogram. 

Now forafmuch as be is equal tosc, therefore the Triangle a be 
is equal to the Triangle aec, For they are on equal bales be, e c, 
and in the fame parallels bc, ag. Therefore the Triangle abc is 
double of the Triangle aec. But alfo the Parallelogram fecg is 
double of the Triangle aec; for it hath the fame bafe and is in 
the fame parallels. Therefore the Parallelogram fecg is equal to 

the Triangle abc, and hath the angle cef equal to thegivenangle d. 

Wherefore to the given Triangle abc, there is conftituted an e- 
qual Parallelogram f e c g in the angle c e f, which is equal to the 

angle d. Which wa8 to be done. 



ANNOTATIONS. 


This Problem concerns the Transformation of Figures one into another; and 
begins with tranfinuting a Triangle (the molt fimplc of ftrait lin’d Figures) into an 
equal Parallelogram. And by confequence there is imply’d the like tranfmntation of 
all Redilineal fpaccs into equal Parallelograms; for that every Multilateral Figure 
may for this end bc divided into Triangles. As Euclide hath done in the following 
4j‘ h . Propofition. 

And forafmuch as all Parallelogram fpaccs are by the Diameter divided into two 
Triangles, therefore their four angles arc equal to four Right [by Prop. 32.]. And 
becaulc the oppofite angles are equal, [Prop. 34.] therefore if one angle of a Paral¬ 
lelogram be given, all the four are given, and determined. For if the given angle 
be Right, the other three are alfo right angles. If thegiven angle bc Obtufe, the 
oppofite is alfo Obtufe, and equal to it, and the other two Acute angles arc like- 
wile equal to one another, ana together with the two Obtufe do make, or compleat 
four Right angles. And the like again on the contrary, if the given angle be Acute: 
fo that m one angle given, a Parallelogram is ever to be underftood as determined 
in all its four angles. 

-PROPOSITION XLIII. 


O F every Tarallelogram /pace the complements of the 'Paralle¬ 
lograms about the Diameter, are equal to one another. 

Let the Parallelogram fpace be a b c d, and the Diameter of the 

R a fame 
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fame be ac, and about ac let the Parallelograms be eh, fg, and 
what are called the complements be bk, kd I fay* that the com¬ 
plement bk is equal to the com¬ 
plement kd. Forafmuchas abcd 
is a Parallelogram, and the Dia¬ 
meter thereof ac: therefore the 
Triangle abc is equal to the Tri¬ 
angle adc. Again, becaufeF.K ha 
is a Parallelogram, and the Dia¬ 
meter thereof ak: therefore the Triangle a ek is equal to the Tri¬ 
angle ahk. By the fame reafon alfo the Triangle kgc is equal to 
the Triangle kfc. Now becaufe the Triangle a ek is equal to the 
Triangle ahk, and the Triangle kgc, is equal to the Triangle kfc, 
therefore the Triangle aek with theTriangle kgc, is equal to the 
Triangle ahk, with the Triangle kfc. But the whole Triangle 
abc is equal to the whole Triangle adc: wherefore the remaining 
complement bk, is equal to the remaining complement kd. 

Therefore of every Parallelogram fpace the complements of the 
Parallelograms about the Diameter, are equal to one another. Which 
was to be demonftrated. 
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PROPOSITION XLIV. 

Nto a given fir ait line to apply a 'Parallelogram equal to a 
given Triangle, in a given fir ait lin'd angle. 

Let the given ftrait line be ab, and the given Triangle c, and the 
given ftrait lin’d angle d. It is required unto the given ftrait line a b, 
to apply a Parallelogram equal to the given Triangle c, in an angle 
equal to d. 

Let be conftituted the Paral¬ 
lelogram befg equal to the 
Triangle c in the angle ebg, 
which is equal to d. [by Prop. 

4 V] 

And let EF.be put directly to 
ad, and fg be produced to h. 

Then by a to either of the lines 
eg, EF,let ah be drawn paral¬ 
lel, and let be joyn’d h b. 

Now forafmuch as the ftrait line H F falls on the parallels ah,ef, 
therefore the angles ahf.hfe, are equal to two Right [Prop. 19.]; 
wherefore bhg, g fe, are lefs than two Right. But lines infinitely 
produced from angles lefs than two Right fhall meet: therefore hb, 
fe, being produced fhall meet. Let them be produced, and meet 
in k: then by the point Kto either of the lines e a, fh, let k l be 
drawn parallel, and let ha,gb, be produced to the points l,m. 

There- 
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Therefore H L k.f. is a Parallelogram, and h k the Diameter thereof 
and the Parallelograms about Hk are a g, m e, and the Parallelo¬ 
grams called complements are lb,bf: therefore jlb is equal to be 
| Prop. 4-3.]. But bf is equal to the Triangle c; therefore alfo lb is 
equal to c. And becaufe the angle gbe, is equal to a bai, and alfo gbe 
is equal to the angle d; therefore a bm is equal to the angle D. 

Therefore unto the given ftrait line ab, is apply d the Pallelo- 
gram lb, equal to the given Triangle c, in the angle abm, which is 
equal to the given angle 0. Which was to be done. 

ANNOTATIONS. 

It is required unto the given line A B to apply a Parallelogram equal to the given Tri¬ 
angle C] That is, to conftitute a Parallelogram, one of whole Sides fliall be the 
given line A B, and the Parallelogram be alfo equal to the given Triangle C. 

And let B E he put d'treclly to A B] 

That is, let the Parallelogram B E F G 
be fo con ft ru&ed, that one of the Tides 
containing the angle EBG, equal to 
the given angle D, be put direttly to 
AB the given line, unto which a Pa¬ 
rallelogram equal to the given Trian¬ 
gle C is required to beapply’d. Now 
this is to be thus efietted. 

Produce A B to E, and to the line 
EB,and to the point B let be confti- 
tuted the angle EBG, equal to the 
given angle D [by Prop. 25.]. Then 
let the Parallelogram BFFG, be conftituted equal to the given Triangle C [by 
Prop 42.] 5 And let EG the oppolite fide toEB, be produced indefinitely toward 
H. And fo proceeding onward according to Euclids confirmation in coniplcating 
the Diagram, and applying the required Parallelogram LB to the given line AB, 
as it is at the firft pofited in any Situation whatfoever given. 

For note, that the Application of that Parallelogram which is required to be 
equal to the given Triangle, ought to be made ad Datum fyttam, that is, to the 
very line A B in its pofition, and not to an other line, which iliall be put equal to 
it; as Clavius hath in his Expofition of this Propofition without juft caufe devi¬ 
ated from Eucltdc . But afterward in his Scholion he rightly corretts himfclfj ex 
feutentia Euclidis , and there follows the general Law of Problems, that '1 he thing 
is always to be effefted according to the Pofition given. As in the Ufe of this Problem 
it will every where be found nccellaiv, and even in the next following Propofition. 

It is farther to be obferved, that in the Conltruttion of this Problem there are 
made four Parallelograms Equiangl'd to one another, and to the whole, vi^. Two 
about the Diameter of the whole, and their two Complements. One of which, 
the Parallelogram FB is firft [by Prop. 42.] conftituted equal to the given Triangle 
C: by which means the other Complement BL, equal to the former (and there¬ 
fore equal to the fame given Triangle) is apply’d to the given line A B, according 
to the full Tenor of this eminent Problem. 



Advcrtifement. 

The 4^. Propofition hath Ihcwcd how to conftitute a Parallelogram equal to a 
given Triangle, in an angle equal to a given angle. 

Now in this Problem there is moreover required to apply fuch a Parallelogram 
alfo to a given ftrait line, as well as in a given angle. That is, the given line is to 
be one fide of the apply ’d Parallelogram, and an angle of that Parallelogram is to 

R 3 be 
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be equal to the given angle. And always remind, what hath been before noted, 
that in Parallelograms, if one angle be given, all the four are given, becaufe the 
oppofite angles are equal, and the two inward are equal to two Right, by Prop. 
34. and 29. So that in this Problem the Parallelogram is three ways reftrained. 
L In the given line the Parallelogram is confined to one certain fide. II. It is de¬ 
termined in Area, or Magnitude, in that it is to be equal to a given Triangle. 
III. In the one given angle all the four angles are determined; wherefore of this 
Parallelogram nothing is left undetermined, but the other fide whereby to effe& 
this Problem. 

From this exaU Application, or Parabolifm of a Parallelogram to a given ftrait 
line prctijdy , is one of the Conic Sections named Parabola. As Apollonius fhews in 
Prop. 11. Lib. I. of his Conic Elements. The ftrait line to which the Application 
15 made in the Conic Elements, is by Mydoryus properly called the Parameter. 

There is likewife in Prop. 28, and 29. El. VI. of Euclide , an Application of a 
given Parallelogram unto a given ftrait line, and in a given angle: but befides thefe 
Reftraints, there are added more ftridfc conditions of Defect, and Excefs, that 
is, the Application is to be made either unto a part of the given line in a certain 
Deled, or to the given line Augmented in a certain Length, or Excefs; which 
Conditions have cccafioned the names of EHipJis^ and Hyperbola^ to the other Conic 
Se&ions, As Prop. 12, and 13. Lib. I. of Apollonius fet forth. So that Euclid's three 
fold Application of a Parallelogram to a ftrait line, has afforded to Apollonius 
names tor the three famous Conic Se&ions. Whereas more ancierily, the Parabola 
was called the Se&ion of a Right-angfd Cone, the Hyperbola of an Obtufe-angfd 
Cone, the EUipjis of an Acute angl d Cone, as we find in Arcbimtdes , But for ap¬ 
plying thefe three Sections in general to any one Cone of whatfoever angle, and 
accordingly moulding the old Conic Elements, Apollonius was in his time, and ever 
fince renowned with the Title of the great Geometrician . 

PROPOSITION XLV. 



Redilineal {pace to con ft 


ft 



Let the given Rectilineal fpace be abcd, and the given ftrait- 
lin d angle e. It is required to conftitute a Parallelogram equal to 
the Rectilineal fpace abcd, 
in an angle equal to e. For let 
be joy ad n b ; and let be con- 
ftituted [by Prop er, j the Pa¬ 
rallelogram fh equal to the 
Triangle adb in the angle 
h k f, which is equal to e. 

Then unto the ftrait line c h, let be apply'd the Parallelogram 
g m, equal to the Triangle d b c in the angle g h m, which is equal 
to f., [by Prop. 44.] 

Now forafmuch as the angle e is equal to each of the angles f kH, 
g h m ; therefore f k h is equal to g h m. Let k h g be added in com¬ 
mon, therefore the angles fkh,khg, are equal to the angles khg, 
g h m. Butthe angles f k h, k h g, are equal to two Right [Prop. 19.]; 
therefore alfo khg,gh m, are equal to two Right. Now to the ftrait 
line gh, and to a point in the fame h, the two ftrait lines kh,hm, 
not lying the lame way, make the confequent angles equal to two 
Right; therefore kh is direct to h m [Prop. 14.]. Andbecaufe the 
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ftrait lineHG falls on the parallels km, fg, therefore the Alternate 
angles m h g, h g f, are equal to one another [Prop. 29.]. Let h g l be 
added in common, therefore mhg, hgl, are equal to hgf, hgl. 
But the angles mhg, hgl, are equal to two Right: therefore r G is 
dirett to gl [Prop. 14 ]. And becaufe kf is equal, and parallel to 
hg, and like wife hg to ml ; therefore alfo kf is equal, and parallel 
to ml [Prop. 30.]. And the ftrait lines km, fl, joyn the fame, 
therefore km, fl, are alfo equal, and parallel [Prop. 33.]; where¬ 
fore kflm is a Parallelogram. And becaufe the Triangle abd, is 
equal to the Parallelogram hf, and bdc to gm, wherefore the 
whole Rectilineal fpace abcd, is equal to the whole Parallelogram 
k f l m. Therefore the Parallelogram k f l m is conftituted equal to 
the Re&ilineal fpace abcd in the angle fkm, which is equal to the 
given angle e. Which was to be done. 


ANNOTATIONS. 

And let be conftituted the Parallelogram F H equal to the Triangle ADR.] To effect 
this Problem, the given Rectilineal fpace is to be divided into Triangles: and firft 
to one of thefe Triangles there is to be conftituted an equal Parallelogram. As here 
the Parallelogram F H is conftituted equal to the Triangle A L) B, by Prop. 42. 
But is not required as Clavius propofes to be apply’d to any certain ftrait line, tho* 
the other Parallelograms arc ; and after this manner following. 

Then unto the ftrait line G H, let be apply d the Parallelogram G M, equal to the Tri¬ 
angle D B C, m the angle GHM, which u equal to E.] Altho the firft Parallelogram 
PH, equal to the Triangle ADB, was not confined to any given ftrait line ; yet 
the next Parallelogram G M equal to the Triangle D B C, is of ncceffity. to be ap- 
ply’d to the ftrait line GH, as it lyes in a given polition; that by this means there 
might be conftituted from fuch particular Parallelograms one entire Parallelogram 
KFLM, equal to die given Rectilineal fpace ABCD. And fo forward, if die 
Rectilineal fpace required a divifion into more Triangles, Parallelogram is after 
Parallelogram to be apply’d to fuch a certain ftrait line, that makes iiicccffivcly 
one common Side; and all of them are equal to one another, ami the Parallelo¬ 
grams are together equal to the whole Parallelogram fpace, which was required 
to be conftituted equal to a given Redilineal fpace. 

Advertifemcnt. 

The Application of RcCtilineal fpaccs to a given ftrait line, if alfo the given 
angle be a Right angle, does truely anfwer to the operation of Divifion in Arith¬ 
metic. For the given plain fpace is as the Dividend in Numbers, the given ftrait 
line as the Divifor, and the other Side of the Parallelogram emergent from this 
Application is as the Quotient. And again, as the Divifor multiply d into the Quo¬ 
tient makes up the Dividend, fo the given fide drawn into the emergent lido, gives 
the Area of the Parallelogram. 

PROPOSITION XLVr. 

N a given ftrait line to defer ibe a fquare. 

Let the given ftrait line be ab. It is required on the ftrait line 
a b to defenbe a fquare. To the ftrait line a b from a given point in 

the 
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the fame a; let be drawn at Right angles the line ac, and to aB 
let ad be put equal: then by the point d, let de be drawn parallel 
to a-b, and by the point b let be be drawn parallel to ad; therefore 
adeb is a Parallelogram: wherefore ab is equal to DE,and ad to 
be Prop, a -"> But alfoBA is equal to ad; there¬ 
fore the four lines b a, ad 5 de,e b, are equal to one 
another: wherefore the Parallelogram adeb is 
Equilateral: I fay, itisalfo Right angl’d. For be- 
caufe on the parallels ab, de, falls theftrait line 
ad, therefore the angles bad, ade, are equal to 
two Right Prop. 19.j. But bad is a Right angle, 
alfo ade is a Right angle, and of Prallelogram 
fpaces the oppolite (ides and angles are equal to one 
another Pi op. 54..]; wherefore each of theoppofite angles a be, 
bed. is a R:ght angle, therefore adeb is Right angl’d. But alfo 
it hath been prov'd Equilateral: therefore it is a Square; And it is 
defcrib'd on the (trait line ab. Which was to be done. 



ANNOTATIONS. 

Fudide , before he makes ufc of a fquare, does demonftrate the Being and Con- 
ftruct2on ot n:-.h a figure. And theretore hath here premifed this problem in or¬ 
der toward the demonltration ot the next following Theorem, which is the firft 
wherein i<puns are concern d. 

And according to his 29 Definition he now thews how to deferibe a Figure of 
four Equal >ides, and tour Right Angles on any given ltrait line. 

Tims having demonftrated this Figure, he does hereafter upon occafion juftly 
afiume from the nature ot a Square, that Squares deferred on equal flrait lines an 
equal to cnc another. As likewife that Equal Squares arc delcribed on equal ftrait lines. 
Altho' Cimmandinus and (lav ius after Vroclus, have thought fit to demonftrate theft 
molt natural Conceptions: which were before as evident of themfelves, and imme¬ 
diately conjoyn’d in common lenle with the definition of a Square. 


PROPOSITION XLVII. 

I N a Right angled Triangle, the Square of the fide fib tending 
the Right angle , is equal to the Squares of the fide s containing 
the Right angle. 

Let the Right angl’d Triangle be abc, having the Right angle 
b ac. I fay, that the fquare of nc, is equal to the Iquares ofB a, ac. 
For on bc, let be ddcrib’d the fquare bdec, and on ab, ac, the 
Iquares gb,hc, and by a let al be drawn parallel to either of the 
lines b i), c e, and let be joy if d a d, i-c. 

Now forafmuch as each of the angles b ac, b a g, is a right angle, 
and to the ftrait line c.\, and to a point in the fame a, the two 
ftrait lines ac, ag, not lying the lame way, make the confequent 
angles equal to two Right, therefore ca is direct to ag: by the 
fame reafon alio ab ib direct to a h. And becaule the angle dbc is 
equal to the angle mi a, (or each is a right angle, let the angle 

ABC 
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abc be added in common, therefore the whole angle dba is equal 
to the whole angle fbc. Andbecaufe 
the two lines db, ba, are equal to 
the two lines cb, bf, each to each, 
and the angle d b a is equal to the 

angle fbc, therefore thebafe a d is e- 

qual to the bafe fc, and the Triangle 

aBd is equal to the Triangle fbc. 

Now the Parallelogram bl is dou¬ 
ble of the Triangle abd, for they 
have the fame bafe b d, and are in the 
fame parallels bd, a l [Prop. 41.]. Al- 
fo the fquare g b is double of the Tri¬ 
angle fbc, for they have the fame 

bale fb, and are in the lame parallels fb,gc. Now the doubles of 



equals are equal to one another; Therefore the Parallelogram bl 
is equal to the fquare gb. 

In like manner ae, bk, being joyn’d, may be proved that the Pa¬ 
rallelogram cl, is equal to the fquare hc; therefore the whole 
fquare bdec is equal to the two fquares gb, hc, and the fquare 
bdec, is deferibed on bc, and g it, neon ba, ac; wherefore the 
fquare of the fide bc, is equal to the fquares of the lides ba,ac. 

Therefore in Right angl’d Triangles, the lquare of the fide fob- 
tending the Right-angle, is equal to the fquares of the lides contain¬ 
ing the Right angle. Which was to bc demonftrated. 

ANNOTATIONS. 

This Propofition among Geometricians moil famous, is (aid to have been found 
out by Pythagoras , and the Invention publickly celebrated with a Sacrifice to the 
Mules. Yet the hint from whence the difeovery of this Truth might firft arifc, 
(corns to be very obvious. 

Tor in this figure the fquare EFGH, is apparently double of the lquare 
ABDCi but EFGH is deferibed on EF, which is equal to ^ 

15 C, the fide fubtending the Right angle B A C of the Equicru- ] 
ralTriangle ABC; and the fquare A BDC is deferibed on ei¬ 
ther of the Tides A B, A C, containing the Right angle B A C, of R 
the fame Equicru ral Triangle ABC. It is therefore hereupon 
very reafonable to conceive, that the fame property might like- 

wife belong to Scalene Right-angl d Triangles, and give theoc-^ 
cafionof a farther enquiry into this matter. D 

finis Geometricians often happen to ddeovera Truth, before they have framed 
a legitimate demonftration of it: and find out their Propofitions one way (which 
they ufually conceal) but prove them in another. We have an Example of tins 
kind in the Remains of Jrchtmedes , who (hews, how firft hc found the Quadrature 
of a Parabola Mechanically, as hc calls it, and afterwards gives a Geometrical de¬ 
mon (Ira t ion. 

Now Euclids demonftration reaches in general all Right-angled Triangles, Fqui- 
crural, and Scalene: and is very cafv, natural and immediate, being framed (mm 
the two Fundamental Propofitions $f ,ll and 41“: by which all plain Surfaces are mca- 

lured, and proved to be equal, or unequal to one another. 

S But 
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But forafimich as no fquare number added to it felf, can make a fquare number, 

nor any fquare number be the double of an other fquare number: therefore in an 
Equicrural Right-angl’d Triangle, as A B C, if the length of the fides A B, or A C, 
containing the R>ht angle, be expreffed by the number of any known meafure, 
as z inches^ Feet, &c. then the length of the fide BC fubtending the Right angle 
is not expreffible by a number of the fame meafure, or by any 
poffible part thereof. For the fquare of 2 is 4* which added to 
it felf makes 8 the fquare of BC, whofe length is lels than 3, 
becaule the fquare of 3 is 9. And on the contrary, if the length 
of BC be put 4 Inches, Feet, &c. then the length of either fide 15 
A Bor AC is not expreffible by any part of the fame meafure. 

For the fquare of 4 is 16, therefore the fquare of A B or AC, is 
8, and the length of the fide AB or A C, is lefs than 3 > uud ex¬ 
preffible by no part or parts of BC. For tho BC be divided into 4000000 &c. of 
pans of the fame meafure i yet the cafe is ftill as before, and not one of thofe parts 
fhali meafure AB, which will ever be lefs than 3000000 &c. of thefe parts, and 
greater than 2999999 &c. of the fame. 

So that in an Equicrural Right-angl’d Triangle, if the fide fibtending the Right 
an^le be Rational) that is, be expreffed. in quantity by a certain Number, and Meafure , 
then each of the other fides is Irrational to that Meafure, and cannot be exprefled 
in quantity by any number of parts belonging to the fame. 

And becaufe every fquare is divifibte by the Diameter into two equal and Equi- 
crural Right-angl d Triangles, therefore if the fide of a fquare be Rational, the 
Diameter is Irrational: and if the Diameter be put Rational, the fide is Irrational. 
And the 1 o rh . Element of Euchde ends with a demonftration, that the fide of a 
Square, and the Diameter, are to one another incommenfurable, that is, what- 
foever length any certain times repeated fhali make up cxa&ly, and meafure either 
the fide, or the Diameter, the fame tho’ never fo fmall, cannot precifely mea¬ 
fure the other, but repeated fhali fall under, or over it. As let any length ex¬ 
actly meafure A B from the point A to the point B; the fame fhali not precifely 
meafure BC, from B to C; but repeated will either comelhort of the point C, or 
pafs beyond it. And this is meant by incommenfurable Magnitudes. For tho’ 
every finite Magnitude is in it felf menfurable, yet all finite Magnitudes are not 
capable of the fame meafure fo as to have their quantities fignified by any one and 
the fame, as appears from this 47 th . Propofition. 

There are infinite other ftrait lines of the like nature: fomeof which arc the 



whole fubjed of that moft lubtile 1 o' b . Element. As alfo here, not only in all 
Equicrural but in all Scalene Right-angl’d Triangles, where the fquares of the fidcs 
containing the Right angle added together, make not a fquare number, there the 
fide fubtending the Right angle is irrational, and incommenfurable to either of 
them. y\ 

As in the Right angl’d Triangle \ 

ABC, let the fides containing the s' \ 

Right angle be of a certain length, as \ 

AB 2 inches, and AC 3 inches;their -7-—- S \ 

fquares are then 4, and 9, which ad- j ; \ \ 

ded together, make the fquare 13. .•. \ . > 

wherefore the fide BC fubtending • ; S 

the Right angle is greater than 3, ] j \ s' 

whofe fquare is but 9, and lefs than 4, .: \ S' 

whofe fquare is 16, fo that the quan- : \ \ 

tity of B C, is only expreffible by a -^ : JB 

(urd number between 3 and 4, and is \ 

no part,nor any poffible fraction,that . \ . 

can be made out of 3, or 4; but is call- \ 

ed the Square Root of 13; and there- _I_j 

fore irrational it is, and incommenfurable to the fides A B and A C. And if an inch 
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were divided into an hundred thoufand millions of parts, the cafe would be ftill the 
lame, and not one of thole particles Ihould exactly meafure, and make up the 
line BC. 


<r 
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Again, leta Right'angl'd Triangle ABC, be ...». . 

the half of an Equilateral Triangle A C D,each : 

of whole Tides let be put 4, fo that A C is 4, : 

and B C the half of A C is 2. Now the fquare : 

of AC is 16, the fquare of B C is 4, and there- C / \ 

fore the fquare of A B is 1 2, or 1 6 lefs 4, whole •** j 

lide A B is a furd between 3 and 4, and called / \» • 

the Square Root of 12. Yet thele Squares are ^ / X^ I 

commenfurable, and the fquare of A C is qua- : 

druple of the fquare B C, and the Iquare of j 

A B is triple of the fame; tho’ the fide A B be • 

irrational and incommenlurable to the other y> 1Z • 

lides A C, B C. This is the Archimedean Right- : ~ -A 

angl’d Triangle expoled in fmall numbers, luch 5 

as plainly give the mutual proportions of the j 

lides and Iquares, on which his Cyclometries j ft. 

are founded; where the furd fide A B he makes * 

the Radius of his Circle. The numbers of Jr- * 

chimedes are thefe, AC is put 306, therefore • 

BC the half of AC is 173, and the Radius n ; ‘* 

AB is a furd, fomewhat greater than 267. For the fquare of AC 306 is 9363*2 
and the fquare of BC in, is 23409; which fobftradted from the fquare 93636, 
there remains 70227, which is the fquare of AB: fo that A Bis fomewhat greater 
than 267, whole exadt Iquare is 70227, and only lets than 70227, the fquare of AB 
by two units: and therefore AB is a furd, fomewhat infenfibly greater than 267, 
the Root of the Iquare number 70227. 

Now from the lides, and Iquares of a Right-angl’d Triangle, which is half of 
an Equilateral, Archimedes demonftrates by repeatedBiledions of angles,and arches, 
and jult Calculations thereupon, that a Polygon of 96 Tides circumscribed about a 
Circle, and by conlequence that the Circumference of the Circle, is triple, and more¬ 
over fomewhat lefs than \ or of the Diameter. 

And further, upon this occafion to declare fully the life Archimedes makes of 
this 47 tS . Prop, in the menliiration of a 

Circle, let there be again fuch an other *‘X 

Right angl’d Triangle ABC,being the /VN. 

half of an Equilateral. And let AC fob- / / 

tending the Right angle ABC, be the /X/o VX/’ 

Diameter of a Circle, and foppofed to / A\ \ 

confiit of 1760 equal parts: therefore // '^X. • 

BC the half of AC is 780. And the fide •/ lt6o _^X- A 


B.. 






^60 
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: A 


AB is a ford, fomewhat lefs than 1371. c 4 

For the fquare of AC 1760 is 2433600: and the Iquare of BC 7S0 is 608400: 
which fublhadtcd from the fquare 2433600, there remains 1827200, which is the 
fquare of AB: fo that AB is fomewhat lefs than 1371, whole exadt fouare is 
1827201, and only exceeds 1827200 the fquare of A B by a (ingle unite; ana there¬ 
fore A Bis a ford, fomewhat infenfibly lefs than 1371 the Root of the Iquare num¬ 
ber 1827201. 

Now from the Sides, and Squares of this Right-angfd Triangle, Archimedes de- 
monllratcs, that a Polygon ot 96 Tides inferibed in a Circle, and by confequcnce 
that the Circumference of the Circle, is triple, and moreover fomewhat greater 
than parts of the Diameter. 

Thus far upon this 47 th . Prop, we have explained the Grounds of Archimedes his 
Cyclometries taken from an Equilateral Triangle, where the angles are always 
known, and the Sides may be put of any quantity at pleafure, and out of which is 

S 2 made 
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made fuch a Right-angl’d Triangle of known angles and fides, that whoever is bat 
moderately ex era fed in the ufe of numbers, may now with eafe go forward through 
the reft of Archimedes his demonftrations, which would otherwifebe fomewhatob- 
fcure and difficult to younger Students. For whofe fake alfo we have from this 
Propofition given in brief tome eafy, and ufeful Notions of incommenfurable ma¬ 
gnitudes. And farther tis to be noted, that between incommenfiirable magnitudes 
at is at the firft arbitraiy and changeable at pleafure, which of them be put Ratio¬ 
nal; as whether the Side, or the Diameter of a Square. But thefe are of themfelves 
in nature incommenfurable to one another, which is the apparent caufe of their 
mutual Irrationality. But the caufe of incommenfuiability is more fubtil, and lyes 
in the infinite divifibdity of magnitude, which hath not in nature a Minimum to 
be a common meafure of magnitudes, as an Unite is of Numbers. 

This incommenfurability between magnitudes of the fame kind (whereof we 
Ihali have occafion to (peak more at Urge in the Fifth Element) is one of the 
many inexplicable Myfteries in Geometry. Haiti tmm Geometria miracuia Juat 


PROPOSITION XLVIII. 

F the fquare of one fide of a Triangle he equal to the fquares of 
the two remaining Jldes of the Triangle, the angle contained hj 
the two remaining fides of the Triangle, is a Right angle. 

For of the Triangle abc, let the fquare of bc be equal to the 
fquares of B a, a c. I fay, that the angle b a c is a Right angle. For 
from the point a to the line a c, let be drawn at Right angles the 
line ad; and to b a let ad be put equal, and d c be joyn’d. Now for- 
afrouch as da is equal to a b, therefore alfo 
the fquare of d a is equal to the fquare of 
ab. Let the fquare of a c be added in com¬ 
mon ; therefore the fquares of D a, a c, are 
equal to the fquares of ba, ac. But the 
fquareof dc is equal to the fquares of da 
ac [Prop 4.7.3; for the angle d a c is a Right 
angle; and the fquareof bc is put equal to 
the fquares of b a, a c ; therefore the fquare 
of dc is equal to the fquare ofBc. So that alfo the fide d c is equal 
to the fide bc. And becaufe da is equal to ab, and ac common; 
therefore the two lines d a, a c, areequal to the two lines B a, a c, and 
the bafe dc is equal to the bafe e c ; therefore the angle dac is equal 

to the angle bac; but the angle dac is a Right angle, therefore 
alfo b a c is a Right angle. 

If therefore the fquare of one fide of a Triangle be equal to the 
fquares of the two remaining fides of the Triangle, the angle con¬ 
tained by the two remaining fides of the Triangle is a Right angle. 
Which was to be demonftrated. 




ANNOTATIONS. 

This Propofition is the Converfe of the precedent 
demonftrated, that of a Tumble if the Jquare of one fide 
ether tiro, tbea Jhall that hi a Jfaht angled Triangle 

~ ' and 


gled Triangle of Rational, 


Commenfiirable 

lines. 
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lines, whole quantities may be exprefled in numbers of one, and the fame meafure 
common to ail the three fides s fo that alfo of thofe numbers the fquare of one fhall 
be equal to the fquares of the other two, that is, to find two fquare numbers, 
which added together Ihall make a fquare number according to this Problem. 

A Problem. 

From two given numbers to derive three numbers, where the 
fquare of one fhall be equal to the fquares of the other two. 

The Solution. 

Of the two given numbers the Sum of the fquares 3 the Difference of 
the fquares, ana twice the Rectangle make a Right angl'd Triangle of 
Rational, and Commenfurable fides. 

In Species the Rule is thus fet forth. Let the given numbers be A, and E: then 
fhall Afl+Etf. A0 — E 7. 2 A into E make a Right angl’d Triangle of Rational, 
and Commeniurable fides. 

As to begin with 1 and 2. The fquare of 1 is 1. The fquare of 2 is 4. The fum 
of the fquares, 4 4-1 is y. The difference of the fquares 4— 1 is 3. The Re&angle 
is 1 multiply’d into 2, which makes 2: and 2 twice taken is 4. So that the fides of 
this Right angl’d Triangle ye 3,4,r. Where the fquare ofy is ay, and equal to 
the two fquares id, ana 9, whole fides are 4, and 3. This is the firft Triangle of 
this fort. 

Again, the fecondis this. Let be given the numbers 2, and 3. Now the fquare 
of 2 is 4. The fquare of 3 is 9. The fum of the fquares 9 -f 4 is 13. The difference 
of the fquares 9 — 4 is y. The Redangle of 2 multiply’d into 3 makes 6 y which 
twice taken is 12. So that the fides of this Right angl’d Triangle are y, 12,13. 
Where the fquare of 13 is 169, and equal to the two fquares 144, and 2y, whole 
fides are 12, and y. 

The third of thefe kind of Triangles, made from 3 and 4, is 7, The 

fourth from 4 and y, is 9, 40, 41. The fifth from y and 6 is 11, 6o,6 1. and fo 
forth infinitely. Where note, that in fuch kind of Triangles the two greater fides 
only differ by an unite i and the fum of thefe is always equal to the fquare of the 
leaft fide. 
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ELEMENT. 


DEFINITIONS. 


DEFINITION I. 


E Nery Right atigfd Tarallelogram is /aid to he contained by any 
two of the fir ait lines, which contain a Right angle. 

Altho’ a Right angl’d Parallelogram be comprehended*, oc encompafled by four 
ftrait lines, yet becaufe by Prop. 34. El. I. the oppofitejjjjes of Parallelograms are 
equal to one another, therefore any of the two fid^*Jp 9 fch contain a Right angle, 
are faid to contain the whole Parallelogram. . *, 

For A B being equal to DC, and ‘AD,'to BC tKere- A _ R 

fore AB, and BC,or BCand C D, or CD, andU A, or 
D A, and A B, are indifferently faid to contain the whole 
Right angl'd Parallelogram ABC D. 

Obferve alfo, that a Parallelogram fpace is for bevity 
fake, often noted by two oppolue letters, as the Paral¬ 
lelogram AC, or DB; by either of which is fignifyd^-: 

the Parallelogram A B C D. 

DEFINITION II. 

I N every Tarallelogram [pace, any one of the Tarallelograms a- 
bout the Diameter , together with the two Complements , Jhall be 
called a Gnomon. 


What are Parallelogram fpaces about the Diameter, and what are Complements, 
is before declared in Prop. 43. El. I. Now here, the two Complements with either 
of the Diagonal (paces, taken to¬ 
gether, are for brevity lake, in one 
word, as a term of Art, called a 
Gnomon; as in the Parallelo¬ 
gram (pace A D, the two Comple¬ 
ments AG, G D, with any one of 
the Parallelograms about the Dia¬ 
meter, either C G, or B G, are called 
the Gnomon HLK. 

Bccaufe this Second Element treats of the powers of ftrait lines, and of the 
Section of ftrait fires into feveral Segments, which arc in power varioufly com¬ 
pared to one another, it will be requifite to add to Eudide thefe two following 
Definitions. 

DEFINITION III. 

The power of a ftrait line is the fquareof the lame line. 

As on the line AB, let there be deferibed thefquare A BCD, then the fquarc 
A B C D is laid to be the power of the line A B. 
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Geometricians have with good reafon ufed the term Power. in this (cnfe, be* 
caufe the fquare is the greateft Pa- p 

rallelogram (pace that can be defcri- f-~iC 

bed on one and the fame line. For 
produce the line A B, and put BEK 
equal to AB; and on BEdeicribe 
the Rhombus BEFG, tis manifeft, 
that the Rhombus BEFO is lefs 
than the fquare A BCD. Fdr pro- Jr 
ducing the line F G,to K, the Rhom- A 
bus BEFG is equal to the Redangle ABHK [by Prop. 3$. ELI.] which is 
but a part of the fquare A BCD. 



DEFI 




lines. 


ION IV. 

the Reftangle contained by 



As the v Redangle ABCD, contained by the lines AB, BC, is faid to be the 
power of the lines A B, B C. Becaufe here as before in a fquare, the Redangle h 
the greateft Parallelogram fpace that D C 

can be comprehended by any two 
and the fame lines. For produce the ^ 
line AB, and put BE equal to AB, 
and from the point Edraw E F equal 
to B C, and compleat the Parallelo¬ 
gram Figure; then by the fame 
Prop. 3 < 5 . EL I. the Rhomboides 
BEFG is equal to the Redangle A. 

ABHK, which is but a part of the Redangle ABCD: yet the Redangle ABCD, 
and the Rhomboides BEFG, are comprehended by the fame, that is, by equal 
lines, for that B E is equal to A B, and E F to B C. Wherefore only the Redangle 
ABCD is faid to be the power of the lines A B, B C. 

PROPOSITION I. 

F there he two Strait lines , and one of them he cut into how 
_ many Segments foever, the Re dangle contained by the two /trait 
lines , is equal to the Redangles contained by the undivided line , 
and the feveral Segments of the other line. 

Let there be two ftrait lines a, Bc,and let bc be cut at adventure 



in the points d, e. 


the Redangle 


a, bc, is equal to the Redangles contained by a, bd, and by a,dE, 
and alfo by a, e c. 

For from the point b, let there be drawn 
b f, at right angles to bc; and let b g be 
put equal to a [Prop. 5 .1.]: Then by the 
point g let gh be drawn parallel to bc. 

Again, by the points d, e, c, let there be 
drawn d k, e l, c h, parallels to b g. 

Now the Redangle b h is equal to the 
Redangles bk,dl,eh; andBH is contain¬ 
ed by a, b c, for it is contained by g b, bc, but g b is equal to a. 

Again, 
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Again, the Rectangle e k is contained by a. s d. for it is contained 

bv gb, so, but g b is equal to a. 

* Alfo the Rectangle dl is contained by 
a,de, for dk, that is bg, [Prop. 34-El- 1 -_ 
iz equal to a. 

And in like manner the Rectangle e h 

is contained byA,EC. 

Wherefore the Rectangle contained by 
bc, is equal to the Rectangles contained 
by a, b d, and by a, d e, and alio by a, e c. 

' Therefore if there be two ftrait lines, and one of them be cut 
into how many Segments foever, the Rectangle contained by the 
two ftrait lines, is equal to the Rectangles contained by the undi¬ 
vided line, and the feveral Segments of the other line. Which was 
to be domonftrated. 

PROPOSITION II. 

I F a sir ait line be cut at adventure , the Ref tangles contained by 

the whole line, and each of the Segments are equal to thejqttare 

of the whole line. 

Let the ftrait line a b be cut at adventure in the point c. 

1 fav, that the Rectangle contained by a b, a c, together with the 
Recbngle contained by ap,,bc, is equal to the fquareof ab. 

For on the line ab, let there be deferibed the fquaie a deb; 
and by c, draw c f parallel to either a d, or b e. 

Now a e is equal to a f,ce; but a e is the (quare 
of a b, and a f is the Rectangle contained by a h, a c; 
for it is contained by D a, a c ; but d a is equal to a b. 

Alfo c e is contained by a b,b c, for b e is equal to 

a is: wherefore the Rectangle contained by a b, ac, 
together with the Rectangle contained by a b, b c, is 
equal to the fquarc of ab. 

Therefore if a ftrait line be cut at adventure, the Rectangles con¬ 
tained by the whole line, and each of the Segments are equal to 
the Square of the whole line. Which was to be demonftrated. 

PROPOSITION 1H. 

J F a fir ait line be cut at adventure , the Reflangle contained by 
the whole , and one of the Segments is equal to the Reflangle con¬ 
tained by the Segments, and the fquarc of the fore[aid Segment. 

} et the ftrait line ab be cut at adventure in the point c. 

I fay, that the Rectangle contained by ab, bc, is equal to the 
T.. 1! angle contained bv a c, c b, together with the iquareof CB. 

. or oil the line cb let there be deferibed theiquare cdeb, and 

produce 
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produce ed to f: Then by the point a, draw [by Prop. 31. El. 1 .] 
a f, parallel to either c d, or b e. 

Now the Redangle ae is equal to the Redangle 
ad, and the fquare ce; and ae is the Redangle 
contained by ab,bc; for it is contained by a b, b e, 
but be is equal to bc. 

Again, ad is contained by a c, cb, for dc is e- 
qual to cb ; alfo d b is the fquare of c b ; wherefore 
the Redangle contained by ab, bc, is equal to the 
Redangle contained by ac, cb, together with the fquare of cb. 

Therefore if a ftrait line be cut atadventure, the Rectangle coil- 
• tained by the whole and one of the Segments, is equal to the Red¬ 
angle contained by the Segments, and the fquare of the forefaid Seg¬ 
ment. Which was to be demonftrated. 
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PROPOSITION IV. 

ftrait line be cut at adventure , the fa, 


X equal to the fquare s of the Segments, and to the Reft angle tie ice 
contained by the Segments. 

Let the ftrait line a b be cut at adventure in the point c. 

I fay, that the fquare of a b is equal to the fquares of a c, c b, and 
to the llcdangle twice contained by'AC, cb. 

For, on the line ab let there be defcribed the 

fquare a deb, and draw the line b d. Then by - - r — ■; 

the point c, let there be drawn parallel to either a / 

ad, or be, the line cgf: and by the point g, 11 ’ ~i k 

draw h k, parallel to a b, or df, / 

Now becaufe c r is parallel to a d, and there / 
falls on them the line bd, therefore the outward / 

angle bgc is equal to the inward and oppolite '■ -._ 

bda; but the angle bda is equal to the angle 1 K 

dba, becaufe the fide ab is equal to the fide ad [by Prop, y F.l. I.]; 
wherefore alfo the angle cg b is equal to the angle cbg, and there¬ 
fore the fide c b, is equal to the fide cg [by Prop. (. El.I. j; but c b is 

equal tOGK, and cg to bk [by Prop. 34.EI.I.therefore alfo gk is 

equal to kb, and the Parallelogram cgkb is Equilateral. 

I fay alio, that it is Redangular. For becaufe c g is parallel to b k, 
and there falls on them the line cb, therefore the inward angles 
kbc, g cb, are equal to two right angles [Prop. 19. El. I.]. Hut the 
angle kbc is a right angle [by Conftruclionj; wherefore the angle 
gcb is a right angle, and alfo the oppofite angles cgk,gkb, arc 

right angles [Prop. 34. El. I.]; wherefore the Parallelogram cgkb 

is Rectangular. And it hath been proved to be Equilateral; there¬ 
fore cgkb is a fquare, and it is defcribed on the line cit. 

By the famereafon alfo the Parallelogram hf is a Iquare, and it 

T is 
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is defcribed on the line hg, that is on a c ; therefore hf, ck, are the 
{quares of ac, c b, the Segments of the line a b. 

Moreover, becaufe the Complement a g is equal to the Comple¬ 
ment ge [by Prop. 4.3. El. I.], and a g is contained by the lines ac, 
cb, for that gc is equal to cb; therefore alfo ge is equal to the 
Rectangle contained by ac, cb; wherefore ag, ge, are equal to the 

Rectangle twice contained by the lines a c, c b : But alfo h f, ck, are 

the fquares of a c, c b. 

Therefore the four Parallelograms hf, ck, ag, ge, are equal to 
the fquares of ac, cb, and to the Rectangle twice contained by ac, 
cb. But hf, ck, ag,ge, are the whole adeb, which is the fquare 
of a b ; wherefore the fquafe of a b is equal to the fquares of a c, c B, 
and to the Rectangle twice contained by ac,cb. 

Therefore, if a ftrait line be cut at adventure, the fquare of the 
whole is equal to the fquares of the Segments, and to theReftangle 
twice contained by the Segments. Which was to be demonftrated. ‘ 

Otherwife. 

I fay, that the fquare of a b is equal to the fquares of ac, cb, and 
to the Rectangle twice contained by a c, c b. For in the fame Figure, 
becaufe a b is equal to a d, therefore the angle a b d, is equal to the 
angle adb [Prop. y. El.I.j. And forafmuch as the three angles of 
every Triangle are equal to two right angles 
Prop 51.El.Lj; thereforeoftheTriangleABD, 
the three angles abd, adb, bad, are equal to 
two right But the angle b a d is a right angle; 
therefore the remaining angles abd, adb, are 
equal to one right angle, and they are alfo equal 
to one another; wherefore each of the angles 
abd, adb, is the half of a right angle. But the 
angle bcg is a right angle [Prop. 19. El. I-j; for 
it is equal to the inward and oppofite angle at a; wherefore the re¬ 
maining angle cgb is the half of a right angle; and therefore the 

angle cgb is equal to the angle c bg, and the fide c b is equal to the 
fide c g [Prop. 6 . El. I.]; but c b is equal to gk, and cg to b k [Prop. 
54.. El. I.j; wherefore the Parallelogram c k is Equilateral. 

And becaufe the angles bcg, c bk, are right angles, therefore ck is 
alfo a fquare. And it is defcribed on the line cb. 

Likewife by the fame reafon, the Parallelogram h f is a fquare, 
and equal to the fquare of a c ; wherefore hf, ck, are fquares, and 
equal to the fquares of a c, c b. 

Moreover, becaufe the Reftangle a g is equal to the Reftangle g e 
[Prop.4.5. El. I.], and ag is contained by the lines ac, cb, (for that 
cg is equal to cb) therefore aho ge is equal to the Redangle con¬ 
tained by ac,cb; wherefore ag, ge, are equal to the Redangle 

twice 
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twice contained by a c, c c 5 but alio h f, ck, are equal tothefquares 

Of AC, CB- 

Therefore h f, c k, ag, GE,are equal to the fquares of ac, cb, and 
to the Rectangle twice contained by a c , c b . But hf,c k, a g, a e, are 
the whole ae, which is the fquare of a b; therefore the fquare of 
ab is equal to the fquares of ac, cb, and to the Rectangle twice 
contained by a c, c b. Which was to be demonftrated. 

Corollaries. 

j . from hence ‘tis manifefi , that in Squares , the Parallelograms y which are about the 
Diameter , are alfo Squares. 

2. And if the fide of a Square be cut into halves, then the Complements are alfo 
Squares. And the Square of the whole line is quadruple to the Square of the half 

Oil the fourth Proportion. 

This, is a 1119ft remarkable Propofition, ami of excellent and various ides: The 
Analyfis or Rcfolution of a Square, which, by Arithmeticians, is called the li x- 
1 rad ion of the Square-root, wholly depends upon it. But becaufe all things arc 
refolved into thofe parts whereof they are at full conftitutcd, it will be requifite, 
to begin with the Gcncfis or Conftrudion of every compound Square. 

The better to explain this matter, we (hall apply to the Scheme of this fourth 
Propofition, by the addition of E, making it A -f E: Then fquare ir, that is, draw 

A + E into A + E, thus, 

* A + E 

A+E 

A«7 4 - A E 

+ AE + E^ 

■■ ■ ^ ~ 

A7+2AB + E7 

This Genefis of a Square exadly anfwers to Euclids Propofition, and back again, 
by Analyfis, fiiews how themoft fimplc divifion of a Square nuift neccilarilv fall 
into thefe kinds of parts. But indeed Euclide begins with the fquare it felf, and 
then refolves it, by dividing it into any two parts, bccaufc in magnitude, there is 
no Square fingly the l-irft, as Unity is in Numbers, which anfwers to all Powers. 
And therefore dividing a line, on which a Square is deferibed, into any two parts, 
he fiiews of what parts the moft fimple that may be a Square can confiif And ac¬ 
cordingly the pradice of extrading the Square root anfwers to it. As for example. 

Every Square js encrcafcd by the addition of twice the root for the Comple¬ 
ments, and 1 for the Diagonal Square, thus 2^+1, If there be put A 7, it is cn- 
crcafed 2A+1: So that A q + 2 A + 1, is the next Square. 

PROPOSITION V. 

I F a flrait line be cut into two equal Segments , and two unequal , 
the Rett angle contained by the tut equal Segments of the whole , 
together with the Square of the line between the Settions , is equal 
to the Square of half the line . 

Let the flrait line Aiibe cut into two equal Segments, at the 
point c, and into two unequal, at the point d. 

I fay, that the Rectangle contained by a together with the 
fquare of ci>, is equal to the fquare of e b. 

I x 


For 



no THE SECOND ELEMENT 

For on the line c b, let there be defcribed the fquare c E F B, and 
draw the line be. Then by the point d, let there be drawn parallel 
to either ce, or bf, the line dhg, and by the point h, draw km, 
parallel to c b, or e f. And again, by the point a, draw a k, parallel 

to c l, or B M. 

Now forafmuch as the Complement 
ch is equal to the Complement hf 
[Prop. 4.3. El. I.], let dm be added in 
common to both; therefore the whole 
c m is equal to the whole d f. But c m is 
equal to a l, for that a c is [by Suppofi- 
tion] equal to c b : wherefore alfo a l is 
equal to D F. Add in common c h, therefore the whole a h is equal 

tODF, DL 

But ah is the Redangle contained by ad,d b, for that dh is e- 
qual to db [by Coroll. 1. Prop. 4.. El. 11 .], and d f, d l, is the Gnomon 
nxo; therefore the Gnomon nx o is equal to the Redangle con¬ 
tained by ad, db. 

Again, add in common lg, which is equal to the fquare of cd; 
therefore the Gnomon nxo, and lg, are equal to the Redangle con¬ 
tained by a d, d b, and to the fquare of c d. 

But the Gnomon n x o, and l g, are the whole fquare c e FB,which 
is defcribed on the line cb; therefore the Redangle contained by 
ad, d e, together with the fquare of c d is equal to the fquare of c B. 

If therefore a (trait line be cut into two equal Segments, and two 
unequal, the Redangle contained by the unequal Segments of the 
whole, together with the fquare of the line between the Sedions, is 
equal to the fquare of half the line. Which was to be demonftrated. 

PROPOSITION VI. 

I F a fir ait line be cut into two equal Segments, and to it be added 
another flrait line directly, the Rectangle contained by the whole 
with tfoe adjunct ( as one line ) and by the adjunEl, together with 
the fquare of the half, is equal to the Jquare defcribed on the half 
and the adjunct, as one line . 

Let the ftrait line a b be cut into two equal Segments at the 
point c, and to ab, let bd be added diredly. I fay, that the 
Redangle contained by ad, db, together with the fquare of cb is 

equal to the (quare of c d. 

For on the line c d, let there be defcribed the fquare c f. f d, and 
draw the line d e. Then by the point b, let there be drawn paral¬ 
lel to either ce or df, the line bhu. And by the point h, draw 
klm, parallel to a D,or ef : And alfo by the point a draw ak, pa¬ 
rallel to c l, or D M. 



Now 
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Now forafmuch as a c is equal to cb [by Suppofition], therefore 
the Rectangle al is equal to the Rectangle c h | by Prop. 36. El. I.]. 
But c h is equal to h f [Prop. 43. El. I. ]; wherefore a l is equal to 
hf. Let cm be added in common; therefore the whole am, is 
equal to the Gnomon n x o. 
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But a M is the Rectangle contained by a 
ad,db, for that dm is equal to db [by 
Corol. 1. Prop.4.. El. II ]; wherefore the Gno- L——H« 
mon nxo is equal to the Rectangle con¬ 
tained by A D, D B. 

Again, add in common lg, which is e- 
qual to the fquare of cb; therefore the 
Rectangle contained by ad, db, together with the fquare of cb, is 
equal to the Gnomon n x 0, and to the fquare lg. 

But the Gnomon n x o, and l g are the whole fquare c e f d, which 
is defcribed on the linecD; therefore the Redlangle contained by 
a d, d b, together with the fquare of c b, is equal to the fquare of c d. 

If therefore a ftrait line be cut into two equal Segments, and to 
it be added another ftrait line directly, the Redlangle contained by 
the whole with the adiundt (asone line) and by the adjundl, toge¬ 
ther with the fquare of the half, is equal to the fquare defcribed oil 
the half and the adjundl, as one line. Which was to bedemonftrated. 

PROPOSITION VII. 

F a ftrait line be cut at adventure, the fquare of the whole , and 

_ the fquare of one of the Segments, both thefe fquares together 

are equal to the Rectangle twice contained by the whole , and the 
faidSegment, and alfo to the fquare of the remaining Segment. 

ure in the point c. I fay 


Let the ftrait line a 11 be cut 
that the fquares of ab, bc, 

tained by ab,bc, and to the fquare of ac. 

For on the line ab, let there be defcribed the 
fquare a d k b, and let the Figure be conftrudled. r 

Now forafmuch as ag is equal to GE[Prop. 

43. El. I.], add in common cf: therefore the 
whole af is equal to the whole ce: wherefore 
a F, c F., are double to a f. But a f, c e, are the 
Gnomon k l M,and the fquare c f; therefore the 
Gnomon klm, and the iquare cf, are double to af. 

But the Redlangle twice contained by a b, bc, is double to a f, for 
b f is equal to b c ; therefore the Gnomon k l m, and the Iquare c f 
are equal to the Redlangle twice contained by a b,bc. 

Again, let there be added in common H n, which is the fquare of 
a c; therefore the Gnomon klm, and the fquares c f, h n, are equal 

T3 to 




0 the Redlangle twice con. 
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But the Gnomon klm, and the fquares cf, hn, are the whole 
a D E b, and c f, which are the fquares of a b, b c ; therefore the fquares 
of a b, b c, are equal to the Rectangle twice contained by ab,bc, to¬ 
gether with the fquare of ac. 

If therefore a ltrait line be cut at adventure, the fquare of the 
whole, and the fquare of one of the Segments, both thefe fquares to¬ 
gether are equal to the Rectangle twice contained by the whole, 
and the faid Segment; andalfo to the fquare of the remaining Seg¬ 
ment. Which was to be demonftrated. 

PROPOSITION VIII. 


I F a fir ait line he cut at adventure, the Rett angle four times con¬ 
tained by the whole , and one of the Segments , together with the 
fquare of the other Segment, is equal to the fquare deferibed on the 
whole , and the faid Segment , as one line. 

Let the ftrait line a b be cut at adventure in the point c. I fay, 
that the Rectangle four times contained by ab, bc, together with 
the Iquare of a c, is equal to the fquare defcribed on a b, b c, as one 
line. 

For let the line a b be produced dire&ly to d, and let bd be put 
equal to cb; then on ad let there be defcribed the fquare aefd, 
and let the double Figure be conftruded. 

Nowforafinuch as cb is equal to bd, but 
alfo c b is equal to gk, and b d to k n [Prop. 

34_ El. I.T, therefore g k is equal to k n. By the 

lame realon alfo p r is equal to R o. 

And becaufe cb is equal to bd, and gk to 
k n, therefore the Rectangle c k is equal to 
the Redangle k d ; and gr toRN [Prop. 36. 

El. 1 . 1 . But ck is equal to r n (becaufe they 
are the Complements of the Parallelogram 
co) wherefore alfo kd is equal to gr: therefore the four Redan¬ 
gles c k, k d, g r, r n, are equal to one another; and thefe four there¬ 
fore are quadruple to c k. 

Again, becaufe cb is equal to bd, but alfo bd is equal to bk [by 
Coroll. 1. Prop.4-El II. j that is,to cg, [by Prop. 36. ELI.]; and alfo 
becaufe c b is equal to g k, that is, to g p [by Corol. 1. Prop. 4. El. II.]; 
therefore cg is equal to g i>. 

And becaufe c o is equal to g p, and p r to r o, therefore the Red¬ 
angle a g is equal to the Rcdangle m p, and i> i. to rf [by Prop. 36. 

El. I.]. 

But m p is equal to p l (becaufe they are the Complements of the 
Parallelogram .ml); wherefore alfo ag is equal to R r. 



There- 
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Therefore the four Rectangles ag, m p, p l, r f, are equal to one 
another; and thefe four therefore are quadruple to ag. 

But the four Rectangles ck, kd,gr,rn, have been proved qua¬ 
druple tOCK. 

Wherefore the eightRe&angles which contain the Gnomon 5 tv, 
are quadruple to the Rectangle a k. 

And becaufe ak is contained by ab, bc, for bk is equal to bd, that 
is to b c, therefore the ReCtangle four times contained by a b, b c, is 

quadruple to ak. 

But the Gnomon s t v hath been proved quadruple to a k ; there¬ 
fore the ReCtangle four times contained by a b, b c, is equal to the 
Gnomon stv. 

Let there be added in common xh, which is equal to the fquare 
of a c ; wherefore the ReCtangle four times contained by ab,b c, to¬ 
gether with the fquare of ac, is equal to the Gnomon stv, and xh. 

But the Gnomon stv, and x h are the whole fquare a e fd, which 
is defcribed on the line a d ; therefore the ReCtangle four times con¬ 
tained by the lines ab, bc, together with the fquare of ac, is equal 
to the fquare of ad, that is, to the fquare defcribed on ab, bc, as 
one line. 

If therefore a ftrait line be cut at adventure, the ReCtangle four 
times contained by the whole, and one of the Segments, together 
with the fquare of the other Segment, is equal to the fquare de¬ 
fcribed on the whole and the faid Segment, as one line. Which 
was to be demonftrated. 


PROPOSITION IX. 

I Fa fir ait line be cut into two equal Segments, and two unequal, 
the fquares of the unequal Segments of the whole line are double 
to the fquare of the half and to the fquare of the line between the 
Sections. 


Let the ftrait line a b be cut into two equal Segments at the point 
c, and into two unequal, at the point D. I fay, that the fquares of 
a d, d u, are double to the fquares of a c, c d. 


For from the point c to the line ab, let 
there be drawn at right angles ce, and let 
it be put equal to either a c, or cb ; then 
draw a e, e b. And by the point d, let there 
be drawn, parallel to ce, the line df, and 
alfo by the point f, draw fg parallel to a b. 
Then let there be drawn a f. 



Now forafmuchas ac is equal to ce, therefore the angle eac is 
equal to the angle a ec. And becaufe the angle at c is a right angle, 
therefore the remaining angles aec, eac, arc equal to one right 
angle [Prop. 31. EL I.], and they are equal to one another: where¬ 
fore 
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fore each of the angles aec, eac, is half of a right angle. 

By the fame realbn alfo each of the angles b e c, e bc, is half of a 
right angle. 

Therefore the whole angle aeb is a right angle. 

And forafmuch as g e f is half of a right angle, but e g f is a right 
angle [Prop. 19. El. I.], (becaufe it is equal to the inward and op- 
polite ecb) therefore the remaining angle efg is alfo half of a 
right angle. 

Wherefore the angle feg is equal to efg, and therefore the fide 
eg, is equal to the fide fg. [Prop. 6. El. I.]. 

Again, forafmuch as the angle at b is half 
of a right angle, and that fd b is a right an¬ 
gle (becaufe it is equal to the inward and 
oppofite ecb) therefore the remaining an¬ 
gle bfd, is alfo half of a right angle. 

Wherefore the angle at b is equal to the 
angle dfb, fo that alfo the fide df is equal to the fide db [Prop. 6. 

El. 1.1 

Now becaufe ac is equal to CE,and fothe fquare of ac is equal 
to the fquare of c e, therefore the fquares of ac, ce, are double to 
the fquare of a c. But the fquare of a e is [Prop. 4.7. El. I.] equal to 
the fquares of ac, cf. [for ace is a right angle by ConftruCtion]; 
wherefore the fquare of a e is double to the fquafe of ac. 

Again, forafmuch as eg is equal to gf ; and fo the fquare of eg 
is equal to the fquare of gf; therefore the fquares of eg, gf, are 
double to the fquare of gf. But the fquare of ef is equal to the 
fquares of eg, g f ; therefore the fquare of E f is double to tlie fquare 
of gf. But the line gf is equal to cd [Prop. 54. El. I.]; where¬ 
fore the fquare o/ef is double to the fquare of cd. 

But the fquare of ae is double to the fquare of ac. 

Therefore the fquares of a e, e F,are double to the fquares of ac,cd. 

But the fquare of a f is equal to the fquares of a e, e f, [for ae f 
is a right angle]; therefore the Iquare of af is double to the fquares 
of a c, c D. 

But again, to the fquare of af are equal the fquares of ad, df, 
( for the angle at d is a right angle) therefore the fquares of ad, 
d f‘, are double to the fquares of ac,cd. 

But df is equal to dii, wherefore the fquares of ad, db, are dou¬ 
ble to the fquares of ac,cd. 

It therefore a ftrait line be cut into two equal Segments,and two 
unequal, the fquares of the unequal Segments of the whole line, are 
double to the Iquare of the half, and to the fquare of the line be¬ 
tween the Sections. Which was to be demonftrated. 



PROPO- 
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PROPOSITION X. 

I Fa sir ait line he cut into two equal Segments, and to it he added 
another sir ait line dire cl ly, the fqhare of the whole, with the 
adjunct (as one line ) and the fquare of the adjunct, thefe both toge¬ 
ther are double to the fquare of the half, and to the fquare defcnbed 
on the half, and the adjunct, as one line. 

Let the ftrait line ab be cut into two equal Segments, at the 
point Cj and to a b let b d be added directly. I fay, that the fquares 
of ad, DB.are double to the fquares of ac, CD. 

For fiom the point c to the line ab, let there be drawn at right 
angles ce, and let it be put equal to either ac, or cb; then draw 
ae,eb. And by the point e let there be drawn, parallel to cd, the 
line ef, and alfo by the point d, draw df parallel to ce. Now be- 
caule there falls on the parallels E c, f d, the ftrait line e f ; therefore 
the inward angles cef, efd, are equal to two right angles; where¬ 
fore the angles F E b, e f d, are lefsthan two right angles: but lilies 
infinitely produced from angles Ids than two right do meet toge¬ 
ther, wherefore e b, fd, produced towards b,d (hall meet. Let them 
be produced, and meet at the point g. Then draw a 6. 

Now forafmuch as a c isequaltocE, ' f. _ r 

therefore the angle a e c is equal to 
the angle E a c. And the angle at c is 
a right angle; wherefore each of the 
angles eac,aec, is half of a right angle. _/ 

By the fame reafon alfo each of the _ 

angles bec, ebc, is half of a right "" - - .... \ 

angle. ° 

Therefore the whole angle aeb is a right angle. 

And forafmuch as ebc is half of a right angle, therefore dbg is 
alfo half of a right angle [ Prop. iy.I.]; but bdg is a right angle, 
becauleit is equal to the alternate angle dce [Prop. 19. 1 .]; there¬ 
fore the remaining angle dgb is half of a right angle; where¬ 
fore dgb is equal to dbg. So that alfo the fide bd is equal to the 
lideDG [Prop. 6. 1 .]. 

Again, forafmuch as eg f is half of a right angle, and that the angle 
at f is a right angle, becaufe it is equal to the oppofitc angle at c 
[Prop. 3+. El. I.j; therefore the remaining angle fug is half of a 
right angle. Wherefore eg f is equal to g e f ; lo that alfo the fide 
a f is equal to the fide ef. 

Now becaufe ec is equal to c a; and fothe fquare of ec, to the 
fquare of ca; therefore the fquares of ec, ca, are double to the 
fquare of c a. But the fquare of ea is equal to the fquares of ec , 
ca [Prop. 4.7. I.j. 

Therefore the lquare of e a is double to the fquare of a c. 

U 



Again, 



iz 6 THE SECOND ELEMENT 

Again, forafmuch as g f is equal to ef, and fo the fquare of gf 
to the fquare of e f ; therefore the fquares of g f, e f, are double to 
the fquare of e f. But the fquare of e g is equal to the fquares of 

G F, E F. 

Therefore the fquare of e g is double to the fquare of e f. But e f 
is equal to cd; therefore the fquare of eg is double to the fquare 

of CD. 

But the fquare of e a has been proved 
double to the fquare of a c. 

Therefore the fquares of e a, eg, are 
double to the fquares of a c, c d. 

But the fquare of ag is equal to the 
fquares of ea, eg; wherefore the 
fquare of a g is double to the fquares 

of AC, CD. 

But to the fquare of a g are equal the fquares of ad, dg; there¬ 
fore the fquares of a d, d g, are double to the fquares of a c, c d. 

But dg is equal to db; wherefore the fquares of ad, db, are 
double to the fquares of a c, c d. 

If therefore a ftrait line be cut into two equal Segments, and to 
it be added another ftrait line direftly, the fquare of the whole, 
with the adjunct (as one line) and the fquare of the adjunct, thefe 
both together are double to the fquare of the half, and to the fquare 

defcribed on the half and the adiunft, as one line. Which was to 
be demonftrated. 

PROPOSITION XI- 

T O cut a strait line given, fo that the Redangle contained by 

the whole , and one of the Segments may be equal to the 
fquare of the other Segment. 

Let the ftrait line given be a b. It is required fo to cut a b, that 
the Rectangle contained by the whole a b, and one of the Segments 
may be equal to the fquare of the other Segment. 

On ab let there be defcribed the fquare abdc: g ' f 
and let ac be divided into two equal Segments at 
the point e, then draw b f. : and let c a be produced 
to f, and e f be put equal to k b. Then on a f, let ' 
there be defcribed the fquare afgh; and let gh 
be produced to k. 

I fay, that ab is cut in the point h, fo that the 
Rectangle contained by the whole a b, and by the 

Segment b h, is equal to the fquare of a h, the other g —i -c _ 

Segment. 

For whereas the ftrait line a c is cut into two equal Segments at 
the point E; and there is added to it a f ; therefore the Rectangle 

con- 
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contained by c f,fa, together with the fquare of a e is equal to the 
fquare of e f [Prop. < 5 t El. II.]. 

But ef is equal to eb; therefore the Reftangle contained by cf, 
fa, together with the fquare of ea, is equal to the fquare of eb. 

But to the fquare of eb are equal the fquares of ba, af. ; for the 
angle at a is a right angle. 

Therefore the Reftangle contained by c f, f a, together with the 

fquare of a e, is equal to the fquares of b a, a e. 

Let the common fquare of a e be taken away. Therefore the re¬ 
maining Reftangle contained by c f, f a, is equal to the fquare ol a b ; 
and the Rectangle contained by cf, fa, is ihe Reftangle fk (for af 

is equal to f g) and alfo the fquare of a b is the fquare a d ; there¬ 
fore f k is equal to a d. 

Let the common Reftangle a k be taken away. Therefore the re¬ 
mainder f h is equal to the remainder hd. 

But h d is the Reftangle contained by a b, b h (for a b is equal to 
bd by Conftruftion), and fh is the fquare of ah. 

Therefore the Rectangle contained by ab, bh, is equal to he 
fquare of ah. 

Wherefore the ftrait line given ab, is cut in the point h, fo that 
the Redangle contained by the whole AB,and by the Segment b h, is 
equal to the fquare of the other Segment a h. Which was to be done. 

PROPOSITION XII. 

I N Obtufe angl d Triangles, the fquare of the fide fubtending the 
Obi life angle , is greater than the fquares of the fides containing 
the Obtufe angle , by the Redangle twice contained by one of the 
fides about the Obtufe angle, on which being produced a perpendi¬ 
cular falls \ and by the line intercepted without , between the per¬ 
pendicular and the Obtufe angle. 

Let abc be an Obtufe angld Triangle, having the Obtufe angle 
bac; and from the point Bon the fide c a produced, let there be 
drawn the perpendicular bd. 

I lay, that the fquare of bc is greater than the fquares of b a, a c, 
by the Reftangle twice contained by c a, a d. 

For becaufe cd is cut at adventure in the point /b 

a, therefore the fquare of cd is equal to the fquares 
of c a, ad, and to the Reftangle twice contained 
by ca,ad [Prop. 4. El. II.]. Add in common the 
fquare of d b; therefore the fquares of c d, d B,are 
equal to the fquares of c a, a d, d b, and to the Reft- 
angle twice contained by c a, ad. 

But to the fquares of cd, db, isequal the fquare of cb (for the 
angle at d is a right angle), and to the fquares of ad, db, is equal 
the fquare of a b. 



Ui 


There- 
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Therefore the fquare of c b is equal to the fquares of c a, a b, and 
to the Rectangle twice contained by c a, ad. 

So that the fquare of cb is greater than the fquares of ca,ab, by 
the Rectangle twice contained by ca,ad. 

Therefore in Obtufe angl’d Triangles, the fquare of the fide fub- 
tending the Obtufe angle, is greater than the fquares of the fides con¬ 
taining the Obtufe angle, by the Rectangle twice contained by one 
of the fides about the Obtufe angle, on which being produced a per¬ 
pendicular falls - , and by the line intercepted without, between the 
perpendicular and the Obtufe angle. Which was to be demonftrated. 

PROPOSITION XIII. 

I N Acute angt d Triangles the fquare of the fide fuhtending the 
Acute angle, is lefs than the fquares of the fides containing the 
Acute angle , by the Re Bangle twice contained by one of the fides 
about the Acute angle , on which a perpendicular falls ; and by the 
line intercepted within , between the perpendicular and the Acute 
angle. 

Let abc be an Acute angl'd Triangle, having an Acute angle at 
b; and from the point a, on the fide bc, let there be drawn the 
perpendicular ad. 

1 fay, that the fquare of a c is lefs than the fquares of c B, B a, by 
the Rectangle twice contained by cb, bd. 

For becaufe c b is cut at adventure in the point d, 
therefore the fquares of cb, bd, are equal to the 
Rectangle twice contained by cb, bd, and to the 
fquare of dc [Prop. 7. El. II.]. Add in common 
the fquare of a d. 

Therefore the fquares of c B, b d, d a, are equal 
to the Rectangle twice contained by cb, bd, and 
to the fquares of d a, dc. 

But to the fquares of bd, da, is equal the fquareof ab (for the 
angle at D is a right angle), and to the fquares of da,dc, is equal 
the fquare of a C. 

Therefore the fquares of c b, b a, are equal to the fquare of a c, 
and to the Rectangle twice contained by cb, bd. 

So that the fingle fquare of ac is lefs than the fquares of cb, ba, 
by the Rectangle twice contained by cb, bd. 

Therefore in Acute angl’d Triangles the fquare of the fide fub- 
tending the Acute angle, is lefs than the fquares of the fides contain¬ 
ing the Acuteangle, by the Rectangle twice contained by one of the 
fides about the Acuteangle, on which a perpendicular falls; and by 
the line intercepted within, between the perpendicular and the 
Acute angle. Which was to be demonftrated. 
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PROPOSITION XIV. 

0 conjlitute a fquare equal to a right-Iind Figure giiien. 


Let the right-lin’d Figure be a. It is required to conftitute a 
fquare equal to a. 

By Prop. 4 y El. I. let the Reftangled Parallelogram bd beconfti- 
tuted equal to the right-lin’d Figure a. 

If therefore the line be be equal to the line ed, then what was 
required is now done, for there is conftituted the fquare bd, equal 
to the right-lin’d Figure a. 

But if not, then one of the lines 
be, ed, is the greater. Let be be 
the greater; and let it be produced 



■ 

\ 

1 


\ 


\ 



to f ; and let e f be put equal to \ A 
e d. Then let b f be cut into halves 
at the point g ; and to the center g, 
and the diftance one of the lines gb, 
g f, let there be defcribed the Semi¬ 
circle b h f ; and let d e be produced to h. Then let g h be ioy n’d. 

Now forafmuch as bf is cut into two equal Segments at g, and 
into two unequal at e,; therefore the Reftangle contained by be, 
ef, together with the lquare of ge, is equal to the fquare of gf 

[Prop y. El. 11 .]. But g f is equal to gh, therefore the Reft angle 
contained by be.ef, together with the lquare of ge, is equal to 
the fquare of gh. But to the fquare of gh, are equal the fquarcs of 
ge,eh, therefore theReftangle contained by be,ef, together with 
the fquare of g e, is equal to the fquares of g e, e h. Let the com¬ 
mon fquare of g e be taken away. Therefore the remaining Reft¬ 
angle contained by be, ef, is equal to the fquare of eh. But the 
Reftangle contained by be, ef, is the Parallelogram bd, becaufe 
e f is equal to e d. 

Therefore the Parallelogram bd is equal to the fquare of eh. But 
the Parallelogram b d is equal to the right lin’d Figure a; wherefore 
the right-lin’d Figure a, is equal to the fquare of eh. 

Therefore there is conftituted a lquare defcribed on e h equal to a, 
the right-lin’d Figure given. Which was to be done. 
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ELEMENT. 


DEFINITIONS. 


DEFINITION I. 

E §}ual Circles are fucb, whofe Diameters are equal\ or, whofe 
lines from the Center are equal. 

DEFINITION II. 

A Strait line is faid to touch a Circle, 

which meeting a Circle, and being pro¬ 
duced, cuts not the Circle. 

DEFINITION III. 

C ircles are faid to touch one another, 

which meeting together, do not cut one another. 

DEFINITION IV. 



N a Circle firait lines are faid to be equally diflant from the 
Center, when the perpendiculars drawn from the 
Center to the fame lines are equal. 

ylnd that line is faid to be more diflant ; on which 



the greater perpendicular falls. 

DEFINITION V. 

Segment of a Circle is a Figure comprehended by a flrait 




line, and the circunference of the Circle. 
The Hr ait line is called the bafe of the Segment. 


DEFINITION VI. 



■ 
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A N angle of a Segment is that which is con- \f~f~ f/ 
tdined by a Hr ait line, and the circumference of the Circle. 

DEFINITION VII. 

A N angle in a Segment is when in the circumfe¬ 
rence of a Segment fjall be takgn a point, and 
from that point to the ends of the line, which is the 
bafe of the Segment ,fball be drawn flrait lines: it is 
the angle contained by thoje fame lines. 
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A Nd when the Sir ait lines containining the angle do ajjitme a 
circumference, the angle is (aid to infM upon that circumference. 

DEFINITION IX. 

Sell or of a Circle is a Figure, which, when an 
angle JhaU he fated at the center of the Circle ; 
is comprehended by the fir ait lines containing that an¬ 
gle, and by the circumference ajfumed under the fame 
lines. 

DEFINITION X. 

Ike Segments of Circles are fuch, which receive equal angles. Or 
in which the angles are equal to one another. 

That is, if the Segments of two Circles are fuppo- 
fed like, or ]o proved, then we are to allow the an¬ 
gles in thofe Segments to he equal. Or contrarily, if 
the angles he fuppofed, or proved equal, then we are 
to allow the Segments to he like to one another. 


PROPOSITION I. 

0 find the center of a given Circle. 
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Let the given Circle be a bc. It is required of the Circle a b c, to 
find the center. 

Let in the Circle be drawn at adventure any ftrait line as a i! ; 
and let it be cut into halves in the point d ; and from 0 draw d c 
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at right angles to ab, and produce it to E. Then 
let c e be cut into halves in r. I fay, thepoint f 
is the center of the Circle abc. For if not: let 
it, if poflible, be the point g ; and let g a,gd,gb, 
be joyn’d. Now forafmuch as a d is equal to d b 
andDG is common; therefore there are the two 
lines a i), d g, equal to the two lines d b, dg, each \ / 

to each, and the bafe g a is equal to the bafe g b, 
for they are from the center g; wherefore the angle adg is equal 
to the angle g d b [Prop. 8. El. I.]. But when a ftrait line Handing 
upon a ftrait line, makes the angles on each fide equal to one ano¬ 
ther, each of the equal angles is a right angle; therefore g d b is a 
right angle. But alio r d b is a right angle [by Conftru&ion]; there¬ 
fore f D b is equal to g d b, the greater to the lefs, which is impof- 
fible. Wherefore g is not the center of the Circle a b c. And in like 
manner may we prove that no other point can be befides f. 


Therefore the point f is the center of the Circle abc. 
was to bc done. 


Which 
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Corollarv. 


From bend it :s mamftjl, that if in fl Circle a fir ait line cuts a Jbait line into halves, 
and at right angles; the center of the Circle is in the cutting line. 


PROPOSITION II. 


IT Fin the circumference of a Circle any two points he taken, the 
j[ fir ait line joyning the fame points fiall fall within the Circle. 

Let the Circle be abc, and in the circumference thereof let be 
taken any two points a,b. I fay, that the ftrait line drawn from a 
to 3 fails within the Circle. For if not: let it, if poflible, fall with¬ 
out, as AEB,and let the center of the Circle abc be taken, and let 
it be d. Then let ad,db, be joyn’d, and let df be produced to f. 

Now forafmuch as d a is equal to d b, therefore c 

the angle D ae is equal to the angle dbe [Prop. 


S. El. I.]. And becaufe of the Triangle d a e, one 


l 


/ 


/ 


fide a eb is produced; therefore the angle deb 
is greater than the angle d ae [Prop. 16. El. I.]. 

But the angle dae is equal to the angle dbe 
[Prop. f. El. I.]; therefore deb is greater than 
dbe. But under the greater angle is fubtended 
the greater fide [Prop. 19.El. 1 .]; therefore bd 
is greater than de. But db is equal to df, wherefore df is greater 
than de, the lei's than the greater, which is impolfible; therefore 
the ftrait line drawn from a to c, fhall not fall without the Circle. 
In like manner we may fliew that it fliall not fill upon the circum¬ 
ference : therefore it (hall fall within. 

If therefore in the circumference of a Circle any two points be 
taken, the ftrait line joyning the fame points fliall fall within the 
Circle. Which was to be deraonftrated. 


PROPOSITION III- 

I F in a Circle a sir ait line drawn through the center cuts a sir ait 
line not drawn through the center into halves ; it Jhall alfo cut 
the fame at right angles. And if it cuts it at right angles, it frail 
aljo cut the fame into halves. 

Let the Circle be aec, and in the fame let the ftrait line cd, 
drawn through the center, cut the ftrait line ab not drawn through 

the center, into halves in the point f. I fay, that it alfo cuts the 
fame at right angles. Let the center of the Circle a b c be taken, 
and let it be e, and let e a, e b, be joyn d. Now becaufe a f is equal 
to fb [by Suppofition], and fe is common; therefore two to two 
are equal, and the bafe ea is equal to the bafe eb; wherefore the 
angle afe is equal to the angle bfe [Prop. B. El. I.) But when a 
ftrait line Handing upon a ftrait line, makes the angles on each fide 

equal 
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equal to one another, each of the equal angles is a right angle; 
wherefore each of the angles a f e, b f e, is a right angle. Therefore 
cd drawn through the Center cutting ab not drawn through the 
Center into halves, does alfo cut it at right angles. 

But again, let the ftrait line cd cut the ftrait 
line ab at right angles. I fay, that it alfo cuts the 
fame into halves: which is, that af is equal to 
fb. For the fame conftru&ion being made, be- 
caufe in the Triangle eab, ea, a line from the 
Center is equal toEB; therefore the angle eaf is 
equal to the angle ebf [Prop. y. El. I.]; but 
the right angle afe is equal to the right angle 
bfe: therefore there are the Triangles efa, efb, having two an¬ 
gles equal to two angles, and one fide equal to one fide, namely 
ef common to both, which fubtends one of the equal angles: 
Therefore they fhall have the remaining fides equal to the remain¬ 
ing lides [Prop. 16. El. I.]; wherefore a f is equal to bf. 

If therefore in a circle a ftrait line drawn through the Center cuts 
a ftrait line not drawn through the Center into halves; it ihall alfo 
cut the fame at right angles. And if it cuts it at right angles, it Ihall 
alfo cut it into halves. Which was to be demonftrated. 

PROPOSITION IV. 

I F in a circle two ftrait lines not drawn through the center, cut 
one another , thejpall not cut one another into halves. 

Let the circle be a b c d, and in the lame let the ftrait lines a c, b d, 
not drawn through the Center, cut one another in the point E. I 
fay, they do not cut one another into halves; fo 
that ae beequal to ec, and be to ed. Let the 
Center of the circle a b c d be taken, and be it f, 

and let E F be joyn'd- Now forafmuch as the 
ftrait line fe drawn through the Center, cuts 
the ftrait line a c not drawn through the Cen¬ 
ter into halves, it (hall alfo cut the fame atright 
angles [Prop. g. El. III.]; therefore fea is a 
right angle. Again, becaufe fe cuts the ftrait line bd not drawn 
through the Center into halves; it Ihall alfo cut the fame at right 
angles; therefore feb is a right angle. But it has been proved, 
that f ea is a right angle; therefore fea is equal to feb; the lefs 
to the greater, which is impoflible; wherefore a c, b d, do not cut 
one another into halves. 

If therefore in a circle two ftrait lines not drawn through the 
Center, cut one another, they Ihall not cut one another into halves. 
Which was to be demonftrated. 
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PROPOSITION V. 

I F two circles cut one another , thej/ Jljall not have the fame 

Center. 

Let the two circles abc, cDG,cut one another in the points b, c. 
I fa) 7 , they have not the fame Center. For, if pofiible, let E be the 
Center, and let ec be joyn’d; alfo let efg 
be drawn at adventure. Now becaufe E is 
the Center of the circle abc, therefore ec 
is equal to e f. Again, becaufe e is the Cen¬ 
ter of the circle c d g, therefor e c is equal 
to eg. But it has been provea, that ec is 
equal to ef; therefore ef is equal to eg; 

the lefs to the greater, which is impoffible. 

Therefore the point e is not the Center of the circles abc, cdg. 

Wherefore if two circles cut one another, they lhall not have the 
fame Center. Which was to be demonftrated. 

PROPOSITION VI. 

I F two circles touch one another within, they Jljall not have the 
fame Center. 

Let the two circles abc, cde, touch one another within in the 
point c. I lay, they have not the fame Center. For if pofiible, let 
the Center be f, and let f c be joyned: alfo let 
feb be drawn at adventure. Now forafmuch 
as f is the Center of the circle abc, therefore 
Fc is equal to fb. Again, becaufe f is the Cen¬ 
ter of the circle cde, therefore fc is equal to fe. 

But it has been proved that fc is equal to fb; \ 
therelore f e is equal to fb; the lefs to the great¬ 
er, which is impoffible. Therefore the point f 
is not the Center of the circles a b c, c d e. 

Wherefore if two circles touch one another within, they lhall 
not have the fkme Center. Which was to be demonftrated. 

PROPOSITION VII. 

I Fin the Diameter of a circle be taken any point, which is not 
the Center of the circle ; and from that point do fall upon the 
circle any fir ait lines : the greateft (ball be that, in which the Cen¬ 
ter is ; and the remaining part /hall be the leafl. Of the others the 
nearer to the line through the Center, is always greater than the 
more remote. 

And two only equal lines can from the fame point fall upon the 
circle, on each fide of the leafl line. 

Let the circle be a b c d, and the Diameter thereof be a d, and in 

AD, 
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Aixjefcbe taken any point as f, which is not the center of the Circle. 
Blit let the center of the Circle be e ; and from f let the fu ait lines 
f b, fc, fg, fall upon the circle abcd. 

1 fay, that thegreateft is fa, and the lead fd: Of the others fk is 
greater than fc, and fc than fg. For let be,c e,g e be joyn’d. 

Now becaule two lides of every Triangle are greater than the re ¬ 
maining fide [Prop. to. ELI.]; therefore bf, ef, are greater than 
fit, but ae is equal to be, therefore be,e f, are equal to af; there¬ 
fore af is greater than bf. Again, becaufe 

be is equal to ce, and fe common, there¬ 
fore there are the two lines b e, e f, equal to 
he two lines ce, ef. But the angle bef is 
greater than the angle cef , therefore the 
•ale bf, is greater than the bafe cf [Prop. 

'4. El. 1 .]. And by the fame reafon c f is 
geater than fg. ,Again, becaule gf, fe, 

ae greater than eg; and eg is equal to ed; 

therefore g f, fe, are greater than ed. Let 
El common be taken away, therefore the re- 
mlining line g f, is greater than the remaining line fd; Wherefore 
f ]is the greated line, and 1- d the lead: And 1- b is greater than f c, 
anl fc than fg. 

i lay alfo, that from the point f, two only equal lines can fall 

up qi the Circle abcd, on each lide of the lead line f d. , 

For to the line ef, and to the point K in the fame, let be confli- 
tutd the angle fe h, equal to the angle g e f [Prop. 1 5. El. I.], and 
let ih be drawn. Forafmuch then as gf. is equal to eh, and ef 
common; therefore there are the two lines or, ef, equal to the 
two lines h e , ,F.f, and the angle off is equal to the angle hue : 
therefore the bale fg is equal to the bafe i h [Prop.4..ELI.]. 

I fay now, that from the point f there cannot fall upon the Circle 
any otter line equal to fg. 

For ifpoflible, let i k fo fall, and becaufe fk is equal to fg, 

1-h is equal to fg ; therefore f k is equal to fh : The nearer to the 
line through the Center, equal to the more remote: which is im- 
podible. 

Or alfo thus. Let ek be joyn’d, and becaufe g f. is equal to ek, 
fe common,and tjje bafe gf equal to the bale fk; therefore the 
angle g f. f is equal to the angle k e f. But the angle g e f is equal 
to the angle hef; therefore the angle hf.f is equal to the angle 
kef: The lels to the greater, which is impoflible. Wherefore from 
the point f any other line cannot fall upon the Circle equal to fg; 

therefore one only. 

If therefore in the Diameter of a Circle be taken any point, &c. 
Which was to be demondrated. 

X x i P R O- 
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PROPOSITION VIII. 

I F without a Circle le taken any point , andfrom that point he 
dr men to the Circle any flrait lines, of which one is through the 
Center, and the rest at adventure. Of thofe that fall upon the 
Concave circumference , the greateft is that through the Center. Of 
the others the nearer to the line through the Center, Jhall be al¬ 
ways greater than the more remote. 

But of thofe lines which fall upon the Convex circumference, the 
least is that between the point and the Diameter. Of the other, 
the nearer to the least line, is always lefs than the more remote 
Jlnd two only equal lines can from that point fall upon the Circle 
on each fide of the least line. 


Let the Circle be abc, and without the Circle abc let be taket 
any point as d, and from the fame let be drawn to the Circle tie 
ftrait lines da, de,df, dc, and let d a be through the Center. 

I fay, that of thofe which fall upon a e f c, the Concave cr- 

cumference, the greateft is da, the line through the Center. Aid 
always the nearer to the line through the 
Center fliall be greater than the more re¬ 
mote ; that is d e, than d f, and d F,than d c. 

But of thofe lines which fall upon hlkg, 
the convex circumference the leaft is dg, be¬ 
tween the point d and the Diameter a g. And 
the nearer to dg the leaft line, is always lefs 
than the more remote; that is, d k than d l, 

and d l than d h. 

Let the Center of the Circle abc be taken, c 
and be it M, and let be joyned me, m f, mc, 


m k,m l,mh. Now forafmuch as am is equal 
to m e, let m d common be added; therefore 

ad is equal to f.m, md. But EM, 


d, are 



greater than f. d [Prop. 10. El. I.]; therefore 
ad is alfo greater than ed. Again, becaule me is equal to mf, 
and md common, therefore em, md, are equal to f m, m d, and the 
angle em d, is greater than the angle fmd; therefore the bafe ed 
is greater than the bafe i d f Prop. 14. ELI.) And in like manner 
may we prove, that r d is greater than c d. Therefore r- a is the 
greateft, and d e is greater than d f, and d f than d c. 


And again, becaule m k, k d, are greater than md, and mg is equal 
to mk; therefore the remaining line kd, is greater than the remain¬ 
ing line g d, fo that g d is lefs than k d, therefore g d is the leaft. 

And becaufe ol the Triangle mld, upononeof the fidesMD arecon- 
ftituted within the lame Triangle two ftrait lines m k, k d ; there¬ 
fore mk, kd, are lefs than ml,ld [Prop. ii.ELI.]; of which mk 
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is equal to ml; therefore the remaining line d k, is lefs than the 
remaining lineDL. In like manner we may fhow that dl is Ids 
than dh ; therefore dg is theleafl: and dk is lefs than dl, and dl 
than dh. 

1 fay alfo that two only equal lines can from the point t> fill 
upon the Circle on each fide of the leaft line d c. 

For to the line m d, and in it to the point m, let be conftituted 
the angle d m b, equal to the angle k .m d, and let d b be joyned. Now 
becaufe mk is equal to mb, and md common; therefore there are 
the two lines km, md, equal to the two lines iim, MD,each toeach, 
and the angle kmd is equal to the angle bmd; therefore thebafe 
dk is equal to the bafe d b [Prop. 4.. El. I.]. 

I fay now, that from the point d there cannot fall upon the Cir¬ 
cle any other line equal to d k. 

For if poflible let a line fo fall, and be it d x. Now forafinuch as 
dk is equal to d n, and d k is equal to D b ; therefore db is equal to 
dn: The nearer to dg the lead,equal to the more remote, which 
has been proved to be impoflible. 

Or other wife, let mk be joyned: and becaufe k m is equal to m n, 
and m d common, and the bafe d k is equal to the bafe d n, therefore 
the angle kmd is equal to theangle dmn [Prop. 8. El. I.]; but the 
angle k m d is equal to the angle bmd; therefore the angle b m d is 
equal to the angle kmd: the lefs to the greater, which is impofli- 
ble. Wherefore not more than two equal ftrait lines can from the 
point d fall upon the Circle abc, on each fide of the leaft line dg. 

If therefore without a Circle be taken any point, &e. Which 
was to be demonftrated. 





PROPOSITION IX. 

F within a Circle he taken any point, and from that point do fall 
upon the Circle more than two equal fir ait lines, that point 
taken is the Center of the Circle. 

Let the Circle be abc, and within the fame the point be d: and 
from d let upon the Circle abc fall more than 
two equal ftrait lines,as d a, d b dc. I fay, that 
the point d is the Center of the Circle abc. 

For let a b, bc, be joyned, and be cut into n 
halves at the points E, f. And de,df, being 
joyned, let them be produced to the points g, 
k; h,l. Now forafmuch as ae is equal to eb, 
and ed common; therefore there are the two 
lines ae, ed, equal to the two lines be, ed, 
and thebafe da is equal to the bafe db (bySuppofition); therefore 
theangleAED is equal to the angle bed: whereforeeachofthean- 

gles a e d, b e d, is a right angle; therefore g k cutting a b into halves, 

X 5 does 
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does alfo cut it at right angles. And becaufe if in a Circle a ftrait 
line cuts a ftrait line into halves, and at right angles, the center of 
the Circle is in the cutting line; therefore in the line gk is the cen¬ 
ter of the Circle abc [by Coroll. Prop. i. El. III.]. And by the fame 
reafon alfo the center of the Circle a b c, is in the line h l. But the 
lines g k, h l, have no other common point than d ; therefore the 
point d is the center of the Circle abc. 

If therefore in a Circle be taken any point, &c. Which was to be 
demonftrated. 

Otherwife. 

For within the Circle abc let be taken any point asD: and from 
D let upon the Circle abc, fall more than two equal ftrait lines, as 
da, D b, d c. I fay, that d the point taken is the center of the Circle 
abc. For if not; let it, if poffible, be e, and de being joyned, let it 
be produced to the points f. g ; then the 
line fg is the Diameter of the Circle abc. 

Now forafmuch as in fg the Diameter of 
the Circle a b c, is taken a point d, which is 
not the center of the Cirele,the greateft fhall 
be d g, and d c greater than d b, and d b than 
da [Prop. 7. El. III.]. But they are alfo e- 
qual, which is impoflible: Therefore e is 
not the center of the Circle abc. In like 
manner may we prove, that no other point can be the center befides 
d: therefore d is the center of the Circle abc. 

PROPOSITION X. 

Circle does not cut a Circle in more pomts than two. 

For if it be poflible let the Circle a b c, cut the Circle d e f in more 
points than two, as, e, g, f,h, and bg,bh, being joyned, let^ern be 
cut into halves in the points k, l, and 
from k, l, to the lines bg, bh, let be 
drawn at right angles kc, l.m, [Prop, 
ii. El. I.] and produce them to a,e. 

Now becaufe in the Circle abc, the 
ftrait line ac cuts the ftrait line bh in¬ 
to halves,and alio at right angles;there- 
forein ac is the center of the circle abc 
j Corol.Prop. r. El. III. j. Again, becaufe 
in the fame Circle a b c, the ftrait line 

NX cuts the ftrait line bg into halves,and alfo at right angles; there¬ 
fore in kx is the center of the Circle abc. But it has been proved 
to be alfo in ac, and in no other point doe the ftrait lines ac, nx, 

agree than in o: therefore the point o is the center of the Circle 
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abc. In like manner may we prove, that o is the center of the 
Circle def. Therefore of two Circles cutting one another, there is 
the fame center o, which is impoffible [Prop, y El. III.]. 

Therefore a Circle does not cut a Circle in more points than two. 
Which was to be demonftrated. 

Other wife. 

Let again the Circle abc cut the Circle def in more points than 
two, as, b, g, f h, and of the Circle abc let the center be taken, as 
k, and let kb. kg, kf, be jovned. Now 
becaufe within the Circle def, is taken 


the point k, and from k do tall upon the 
Circle def, more than two equal ftrait 
lines, namely, kb, kg,k f; therefore the 
point k is the center of the Circle def 
[Prop. tj.El. Ill ]; but k is alfo the center 
of the Circle abc: wherefore of two 


Circles cutting one another, there is the 
fame center k; which is impoffible. Therefore a Circle does not 
cut a Circle in more points than two. Which was to be demon¬ 
ftrated. 

PROPOSITION XI. 

F two Circles touch one another within , and the centers of the 
fame he taken, the ftrait line joining their centers being pro¬ 
duced, Jhall fall upon the ContaB of the Circles. 

Let the two Circles abc, ad e, touch one another within in the 
point a. And of the Circle abc, let be taken the cenrer f: alfo of 
the Circle ade, the center g. I fay, that the ftrait line drawn from 
g to f, being produced falls upon the point a. For if not, let it, if 
poffibte{ fall as f g d h, and let a f, a g be joy ned. 


Now forafmuch as ag,gf, are greater than fa, 
that is, than f h (for f a is equal to f h, both be¬ 
ing from the center) let fg common be taken 
away; therefore the remaining line ag is great¬ 
er than the remaining line g h. But a g is equal 
to g d, therefore g d is greater than g h; the lefs 
than the greater, which is impoffible. Where¬ 
fore the ftrait line drawn from f to g being produced, does not fall 
befide the point of Contatt a, therefore it muff fall upon it. 

If therefore two Circles touch one another within, and the cen¬ 
ters of the fame be taken, the ftrait line joy ning their centers being 
produced does fall upon the Contact of the Circles. Which was 

to be demonftrated. 
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Otherwife. 

Butlet it fall as g f c, and produce directly cfg to the point h*, and 
let ag, af, bejoyned. Now forafinuch as ag, 
gf, are greater than af, and a f is equal to fc, 
that is, to f h, let f g common be taken away; 
therefore the remaining line a g, is greater than 
the remaining line g h, that is, g d greater than 
g h • the lefs than the greater, which is impof- 
fible. In like manner may we prove the fame 
abfurdity, if the center of the greater Circle 
be without the Ids. 

PROPOSITION xn. 

I F two Circles touch one another without, the Strait line joyning 
their centers f hall pafs through the Contact. 

Let the two Circles abc, a de, touch one another without in the 
point a. And of the Circle abc, let the center f be taken: alfo of 
the Circle ad e the center g. I fay, that the ftrait line drawn from 
f to g, Ihall pafs through the Contaft in a. 

For if not, let it, if poffible, pafs as F c d g, 
and let af, ag, bejoyned. Now for- 
afmuch as the point f is the center of the 
Circle abc; therefore f a is equal to f c. 

Again, becaufe the point g is the center 
of the Circle ade, therefore ga is equal to gd. But it has been 
proved, that F a is equal to f c, therefore f a, a g, are equal to f c, 
dg. So that the whole fg is greater than fa, ag; but it is lefs 
[ Prop. io. El. I.], which is impoffible. Therefore the ftrait line 
drawn from f to g, cannot pafs otherways but through the Contact 
in a : wherefore it pafies through the Contaft. 

If therefore two Circles touch one another without, the ftrait 
line joyning their centers Ihall pafs through the Contatl Which 

was to be denionftrated. 

PROPOSITION XIII. 

A Circle t ouches not a Circle in more points than one, whether 

it touches within or without. 

For if it be poffible, let the Circle a b d c, touch the Circle e b f d, 
firff within, in more points than one, as inB,D. And of the Circle 
a b d c, let the center g be taken: alfo of the Circle eb£d the cen¬ 
ter h ; wherefore the ftrait line drawn from g to h, fhall fall upon 
the points b,d [Prop. 11. El. III.]. Let it fall as bghd. Now for- 
aGnuch as the point a is the center of the Circle abdc, therefore 
bg is equal to gd; wherefore bg is greater than hd, andBH much 
greater than h d. Again, becaufe the point h is the center of the 

Circle 
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Circle e b fd, therefore b h is equal to hd. But it has been proved 
to be much greater, which is impoflible; therefore a Circle touches 
not a Circle within, in more points than one. 

I fay alfo that neither without. For if poffible, let the Circle 
ack touch the Circle abdc without, in 
more points than one, as in a, c : and let a c 
be joyned. Now forafmuch as in the cir¬ 
cumference of each of the Circles abdc, 
ack, are taken any two points a, c; the 
ftrait line a c joyning the fame points (hall 
fall within each of the Circles [by Pr.i. El. 

III.]; but a c falling within the Circle abdc, 
mult fall without the Circle ack; which 
is abfurd, (viz. to fall within and without 
the fame Circle ack:) therefore a Circle 


touches not a Circle without, in more 
points than one. And it has been proved that it touches not within. 

Therefore a Circle touches not a Circle in more points than one, 
whether it touches within,or without. Which was to be demonftrated. 

PROPOSITION XIV. 

N a Circle equal ftrait lines are equally dijlant from the cen¬ 
ter. Jlnd lines equally diHant from the center , are equal to 

one another. 

Let a Circle be abdc, and in the fame let the equal ftrait lines be 
ab, cd. I fay, that they are equally diftant from the center. For 
of the Circle a b c d let the center be taken, and be it e ; then from 
E let be drawn to a b, c d, the perpendiculars e f, eg, and let a e, ce, 
be joyned. Now forafmuch as the ftrait lineEF 
drawn through the center, cuts the ftrait line 
a b not drawn through the center, at right an¬ 
gles, it alfo cuts the lame into halves [Prop. 3. 

E 1 .I 1 I.]; wherefore a f is equal to f b ; therefore 


a b is the double of a f. And by the fame reafon 
alfo c D is the double of c g. But a b is equal to c d 
[ by Suppofition ], therefore a f is equal to cg 
[Ax. 7.]. And becaufe ae is equal to ec, therefore the fquareofAE 

is alfo equal to the fquare of ec. But the fquares of af,fe, are 




] 


F is a 


right angle. But alfo the fquares of e g, g c, are equal to the fquare 
ec; for the angle at g is a right angle. Therefore the fquares of 
af,fe, are equal to the fquares of cg, ge, of which the fquare of 
a f is equal to the fquare of c g ; for the line a f is equal to the line 
cg: Therefore the remaining fquare of fe, is equal to the remain¬ 
ing fquare of eg ; therefore e f is equal to e g. But in a Circle ftrait 

Y line? 
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lines are faid to be equally diftant from the center, when the per¬ 
pendiculars drawn from the center to the fame lines are equal [Def. 
a.. El. III. i; therefore ab,cd, are equally diftant from the center. 

But now let the lines a b, cd, be equally diftant from the center, 
that is, let ef be equal to eg. I fay, that ab is alfo equal to cd. 
For the fameconftruction being made, we fliall 
in like manner prove that ab is the double of 
a t, and cd the double of cg. And becaufe ae 
is equal to e c, therefore the fquare of a e is alio 
equal to the fquare of £ c. But the fquares ofEF, 
fa, are equal to the fquare of ae, and the 
fquartsof eg, gc, are equal to the fquare of ec. 

Tru reiore the fquares of e f, f a, are equal to the 
fquares of eg, gc, of which the Iquareof eg is equal to the fquare 
of ef, for ef is equal to eg; and therefore the remaining fquare 
of a f, is equal to the remaining fquare of cg : wherefore a f is equal 
to cg But ab is the double of af, and cd the double of cg; where¬ 
fore a b is equal to c d [Ax. 6.]. 

Therefore in a Circle equal ftrait lines are equally diftant from the 
center. And lines equally diftant from the center, are equal to one 
another. Which was to be demonftrated. 



PROPOSITION XV. 


3 

S3 

n 


And of the 


always the nearer to the center is greater than the more remote. 

Let the Circle be abcd, and the Diameter thereof be ad, and the 
center e. Now to the center e let bc be nearer, and fg more re¬ 
mote. 1 lay, that ad is the greatelt, and bc greater than fg. Let 
fiom the center be drawn to bc, fg, the perpendiculars eh,ek. 
'now becaufe bc U nearer to the center, and 
fg more remote, therefore ek is greater than 
eh Def y. El. 111. i. Let ki. be put equal to / 
eh, and through l, let lm be drawn at right ( 
angles to f.k, and produced to x: then let be K 

ioyned f.m, f. s, f.f, eg. Now forafmuch asEH l 

is equal to ee, therefore bc is equal to m 
Prop. i+. L Again, becaufe ae is equal to EM, 
and de to ex, therefore ad is equal to me, 
ex; but me, ex, are greater than jix [Prop. zo. El. I]; therefore 
ad is greater than xin, but six is eqiidl toBc, therefore ad is 
greater than bc. And becaufe the two lines m f.. ex, are equal to 
the two lines fe, f.g, and the angle men is greater than the angle 
f eg, therefore the bale mx is greater than the bale fg [Prop 14.. 
El. I.l But m s has been proved equal to bc, wherefore bc is greater 
than fg. The greateft therefore is ad the Diameter, and bc is 




greater than fg. 


There- 
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Therefore in a Circle the greateft line is the Diameter. And of 


the others, always the nearer to the center is greater than the more 
remote. Which was to be demonftrated. 

PROPOSITION XVI. 

Strait line dr aim at right angles to the "Diameter of a Circle, 
from an extremity thereof /hallfall without the Circle : shut 



fir ait linefijall not fall, 


fir ait line and the circnmfc 



)f the Semicircle is greater than any Acute [h alt- 
lin'd angle-, and the remaining angle is lefs. 

Let the Circle be abc about the center d, and the Diameter be 
ab. I fay, that the ftrait line drawn at right angles to a i: ri om the 
point a the extremity of the Diameter, Ihall fall without the Circle. 
For if not, let it, if poflible, fall within as AC,a«d letDc be joy tied. 
Now forafmuch as da is equal to dc, r y 

therefore the angle dac is equal to the 
angle acd [Prop. y.El. I.j. But dac is 
a right angle [by Suppofition], therefore 
a c d is alio a right angle, wherefore dac, 
a c D,are equal to two right angles, which J_ 

is impolfiblc [Prop. 17 . El. I.]. There-" 

fore a (trait line drawn from the point 
a at right angles to ab, fhall not fall 
within the Circle. In like manner we 
may fliew that it (hall not fall upon the 
circumference; therefore it mult fall without, as af.. 


\ 


I fay, that in the place between the ftrait line a K,and the circum¬ 
ference cha, another ftrait line (hall not fall. For ifpollible, let it: bill 
as fa, and from the point d to the line f a, let be drawn the perpen¬ 
dicular dg. Now becaufe acd is a right angle, and dag is Ids than 
aright angle; therefore ad is greater than dg [Prop 19. HI. I.'. But 
da is equal to dh, therefore dh is greater than dg, the Ids than 
the greater, which is impoflible. Therefore in the place between 
the ftrait line and the circumference, another ftrait line (hall not fall. 

I fay moreover, that the angle of the Semiciicle, which is con¬ 
tained by the ftrait line ba, and the circumference cn a, is greater 
than any Acute ftrait-lin'd angle; and the remaining angle con¬ 
tained by the circumference cha, and the ftrait line a i:, is Ids than 
any Acute ftrait-lin’d angle. For if there be any Acute ftrait-lin'd 
angle greater than the angle contained by the ftrait line ba, and 
the circumference c h a, and any other lefs than the angle contained 

by the circumference cha; and the ftrait line a f., then in the place 
between the circumference cha and the ftrait line ah, fhall lull a 
ftrait line, which fhall make one ftrait-lin'd angle greater than tho 


Vi 


angle 
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angle contained by the ftrait line ba, and the circumference cha, 
and another ftrait-lin'd angle lefs than the angle contained by the 
circumference cha and the ftrait line ae. But fuch a line cannot 
fall •, therefore there fliall not be any Acute ftrait-lin’d angle greater 
than the angle contained by the ftrait line b a, and the circumference 
cha, nor any left, than the angle contained by the circumference 
cha and the ftrait line a e. Which was to be demonftrated. 

Corollary. 

From hence it is maniftej .?, that a ftrait line drawn at right angles to the Diameter of a 
Circle 7 from the extremity thereof doth touch the Circle [Deft 2 .]. And that a ftrait line 
touches a Circle in one point only : Becauje a ftrait line concurring with a Circle in two 
points , has been proi'cd to fall within the fame [ Prop. 2 .] 

PROPOSITION XVII. 

F Rora a given point to draw a sir ait line , which Jhall touch a 
given Circle . 

Let the given point be a, and the given Circle bcd. It is required 

from the point a, to draw a ftrait line which fliall touch the Circle 

bcd. Let the center of the Circle be taken as e, and draw ae ; then 
the center e and diftance ea, let the Circle afg be deferibed; and 
from the point d to the line ea, let df be drawn 
at right angles, and let ebf, and ab bejoyn- 
ed. I fav, that from the point a, is drawn the 
line a b, which touches the Circle bcd. Now 
forafmuchas f. is the center of the Circles bcd, 
afg, therefore ea is equal to ef, and ed to 
E b. There are then the two lines a e, e b, equal 
to the two lines fe, ed, and they contain a 
common angle at e ; wire re fore the bafeDF is 
equal to the bafe a b, and the Triangle d ef equal to the Triangle 
be a, and the remaining angles to the remaining angles; therefore 
the angle E b a is equal to the angle edf: but e d f is a right angle, 
therefore f.ba is alfo right; and eb is from the center. But what 
is drawn at right angles to the Diameter of a Circle from an extre¬ 
mity thereof does touch the Circle: Wherefore a b does touch the 
Circle. 

Therefore from the given point a is drawn a ftrait line a b, touch¬ 
ing the given Circle b c d. Which was to be done. 

PROPOSITION XVIII. 

Fa ftrait line touches a Circle, and from the center be drawn a 

ftrait line to the Contact^ that line Jhall be perpendicular to the 
Tangent. 

Let the ftrait line de touch the Circle abc in the point c; and 
of the Circle a b c, let the center f be taken; then from f to c let 

be 
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be drawn fc. I fay, that fc is perpendicular to de. For if not; 
let from the point f, be drawn fg perpendicular to de. Now be- 
caufe the angle fgc is a right angle, there¬ 
fore g c f is an acute angle [Prop. EL I.]. 

But under the greater angle is fubtended 
the greater fide [Prop. 19. El. I.J; therefore 
fc is greater than fg; but fc is equal to 
fb, therefore fb is greater than fg; the 
lefs than the greater, which is impollible. 

Therefore fg is not perpendicular to de. 

In like manner may we prove, that no other line can be befides 
fc; therefore fc is perpendicular to de. 

If therefore a ftrait line touches a Circle, and from the center be 
drawn a ftrait line to the Contact, That is perpendicular to the Tan¬ 
gent. Which was to be demonltrated. 



PROPOSITION XIX. 


T Fa (trait line touches a Circle, and from the Contact he drawn 
$ a Hr ait line at right angles to the Tangent, the Center of the 
Circle (hall he in the fame line. 


Let the ftrait line de' touch the Circle abc, in the point c, and 
from c let c a be drawn at right angles to d e. 1 fay, that the cen¬ 
ter of the Circle is in the line c a. For if not, let it, il potTible, be 
f, and let cf be joyned. Now foralimich as the ftrait line de 
touches the Circle abc, and fiom the center 
is drawn to the Contact the line fc: where¬ 
fore fc is perpendicular to de 1 Prop. 18. El. 

III.]; and therefore fcf.is a right angle; but 
ace is alfo a right angle [by Suppofition]; 
wherefore f c f. is equal to ace ; the lefs to the 
greater, which is impollible. Therefore F is 
not the center of the Circle arc. And in like 

manner may we prove, that no other can be 
befides a point in ac. 

If therefore a ftrait line touches a Circle, and from the Contaft 
be drawn a ftrait line at right angle.-, to the Tangent, the center of 
the Circle fliall be in the fame line. Which was to be demonltrated. 


A 



PROPOSITION XX. 

f K a Circle, the angle at the center is double to the angle at the 

* circumference, when the angles have the fame circumference 
for their bafe. 

Let the Circle be abc, the angle at the center bec, and at 

the circumference bac; and let them have the fame circumference 

Y 3 bc 
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bc for their bafe. I fay, that the angle bec is double to the angle 
eac. For drawing the line ae, let it be produced to f. Now for- 
afsnuch as ea is equal to eb, therefore the angle eab, is equal to 
the angle eb a Prop. 5-. El.I.j: wherefore the angles eab, eba, 
are double to the angle eab. But the angle 
B e I is equal to the angles eab,eba [Prop. 

51. El. 1 .therefore the angle bef, is double 
to tire angle e a b. By the fame reaion alfo 
the angle fec is double to the angle eac; 
therefore the whole angle bec, is double to 
the whole angle bac. Again, let the angle 
at the circumference be declined beyond the 
center e, and let it be b d c : then drawing d e, 
let it be produced to g. In like manner may 
we prove, that the angle gec is double to the angle gdc; of 
which angles gee is double to gdb: wherefore the remaining an¬ 
gle bec, is double to the remaining angle bdc. 

Therefore in a Circle, the angle at the center is double to the an¬ 
gle at the circumference, when the angles have the lame circumfe¬ 
rence for their bafe. Which was to be demonftrated. 

PROPOSITION XXI. 

N a Circle angles in the fame Segment are equal to one ano¬ 
ther. 

Let the Circle be a b c d, and in the Segment baeb, let the angles 
be bad, bed. I fay, that the angles bad, bed, are equal to one 
another. For let the center of the Circle be 
taken, and be it f; and let bf, fd, be ioyned. 

Now torafmuch as the angle b fd is at the cen¬ 
ter, and the angle bad at the circumference, and 
thev have the fame circumference for a bafe B c d; 
therefore the angle b 1 d is double to the angle 
bad [Prop, ao El. 1 I 1 .J. By the fame reafonthe 
angle B f d is alfo double to the angle bed; there¬ 
fore the angle bad is equal to the angle bed [Ax.7.] 

Therefore in a Circle angles in the fame Segment are equal to 
one another. Which was to be demonftrated. 




PROPOSITION XXII. 

O F four fided Figures in Circles, the oppofite angles are equal 

to two right. 

Let the Circle be a bcd, and in the fame the four fided Figure be 
a B c d. I lay, that the oppofite angles are equal to two right angles. 
Let ac, bd, be joyned. Now Ibraiimich as, of every Triangle the 
three angles are equal to two Right [Prop, jz, El. I.j; therefore of 

the 
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the Triangle abc, the three angles c ab, abc, b'c a, are equal to two 
Right. But the angle cab, is equal to the angle bdc, for they are 
in the fame Segment badc. And the angle 
a c b is equal to the angle adb, for they are in 
the fame Segment a d c b. Therefore the whole 

angle adc, is equal to the angles bac, acb; 
let the common angle abc be added; there¬ 




fore the angles abc, bac, acb, are equal to 
the angles abc, adc. But the angles abc, ^ 
bac, acb, are equal to two Right: therefore 

abc, a dc, are alfo equal to two Right. In like 
manner may wc prove that bad, dcb, are alfo equal to two Right 
angles. 

Therefore of four fided Figures in Circles, the oppofite angles are 
equal to two Right angles. Which was to be demonftrated. 

PROPOSITION XXIII. 

J Ton the fame Hr ait line two Segments of Circles like , and ttn- 
J equal ’ cannot be conjlititted the fame way. 

For if poffible, upon the fame ftrait line ABlet two like, and un¬ 
equal Segments of Circles acb, adb, beconftituted the fame way: 
then let adc be drawn, and cb,bd, be joyned. 

Now forafmuch as the Segment acb is like to 
the Segment adb; and like Segments of Circles , / 
are fuch, which receive equal angles [Def 11. El. " x 
111.]; therefore the angle acb, is equal to the 
angle adb ; the outward to the inward, which is impolfible. 
Therefore upon the fame ftrait line two Segments of Circles 

like, and unequal, cannot be conftituted the fame way. Which 
was to be demonftrated. 



u 


PROPOSITION XXIV. 

Von equal ftrait lines like Segments of Circles 
o?ie another. 


For upon equal ftrait lines ab, cd, let like Segments of Circles be 
ae'b,.cfd. Hay, that the Segment a e b, is equal k 

to the Segment cfd. For the Segment akb being 
apply d to the Segment Cfd, and the point a put 

upon the point c, and the line ab upon cd; then 

lhall the point b agree with the point d; for that 
ab is equal to cd. Now the ftrait line a b agreeing 
with the ftrait line cd, the Segment aeb fliall alfo 
agree with the Segment c fd. For if a b fliall agree 

with cd, and the Segment a eb fliall not agree with 1 

the Segment cfd, then fliall it differ from cfd, as 
t hgd. But a Circle cuts not a Circle in more points than two, yet 

here 
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here the Circle c h g d, cuts the Circle cfd, in more points than two, 
namely in c, g , d, which is impoffible [Prop. io. El. III.]. Where¬ 
fore the ftrait line a b, agreeing with the ftrait line cd, the Segment 
aeb cannot difagree with the Segment cfd: wherefore it lhall a- 
gree, and be equal to it. 

Therefore upon equal ftrait lines like Segments of Circles, are 
equal to one another. Which was to be demonftrated. 

PROPOSITION XXV. 

A Segment of a Circle being given to defer ibe unto it the Circle, 

of which it x a Segment. 

Let the given Segment of a Circle be abc. It is required to de- 
feribe unto it the Circle of which abc is a Segment. Let ac be cut 
into halves in d, and from the point D let db be drawn at right 
angles to ac, and let ab be joyned. Now then the angle abb is 
either greater than the angle b ad, or equal to it, or lefs. Firft, let 
it be greater, and to the ftrait line b a, and to the point a in the fame, 
let the angle b a e be conftituted equal to the angle abd [Prop.!?. 
ELI.], and IetBD be produced to e, andEC be joyned. Now foraf 
much as the angle a b e, is equal to the angle b ae; 
thereiore the ftrait line eb is equal to the ftrait 
line e a And becaufe a d is equal to d c, and d E 
common, therefore there are the two lines a d, 
d e, equal to the two lines c D, d e, each to each, 

and the angle ade is equal to the angle cde, 
for each of them is a right angle; therefore the 
bale E a is equal to the bale E c. But it has been 
proved, that ea is equal to EB, therefore eb is 
alfo equal to e c, wherefore the three lines e a, 
eb, ec, are equal to one another; therefore the 
center e, and diftance any one of the lines ea, 

EB,EC,a Circle being deferibed lhall pafs through 
the other points, and the Circle lhall be deferibed 
to the given Segment. Therefore a Segment of 
a Circle being given, there is deferibed unto it the Circle of which 
it is a Segment. And it is manifeft that the Segment abc is lels 
than a Semicircle, for that e the center of the fame fells without. 

In like manner if the angle abd, be equal to the angle bad, and 
fo ad be equal to either of the lines bd, dc ; therefore the three 
lines ad, d b, d c, are equal to one another, and d lhall be the cen¬ 
ter of the completed Circle; and the Segment abc lhall be a 
Semicircle. 

But if the angle a b d, be lefs than the angle bad, and to the line 
b a, and to the point a in the fame an angle be conftituted equal 

to abd; the center lhall fell within the Segment abc, and in the 

line 
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line b d ; and the Segment fhall be greater than a Semicircle, 
Therefore a Segment of a Circle being given there is defcribed 
unto it, the Circle, of which it is a Segment. Which wastobedone, 

PROPOSITION XXVI- 



tffi. 


ifift upon equal circumfe, 




ferences. 

Let the equal Circles be abc, def, and in the fame let the equal 
angles at the centers be bgc,ehf, and the circumferences b a c,edf. 
I lay, that the circumference b k c, is equal to the circumference 
elf. For let b c, e f, be joyned. Now forafmuch as the Circles abc, 
def, are equal; therefore the lines 
from the centers are equal: where¬ 
fore there are the two lines bg, g c, 
equal to the two lines eh,h f, and 
the angle at g is equal to the angle 
at h : therefore the bale bc is equal 
to the bafe e f [Prop. 4. El. I.]. And 
becaufe the angle at a is equal to the angle at D, therefore the 
Segment bac is like to the Segment edf: and they are upon equal 
lira it lines bc,ef. But upon equal ftrait lines like Segments of 
Circles are equal to one another [Prop. 14.. El. III.]; therefore the 

Segment bac, is equal to the Segment edf. But alfo the whole 
Circle abc, is equal to the whole Circle def; wherefore the re¬ 
maining Segment bkc, is equal to the remaining Segment elf, and 
therefore the circumference b k c, is equal to the circumference k l f. 

Wherefore in equal Circles, equal angles infill upon equal circum¬ 
ferences, whether the infilling angles beat the centers, or at the cir¬ 
cumferences. Which was to be demonltrated. 

PROPOSITION XXVII. 



ifift 


'if&W 


centers , or at the circumferences. 

For in the equal Circles abc, def, and upon the equal circumfe¬ 
rences bc, EF;let infill the angles bgc, ehf, at the centers g,h ; and 
at the circumferences the angles 
b a c, e d f. I fay, that the angle 
b g c is equal to the angle e h f, and 
the angle bac, to the angle edf. 

For if the angle bgc be equal to 
the angle ehf, t is manifelt that 


alfo the angle b a c, is equal to the 
angle edf [Prop. io.El.III.]. But if not, one of them is the greater. 

Z Let 
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Let the greater be bgc; and to the line bg, and in the fame to the 
point g. let be conftituted the angle bgk equal to the angle ehf 
[Prop, xp El l. j. But equal angles infill upon equal circumferences, 
when they are at the center [Prop. 16.EI.III.]; therefore the circum¬ 
ference b k is equal to the circum¬ 
ference ef. But ef is equal to bc 
[bv Suppofition]; therefore alfo bk 
is equal to b c; the lefs to the great¬ 
er, which is mipoflible; wherefore 
angle bgc, is not unequal to 

therefore it is e- 


t'i 

th 


V-r 


angle eh 




quai. Now theangle at a is the half of the angle bgc, and the an- 
le at d half of the angle ehf [Prop. io.El.IIL]; wherefore the an- 


t s 



gle at a is equal to the angle at d [Ax. 7.]. 

Therefore in equal Circles, angles which infill upon equal circum- 
fe: ences are equal to one another, whether the infilling angles be 
at the centers, or at the circumferences. Which was to be de- 
monftrated. 

PROPOSITION xxviii. 

N equal Circles equal ftrait lines take off equal circumferences , 
the greater equal to the greater, the lefs to the lefs. 

Let the equal Circles be a b c, 0 e f ; and in the fame let the equal 
ftrait lines bc bc, ef, taking off the greater circumferences bac, 
v .d r, and the lefs b g c, e h f. I fay, that b ac the greater circum¬ 
ference, is equal to edf the greater circumference, and bgd the 
lefs circumference, is equal to ehf the lefs. For 
let the centers of the Circles be taken k, l ; and 
let be ioyned kb, kc; i.e,lf. Now forafmuch as 
the Circles are equal, therefore the lines from the 
centers are equal. There are then the two lines 
b k, k c, equal to the two lines f. l, l f, and the bafe 
bc equal to the bafe ef; therefore the angle bkc 
is equal to the angle elf [Prop. 8. El. I.j. Now 
equal angles infill upon equal circumferences when 
they are at the centers [Prop. 16. El. III.]: where¬ 
fore the circumference b g c, is equal to the circum¬ 
ference ehf. But alfo the whole Circle abc, is 
equal to the whole Circle d e f ; wherefore the re¬ 
maining circumference bac, is equal to the remaining circumfe¬ 
rence e d f. 

Therefore in equal Circles equal ftrait lines take off equal cir¬ 
cumferences, the greater equal to the greater, the lefs to the lefs. 
Which was to tc demonftrated. 



PROPO- 
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ft 


inferences are fab tended equal 


Let the equal Circles be a bc, d ef, and in the fame let be taken 

equal circumferences bgc, ehf: and let be joyned the ftrait lines 

b c, e f. I fay, that b c is equal to 
e f. Let the centers of the Circles 
be taken k, l, and let be joyned 
kb,kc; le, lf. Now forafmuch 
as the circumference bgc, is equal 
to the circumference ehf; there- D 


fore the angle b k c, is equal to the 

angle elf [Prop. 17. El. III.]. And becaufe the Circles arc, def, 
are equal, therefore the lines from the centers are equal. There are 

then the two lines bk, kc, equal to the two lines el, lf, and they 
contain equal angles,wherefore the bafe bc, is equal to the bafe ef 
[P rop.4. El. I.]. 

Therefore in equal Circles, under equal circumferences are fub- 
tended equal ftrait lines. Which was to be demonftrated. 

PROPOSITION XXX. 




O cut a given circumference into halves. 

Let the given circumference be adb; it is required to cut the 
circumference adb into halves. Let ab be joyned, and cut into 
halves in the point c, and from the point c to the line ab, let be 
drawn at right angles c d, and let be joyned a d, d b. Now forafmuch 
as a c is equal to c b, and c d common: therefore 
there are the two lines a c, cd, equal to the two 
lines b c, cd, and tire angle acd equal to the an¬ 
gle bcd, for each of them is a right angle; 

therefore the bafe ad is equal to the bafe db [Prop. 4. El. I.]. Now 
equal ftrait lines take off equal circumferences, the greater to the 
greater, the lefs to the lefs [Prop. i8- El. III.]; and each of the cir¬ 
cumferences ad, db, is lefs than a Semicircle; wherefore the cir¬ 
cumference ad is equal to the circumference d b. 

Therefore the given circumference is cut into halves. Which was 

to be demonftrated. 

PROPOSITION XXXI. 

% 

T N a Circle the angle in the Semicircle is a right angle. But the 
angle in the greater Segment is lefs than a right : Aid the angle 
in the lefs Segment is greater than a right angle. Aid moreover 
the angle of the greater Segment is greater than a right angle , and 
the angle of the lefs Segment is lefs than a right angle. 

Let the Circle bc a b c d, and the Diameter thereof be b c, and 
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the center e. Then taking any point in the circumference as a, let 
be joyned ba, ac, ab,dc. 1 fay, that the angle in the Semicircle 
eac is a right angle: And the angle in the Segment aec greater 
than the Semicircle, namely, the angle abc is lei's than a right 
angle: And the angle in the Segment adc lefs than the Semicircle, 
namely,the angle adc is greater than a right angle. Let ae be 
icy.ltd, and ba be produced to f. Now forafmuch as be is equal 
to ea, therefore the angle eab is equal to the angle eba [Prop. y. 
El. IT. Again, becaufe ea is equal to ec, therefore the angle ace 
is equal to the angle cae: wherefore the whole angle bac is equal 

to the two angles abc,acb. But the angle fac without the Tri¬ 
angle abc, is alio equal to the two angles abc, ace [Prop. 31. 
El. IT; wherefore the angle bac is equal to the angle fac, each 
therefore of them is a right angle [Def. 10. El. I.]. Therefore in the 
Semicircle bac the angle cab is a right angle. 

And becaufe of the Triangle abc '.he two an¬ 
gles abc, bac, are lefs than two right [Prop. 17. 

El.I. 1 , and bac is aright angle; therefore the 
angle abc is lefs than a right angle: and it is in 
the Segment abc greater than the Semicircle. 

And becaufe in a Circle the Figure a b c d is qua¬ 
drilateral, and of quadrilateral Figures in Circles, 
the opposite angles are equal to two right angles 
[Prop. ii. El. III.} Therefore the angles abc, adc, are equal to two 
right angles, and abc is lels than a right angle; therefore the re¬ 
maining angle adc, is greater than a right angle: and it is in the 
Segment adc lefs than the Semicircle. 

I fay, moreover, that the angle of the greater Segment contained 
by the circumference abc, and the ftrait line ac is greater than a 
right angle: And the angle of the lefs Segment contained by the 
circumference adc and the ftrait line a c, is lefs than a right angle. 
This is of it felf very matiifeft. For becaufe the angle contain’d 
by the ftrait lines ca,ab, is a right angle, therefore the angle con¬ 
tain a by the ftrait line ca, and the circumference abc, is greater 
than a right angle. Again, becaufe the angle contain'd by the ftrait 
lines e a, a f, is a right angle, therefore the angle contain’d by the 
itrait line c a, and the circumference a d c, is lefs than a right angle. 
In a Circle therefore the angle in the Semicircle is a right angle: 
but the angle in the greater Segment is lefs than a right angle: and 
the angle in the lefs Segment is greater than a right angle. And 
moreover the angle of the greater Segment is greater than a right an¬ 
gle; and the angle of the lei's Segment, is lefs than a right angle. 

Otherwile. 

That the angle bac is a right angle. Becaufe the angle aec is 
double of the angle b ae, for it is equal to the two inward and op- 
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polite angles [Prop. 31. El. I.]: and alio the angle aeb is double of 
tile angle e a c [Prop. 31. El. I.]; therefore the angles ae if, ae c are 
double of the angle b a c. But the angles a e b, a e c, are equal to two 
right angles [Prop. 13. ELI.]; therefore the angle bac is a right 

angle. Which was to be demonftrated. 

Corollary. 


From hence it it manifefi , that if of a Triangle one angle be equal to two it is a right 
angle : For that its confequent angle it equal to the fame ; and when confequent angles are 
equal , they are right angles. 

PROPOSITION XXXII. 


I F a fir ait I'm touches a Circle , and from the Contact to the Cir¬ 
cle be drawn a flrait line cutting the Circle, the angles which it 
makes with the Tangent line, Jhall be equal to the angles in the al¬ 
ternate Segments of the Circle. 

Let the ftrait line ef touch the Circle abcd in the point b: and 
from b to the Circle abcd let be drawn any ftrait line.as bd cut¬ 
ting the Circle. I fay, that the angles which the line bd makes 
with the Tangent line e f, lhall be equal to the angles in the alters 
rate Segments of the Circle, that is, the angle fbd is equal to the: 
angle conftituted in the Segment dab: and the angle ebd is equal 
to the angle in the Segment dcb. Front the point b tothe line ef, 
let be drawn at right angles the line ba; and in the circumference 
bd, let be taken any point, as c, and let be joyn- 
ed a d, d c, c b. Now forafmuch as the ftrait line 
ef touches the circle abcd, in the point B;and 
from the Contact at b is drawn the ftrait line 

B a at right angles to the Tangent, the center 
of the Circle abcd is in BA[Prop. 19. El.III.]; 
therefore ba is the Diameter of the Circle 
abcd; and the angle adb in the Semicircle 
is a right angle [Prop.31.El. HI.]; therefore the remaining angles 
b a d, a b d, are equal to one right angle. But the angle a b f is a right 
angle; wherefore the angle abf is equal to the angles bad, abd. 
Let the common angle abd be taken away: therefore the remain¬ 
ing angle d b f is equal to the angle bad in the alternate Segment 
of the Circle. And becaufe in a Circle the Figure abcd is quadri¬ 
lateral, therefore the oppolite angles are equal to two right angles 
[Prop. it. El. III.]: wherefore the angles d b f, d b e, are equal to the 
angles bad, bcd, of which bad has been prov’d equal to dbf; 
therefore the remaining angle dbe, is equal to the angle dcb in 
the alternate Segment of the Circle. 

If therefore a ftrait line touches a Circle, and from the Contafl to 
the Circle be drawn a ftrait line cutting the Circle, the angles which 
it makes with the Tangent line, (hall be equal to the angles in the al¬ 
ternate Segments of the Circle. Which was to be demonftrated. 
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PROPOSITION XXXIII. 

U Ton a given flrait line to defcribe a Segment of a Circle,which 

may receive an angle equal to a given ftr ait ■ lin d angle. 


Let the given ftrait line be a b, and the given ftrait-lin’d angle be 
at c. It is required upon the ftrait line a b to defcribe a Segment of 
a Circle, which may receive an angle equal to the angle at c. Now 
the angle at c, is either an Acute, or a Right, or an Obtufe angle. 

Firft, let it be Acute, as in the firft Figure. And to the ftrait 
line a b, and to the point a, let the angle bad be conftituted equal 
to the angle c [by Prop. 13. El. I.]; therefore the angle bad is an 


Acute angle. Now from the point a to a d, let a e be drawn at right 
angles; and let ab be cut into halves in the point f [by Prop. n. 
ELI.]: then from the point f to ab let fg be drawn at right an¬ 
gles, and let gb c -— _ 

bejoyned. Now s / c 

torafrnuchas af f f / \\ / 

is equal to fb, c^-— J a(H^ e /( N/ 

and fg common; \ . J M V J / 0 \ 

therefore there \ S 

are the two lines D D 


\i/ 

~7B 


\ / 
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af, fg, equal to the two lines bf, fg, and the angle afg, is equal 
to the angle gfb; wherefore the bafe ag, is equal to the bafe bg 
[Prop. 4.. El. I.j; therefore the center g, and diftance ga, a Circle 
deferibed (hall pals alfo by b. Let it be deferibed, and be it a b e, 
and let be joyn'd eb. Now forafmuch as from the extremity of the 
Diameter ae, namely from the point a to ae, is drawn at right 
angles ad, therefore ad does touch the Circle [Prop. 1 6. El.III.]. 
And becaufe the ftrait line a d touches the Circle abe, and from the 


Contact at a to the Circle abe, is drawn the line ab; therefore 
the angle dab, is equal to the angle aeb in the alternate Segment. 
But the angle dab, is equal to the angle at c [by Conftru&ion ]; 
wherefore the angle at c is equal to the angle a e b. Therefore upon 
the given ftrait line a b is deferibed a Segment of a Circle aeb, re¬ 
ceiving an angle aeb, equal to the given angle at c. 

But now let the angle at c be a right angle. And again, let it be 
required upon the ftrait line a b, to defcribe a Segment of a Circle, 
which may receive an angle equal to the right angle at c. 

Let again the angle b a d be conftituted equal to the right angle 
at c, as in the fecond Figure. And let a b be cut into halves in the 
point f ; then from the center r, and to the diftance of either v a, or 
fb, let the Circle aeb be deferib’d; therefore the ftrait line ad 
touches the Circle aeb, for that the angle at a is a right angle; 
and the angle bad is equal to the angle in the Segment a e b : for 
being in a Semicircle, it is alfo a right angle. But the angle b a d is 

equal 
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equal to the angle at c; wherefore the angle aeb in the Segment, 
is equal to the angle at c. Therefore again upon the ftrait line ab, 
is deferibed a Segment of a Circle aeb, receiving an angle equal to 
the angle at c. 

But again, let the angle at c be an Obtufe angle, and to the 
ftrait line ab, and to the point a, let the angle bad be conftitutcd 
equal to c, as in the third Figure. Then to ad let ae be drawn 
at right angles; and again, let ab be cut into halves in the point 
; and from f let fg be drawn at right angles to ab, and let 
gb be joyned. Becaufe again, af is equal to FB,and fg common; 
therefore there are the two lines a f, fg, equal to the two lines bf, 
fg, and the angle afg is equal to the angle bfg; wherefore the 
bafe ag, is equal to the bafe bg: therefore the center g, and diltanco 
ga, a Circle deferibed lliall pafs alfo by b. Let it pals as a be. Now 
becaufe to the Diameter ae, and from the extremity thereof is 
drawn at right angles ad, therefore ad does touch the Circle a be, 
and from the Contaft at a is drawn ab; therefore the angle bad 
is equal to the angle conftituted in the alternate Segment of the 
Circle ahb. But the angle bad is equal to the angle at c; where¬ 
fore the angle in the Segment ahb, is equal to the angle at c. There¬ 
fore upon the given ftrait line a b, is deferibed a Segment of a Circle 
ah b, receiving an angle equal to the angle at c. Which was to be 

done. 

PROPOSITION XXXIV. 


F Rom a given Circle to take off a Segment, which may receive 
an angle equal to a given Ur ait-lin'd angle. 

Let the given Circle be abc, and the given ftrait-lin'd angle be 
at d. It is required from the Circle abc, to take oft'a Segment, 
which may receive an angle equal to the angle at d. Let be drawn 
ef touching the Circle abc in the point b [Prop. 17. El. III.], 
and to the ftrait line f. f, and to the point in it 
jj, let the angle fbc be conftituted equal to the 
angle at d [ Prop. 31. El. I. ]. Now forafmuch 
as the ftrait line ef touches the Circle a bc, in 
the point B;and from the Contact atB is drawn 
the line bc: therefore the angle fbc, is equal 
to the angle conftituted in the alternate Seg¬ 
ment bac. But the angle fbc is equal to the angle at d; where¬ 
fore the angle in the Segment b a c, is equal to the angle at d. 

Therefore from the given Circle abc is taken oft the Segment 
bac, receiving an angle equal to the given ftrait-lin’d angle at 0. 
Which was to be done. 
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PROPOSITION XXXV. 


* 4 

I F in a Circle two fir ait lines cut one another , the Re ft angle con¬ 
tained by the Segments eft he one, is equal to the Reft angle con- 
tamed by the Segments of the other. 

For in the Circle abcd, let the two ftrait lines ac, bd, cut one 
another in the point e. I fay, that the Rectangle contained by ae, 
ec, is equal to the Rectangle contained by d e,e b. If a c, bd, pafs 
through the center, fo that e be the center of the Circle a b c d, then 
it is manifeft that the lines a e,ec; de, eb, being equal, the Re£t- 
angle alfo contained by a e,e c, is equal to the Reftangle contained 


bv de,EB. 

^ * 

But now let the ftrait lines a c, 
d b, not pafs through the center. 
And let the center of the Circle 
aecd be taken,and be it F, and i 
from f to the ftrait lines a c, d b, 
let perpendiculars be drawn fg, 
fh: and let be jovned fb, fc, 
f e. Now forafmuch as the ftrait 
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lineGF drawn through the cen¬ 
ter cuts the ftrait line ac, not drawn through the center, at right 
angles, it (hall alfo cut the fame into halves [Prop. 5. El.III.]; 
therefore a g is equal to g c. And becaufe the ftrait line a c is cut 
into equal parts in g, and into unequal parts in e: therefore the 
Rectangle contained by ae, ec, together with the fquare of eg is 
equal to the fquare ofee [Prop. $•. El. II.], let be added in common 
the fquare of gf: therefore the ReCtangle contained by ae, ec, to¬ 
gether with the fquares of eg, gf, is equal to the fquares ofc g,g f. 
But the fquare of fe. is equal to the fquares of eg, gf [Prop.47. 
El. I-]; and the fquare of fc is equal to the fquares of cg, gf; 
therefore the Rectangle contained by ae, ec, together with the 
fquare of ef, is equal to the fquare of fc. But fc is equal to fb ; 
therefore the Rectangle under a e, f.c, together with the fquare of 
F F., is equal to the fquare of fb. Bv the fame reafon the Reftangle 
under d e, e b, together with the fquare of fe, is equal to the fquare 
of fb. But it has been proved, that the Rettangle under ae, ec, 
together with the fquare of f k, is equal to the fquare of f b ; there¬ 
fore the Rectangle under a e,f.c, together with the fquare of fe, is 
equal to the Rectangle under df., eb, together with the fquare of 
f e. Let the fquare of f e common, be taken away; therefore the 
remaining Rectangle contained by a e, e c, is equal to the Rectangle 
contained by de, eb. 

If therefore in a Circle two ftrait lines cut one another, the Rect¬ 
angle contained bv the Segments of the one, is equal to the ReCtangle 
contained by the Segments of the other. Which was to be denion- 
ftrated. P R O- 
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PROPOSITION XXXVI. 



+/ 1 J 
woJlrait lines, of which 


md from the fame do fall. 


other does touch it : The Re ft angle contained by the whole Secant , 
and the outward Segment between the point and convex circum¬ 
ference , (ball be equal to tbe fquare of the Tangent. 

Let without the Circle a bc be taken any point as d , and from d 
let the two ftrait lines d c a, d b, fall on the Circle a b c : and let D c A 
cut the Circle a b c, and d b touch it. I fay, that the Redangle con¬ 
tained by AD,DC, is equal to the fquare of db. Now dca cither 
pafles through the center, or not. 

Firft, let it pafs through the center, and let f be the center of the 
Circle abc. Then let be joyned fb; therefore the angle Fbd is a 
right angle [Prop. 18. El. III.]. Now forafmuch as the ftrait line a c 
is cut into halves in f, and to it is added cd; therefore the Red- 
angle contained by ad, dc, together with the fquare of fc is equal 
to the fquare of fd [Prop. 6. El. II.]. But fc is equal to f b; there¬ 
fore the Rectangle ot ad, dc, together with the fquare of fb, is 
equal to the fquare of fd. But the fquare of fd is equal to the 
fquares of f b, b d, for the angle fbd, 
is a right angle: therefore the Red¬ 
angle contained by ad,dc, together 
with the fquare of fb, is equal to 
the fquares of f b, b d. Let the fquare 
of f b common be taken away;there- 
fore the remaining lledangle under 
a d, d c, is equal to the fquare of the 
Tangent d b. 

But now let dca not pafs through 
the center of the Circle abc: and let the center E be taken, and 
from e to ac let be drawn a perpendicular e f; and let be joyned 
EB, EC, ed. Now the angle f. b d is a right angle [Prop. i8.El.lII.} 
And forafmuch as the ftrait line ef drawn through the center cuts 
the ftrait line ac, not drawn through the center at right angles; it 
(hall alfo cut the fame into halves [Prop. 3. El. III.]; therefore a f 
is equal to fc. And becaufe the ftrait line ac is cut into halves in 
F, and to it is added cd, therefore the Redanglc contained by ad, 
dc, together with the fquare of fc, is equal to the fquare of fd 
[Prop. 6 . El. II.]. Let be added in common the fquare of e f; there¬ 
fore the Redangle under a d, dc, together with the fquares of c f, 
fe, is equal to the fquares of d f, f e. But the fquare of d e is equal 
to the fquares of df, fe, for efd is a right angle; and the fquare 
of ce is *qual to the fquares of c f, fe : Therefore the Redangle 
contain’d by ad,dc, together with the fquare of ce, is equal to the 
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fquare of ed. But ce is equal to ee ; therefore the Rectangle under 
ad, dc, together with the Square of eb, is equal to the Iquare of 
ED. But the Squares of eb, bd, are equal to the fquare of ed, for 
the angle eed is a right angle: therefore the Redtangle contained 
by ad, dc, together with the fquare of EB, is equal to the fquares 
of eb, b d. Let the Square of eb common be taken away ; therefore 
the Rectangle contained by ad, dc, is equal to the fquare of d b. 

If therefore w ithout a Circle be taken any point, &c. Which was 
to be demonftrated. 


PROPOSITION XXXVII. 

T F without a Circle he taken any point , andfrom the fame do fall 
upon the Circle two sir ait lines ; of which one does cut the Circle ; 
the other does fall upon it : and the Red angle contained by the 
whole Secant and the outward Segment between the point and the 
convex circumference, be equal to the fquare of the incident line ; 
the incident line fhall touch the Circle. 


Let without the Circle abc be taken any point as d ; and from 
d let the two Slrait lines dca, db, fall upon the Circle abc, and let 
dc a cut the Circle, andoe Sail upon it: Alfo let the Rectangle 
contained bv ad, dc be equal to the fquare of db. 1 fay, that db 
touches the Circle a b c. For let the Strait line 
dE lie drawn touching the Circle abc [Prop. 

17. El. III.]: and let be taken i- the center 
of the Circle abc; then let be joyned ke, fb, 
id. Now the angle fed is a right angle [Prop. 

18. El. III.]: And foralmuch as de touches the 
Circle a b c, and dca cu ts i t; therefore the Rect¬ 
angle under ad, dc, is equal to the iquare of 
de. But the Rectangle under ad, dc, is put 
equal to the fquare ot d r.; w herefore the fquare 
of d e, is equal to the Square of d b, and therefore d e is equal to d b. 
But ee is equal to fb; there are then the two lines de, ee, equal to 
the two lines db, bf, and the bale fd is common; therefore the 
angle d 1: F is equal to the angle dis 1- I Prop 8. El. I.]. But def is a 
right angle, therefore dbf is alfo a right angle. Now be being pro¬ 
duced is the Diameter, but a llrait line drawn at right angles to the 
Diameter, from the extremity thereof touches the Circle abc. In 

like manner the fame ihall be demonftrated, if the center were in 
a c it fclf. 

If therefore without a Circle be taken any point. See. Which 
was to be demonftrated. 
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DEFINITIONS. 



DEFINITION I. 

Strait-lin'd Figure is faid to he infcrihed in a fir ait-lin'd 
Figure, when every angle of the infcrihed Figure touches 
every fide of the Figure, in which it is infcrihed. 

DEFINITION II. 

7 T Ike wife a sir ait-luid Figure is faid to he cir- 
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f the ciratmji 
of the Figure, 



cnmjcrihed. 


DEFINITION III. 



Strait-lin'd Figure is faid to he infcrihed in a .. 
Circle, when every angle of the infcrihed Fi- c 'l 
gate touches the circumference of the Circle. 

DEFINITION IV. 

Strait-Inid Figure is faid to he circumfcribed a 
when every jide of the circumfcribed Figure 
is the circumference of the Circle. 

DEFINITION V. 


\ 


Y 







lkgnvije a Circle is]aid to be infcrihed in a/trait- \ 
lin'd Figure , when the circumference of the ■ ' 
k touches ever/ fide of the Figure, in which it is infcrihed\ 

DEFINITION VI. 


r i 
/ 


■ h 




Circle is faid to he circumfcribed about a, fir ait-Ini d Figure, 
when the circumference of the Circle touches every angle of 
' igttre, about which it is circumfcribed. 


DEFINITION VII. 




Strait line is faid to he adapted in a Circle, when 
J~\ the extremes of the line are in the circumference ' 
of the Circle. 
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PROPOSITION I. 

I N a given Circle to adapt a fir ait line equal to a given ftrait line, 
which is not greater than the 'Diameter of the Circle. 

Let the,given Circle be abc, and the given ftrait line, which is 
r ot greater than the Diameter of the Circle, be d. It is required in 
the Circle abc, to adapt a ftrait line equal to the ftrait line D. 

Let there be drawn bc, the Diameter of the Circle abc. Now if 
ec be equal to d, then that is done which 
was propofed. For in the Circle abc isa- 
dapted the line bc, equal to the given lineD. 

But if not, then bc is greater than D [by 
Suppofition]; and let there be put ce equal 
to d. Then to the center c, and diftance c e, 
let the Circle eaf dedelcribed, and let ca 
be drawn. Now forafmuch as the pint c is 
the center of the Circle eaf, therefore c a is equal to c E, but D is 
equal to ce; wherefore alio D is equal to c a. 

Therefore in the given Circle abc, is adapted a ftrait line ca, 
equal to given ftrait line d, which is not greater than the Diameter 
of the Circle. Which was to be done. 

ANNOTATIONS. 

Becaufc the Diameter is the greateft line in a Circle [Prop, i El. III.] ; there¬ 
fore this provifo, or limitation, is here made, that the given line, to which an equal 
line is required to be adapted in the Circle, ought not to be greater than the Dia¬ 
meter. 

PROPOSITION II. 

I N a given Circle to tnjcrihe a Triangle equiangled to a given 
Triangle. 

Let the given Circle be abc, and the given Triangle def. It is 
required in the Circle abc, to infcribe a Triangle equiangled to the 
Triangle def. Let there be drawn a ftrait line c ah, touching the 
Circle abc, in the point a [by Prop. 17.El. III.]. Then to the line 
ah, and to the pint in it a, let the angle hac be conftituted equal 
to the angle def [by Prop. 13. El. I.]. 

Again, to the line g a, and to the point 
in it a, let the angle g a b be conftitu¬ 
ted equal to the angle d f e ; and draw 
bc. Now forafmuch as a ftrait line 
hag, touches the Circle a b c,and from 
the Contacl is drawn ac; therefore 
the angle hac, is equal to the angle 
abc, in the alternate Segment of the Circle [Prop. 51. El.III.]. But 
the angle hac is equal to the angle def [by Conftruclion]; there¬ 
fore the angle ab c, is equal to the angle def. By the fame reafon 

alfo 
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alfo the angle acb, is equal to the angle dfe; therefore the remain¬ 
ing angle bac is equal to the remaining angle ed f; wherefore the 
Triangle abc, is equiangled to the Triangle def, and is infcribed 
in the Circle abc. 

Therefore in a given Circle is infcribed a Triangle equiangled to 

a given Triangle. Which was to be done. 

PROPOSITION III. 

A Bout a given Circle to circumfcribe a Triangle equiangled to a 
given Triangle. 

Let the given Circle be abc, and the given Triangle def. It is 
required about the Circle abc, to circumfcribe a Triangle equian¬ 
gled to the Triangle def. Let e f be produced both ways to the 
points g, h ; and of the Circle abc let the center k be taken [by 
Prop. i. El. III.]; and let a ftrait line k b be drawn at pleafure. Now 
to the line k b, and to the point in it k, let there be conftituted the 
angle bk a, equal to the angle deg [by Prop. 13. El. I.], and alfo the 
angle bkc, equal to the angle dfh. Then by the points a,b.c, let 

there be drawn the ftrait lines lam, mbn,ncl, touching the Circle 
abc [by Prop. 17.El. 111 .]. Now forafmuch as lm,mn,n l , touch 
the Circle abc, in the points a,b,c; 
and from K,the center,to the points 
a, b, c, are drawn k a,k b, k c; there¬ 
fore the angles at the points a,b, c, 
are right angles [Prop. 18.EI.III-]- 
And becaufe the four angles of the 
quadrilateral Figure a m b k, are e- 
qual to four right angles, for that M . “ 
it is divided into two Triangles (by fuppofing a ftrait line drawn 
from Kto m, making two Triangles kam, kbm, each of which 
have their three angles equal to two right, Prop. 31. El. I ), of which 
the angles kam, kbm, are right angles; therefore the remaining 
angles akb, amb, are equal to two right angles. But the angles 
deg, def, are equal to two right angles [Prop. 15.El. I.]; there¬ 
fore the angles akb, a mb, are equal to the angles deg, def, of 
which akb is equal to deg : wherefore the remaining angle a mb, 
is equal to the remaining angle def. In like manner may be de- 
monftrated that the angle l n m, is equal to the angle dfe; there¬ 
fore alfo the remaining angle mln, is equal to the remaining angle 
edf: wherefore the Triangle lmn, is equiangled to the Triangle 
def; and it is circumfcribed about the Circle abc. 

Therefore about a given Circle is circumfcribed a Triangle equi¬ 
angled to a given Triangle. Which was to be done. 

Aa 3 



PRO- 



i6t 


u 


THE FOURTH ELEMENT 
PROPOSITION IV. 

'lands to inkribe a Circle. 


Let the given Triangle be .use. It is required in the Triangle 
agc, to inferibe a Circle. Let the angles abc, bca, be cut into 
halves by the ftrait lines bd,cd [b\ P op 9.El. 1 J, and let them 
meet together in the point d; and Ire m the point d let there be 
drawn to the lines ab, b c, c a, the perpendiculars de,df, dg [by 
Proa ii.El. I.]. Now forafmuch as the angle abd is equal to the 
antlecBD (for that the angle abc is cut into halves) andtheright 
angle bf.d, is equal to the right angle bfd: there are then two 
Triangles, e b d, fed, having two angles equal 
to two angles, and one fide equal to one file, 
namely bd common to both, and fubtended 
under one of the equal angles; therefore they 
lhall have the remaining fid.s equal to the re¬ 
maining fidcs [Prop. 16. El. I.]; wherefore de r 
fliall be equal to de. By the fame reafon dg 
is alfo equal to df; therefore the three lines 




A 

de df, dg, are equal to one another; where¬ 
fore to the center d, and the diftance any one of the lines de,df, 
dg, a Circle being deferibed, lhall pals through the remaining 
points, and lhall touch the lines ab, bc, ca, becaufe the angles at 
the points k, f, g, are right. For if the Circle fliall cut them, then 
to the Diameter of a Circle fliall, from the extremity, bediawn, at 
rght angles, a (trait line falling within the Circle, which is abfurd 
Prop. 16. KI. 1 II/; therefore to the center d, and diftance one of 
the lines di:, de, dg, a Circle being deferibed, lhall not cut the 
lir.es a b, bc.c a: wherefore it lhall touch them, and there lhall be 


a Circle inferibed in the Triangle abc. 


Therefore in the given Triangle a b c, is inferibed the Circle e fg. 

Which was to be done. 

PROPOSITION V. 

Bout a given Triangle to circumfcribe a Circle. 



Let the given Triangle be abc. It is required about the given 
Triangle abc, to circumfcribe a Circle. Let ab, ac, 
be cut into halves in the points d, e pby Prop. 10. , 

El. I.', and from the points D, e, let there bedrawn / / v 

at rght angles, to a b, ac, the lines D f, ef [by Prop, j u - 

11.EI.I.;. Now thefe lines lhall meet either with- \ / 7 

_i V • * 

in the Triangle abc, or in the line bc, or without v 
it. Firft, let them meet within, at the point f, 
apd let fb, fc, fa, be joyned. Now foraltnuch as ad is equal to 

DB, 
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db, and d f common, and at right angles; therefore the bafe a f, is 
equal to the bafe fb [Prop.4,. ELI.]. In like manner we Hull 
demonftrate, that fc is alfo equal to fa, fothat alfo bf is equal 
toFc; therefore thefe three fa, fb, fc, areequal to one another: 
wherefore to the center f, and diftance, any one of the lines fa,fb, 
fc, a Circle being defcribed, Hull pafs alfo through the remaining 
points • and there lhall be circumfcribed a Circle about the Tri¬ 
angle abc : And let it be defcribed, as a 11c. 

But again, let df,ef, meet in the line bc, at 
the point f, as it is in this Figure, and let af be 

joyned. 

In like manner we fhall demonftrate, that the 
point f is the center of a Circle circumfcribed a- 
bout the Triangle a b c. 

Laftly, letDi-.EF, meet without the Triangle abc, at the point 
f, as in this laft figure;and let fa,f b, fc, be joyn’d. 

Now forafmuch as ad is equal to db, and nr-' 
common, and at right angles, therefore the bale a f 
is equal to the bafe i-1;. In like manner we lhall de¬ 
monftrate, that fc is equal to fa ;lo that alfo bf is 
equal to fc: therefore again to the center f, and 
diftance any one ot the lines v a, f it, r c, a Circle be¬ 
ing defcribed, lhall pafs alfo through the remaining points; and 
lhall be circumfcribed about the Triangle abc: And let it be de¬ 
fcribed as a b e. 

Therefore about a given Triangle a Circle is circumfcribed. 
Which was to be done. 

Corollary. 

And it. it manifej}, that when the center of the Circle falls within the Triangle, then 
the angle B A C, being in a Segment greater than the Semicircle , is lejs than a right an¬ 
gle [Prop. 31, EL III.]. But when it falls in the line i>C, being in the Semicircle , then 
BAG Jhall be a right, angle. And when the center falls without BC, then the angle 
B A C, being in a Segment lefs than the Semicircle , is greater than a right angle. So flat 
when the given angle is lejs then a right angle , then the lines L) F, K F, lhall fall 
within the triangle. But when it is a right angle , they Jhall fall in B C: And when greater 
than a right angle y they fjall fall without BC. 

PROPOSITION VI. 

N a given Circle to inferibe a fqitare . 

# 

Let the given Circle be a b c d. It is required in the Circle a it c d, 
to inferibe a fquare. Of the Circle a bcd, let the Diameters a c, b d, 
be drawn at right angles to one another; and let bc joyned ab,hc, 
c I), d a. Now forafmuch as b e is equal to n e, for the center is e ; 
and ea is common, and at right angles; therefore the bale a it is 

equal 
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equal to the bafe ad. And by the fame reafon either of the lines 
bc, cd, is equal to either of the lines ab, ad; therefore the qua¬ 
drilateral Figure a bcd, is equilateral. 1 fay, that 
it is alfo Rectangular. For becaufe the line bd 
is die Diameter of the Circle a bcd, therefore 
bad is a Semicircle: wherefore the angle bad 
is a right angle [Prop. 31. El. III.]. By the fame 

reafon alfo every oneof theangIesABe,BCD,CDA, 
is a right angle: therefore the quadrilateral Fi¬ 
gure abcd is rectangular. But it has been pro¬ 
ved to be equilateral ; therefore it is a fquare, and it is inferibed in 
the given Circle abcd 

Therefore 111 the given Circle abcd, is inferibed the fquare abcd. 
Which was to be uone. 

PROPOSITION VIT. 

J^Bout a given Circle to circitmfcribe a Jqiiare. 

Let the given Circle be abcd. It is required about the Circle 
abcd, to circumfcribe a fquare. Let two Dimeters ac, bd, be 
drawn at r-ght angles to one another; and by the points a,b,c,d, 
let there Ic ciiawn the lines fc,gh hk, kf, touching the Circle 
abcd Prop. 17. FI. 111 .. Now fbralVnuch as f g touches the Circle 

abcd, and from e the center, to the Contact at a, is joyned ea; 
therefore the angles at a are right angles [Prop. 18. El. 111 .]; and 
by the fame region, the angles at the points b,c,d, are alfo right 
angles. Now becaufe a f. b is a right angle, and that 
ebg is alio a right angle; therefore gh is parallel 
to ac [Prop. 18 El. I.], and by the fame reafon a c 
isal r o parallel to fk. In like manner we fltall de- 
monttrate, that either of the lines g f, h k, is parallel 
to the lineBED: wherefore gk,gc, ak,fb. BK,arc 
Parallelograms; and therefore gf is equal to hk; 
as alfo gh to f k [Prop. 54.. El 1.]. 

"Note, thus far is only proved, that the oppofitefides, namely, 
"gf is equal to h k, as altoGH to fk. Next is to be proved, that all 
“four are equal to one another. 

Now becaufe ac is equal to bd; but ac is equal to each of the 
lines gh. fk; and bd is equal to each of the lines gf,hk; where¬ 
fore allbeach of the lines gh, fk, is equal to each of the lines gf, 
hk; therefore the quadrilateral Figure fghk is equilateral. 

I fav, that it is alfo rectangular. For becaufe g be a is a Paralle¬ 
logram, and a e b is a right angle; therefore agb is alfo a right an¬ 
gle. In like manner we fltall demonftrate, that the angles at the 
points h, k, f, are right angles; therefore the quadrilateral Figure 

fghk 





OF GEOMETRY. i6y 

9 9 

fghk is re&angular. But it has been proved to be equilateral; 
therefore it is a fquare,and it is circumfcribed about the Circle a bcd. 

Therefore about a given Circle a Iquare is circumfcribed. Which 
was to be done. 

PROPOSITION VIII. 

JiVrt given fquare to infcribe a Circle. 

Let the given fquare be abcd. It is required in the fquare a bcd 
to infcribe a Circle. Let both of the lines a b, ad, be cut into halves 
in the points e, f, and by e let there be drawn e h parallel to either 
of the lines ab, dc [by Prop. gi. El. I.]; and by f, let there be 
drawn fk, parallel to either of the lines ad, bc; therefore every 
one of the fpaces ak,kb,ah, It’D, a g, c. c, b g , g d, is a Parallelogram; 
and therefore their oppofite (ides are equal [Prop. 34.. El. 1 .]. 

Now forafmuch as ad is equal to a b, and of a d 
the half is ae, and of a* the half is a f; therefore 
a e is equal to a f ; and alfo the oppofite fides 
are equal; therefore fg is equal toGE. In like 
manner we Ihall demonftrate, that either of the 
lines g h, g k, is equal to either of the lines f a, g e ; 
therefore the four lines g e, g f, g h, g k, are equal 
to one another. Whereforeto the center g, and di fiance any one of 
the lines ge,gf, gh, gk, a Circle being defcribed, fliall alfopafs by 
the remaining points, and Ihall touch the ftrait lines a b, b c, c d d a, 
for that the angles at e, F, H, K, are right angles. For if the Circle 
cut the lines ab, bc, cd, da, then to the Diameter of a Circle a 
ftrait line being drawn at right angles from the extremity thereof, 
fliall fall within the Circle; which is abfurd [Prop. 16. El.lll.]; there¬ 
fore to the center g, and diftance any one of the lines ge, gf, g h, 
gk, a Circle being defcribed does not cut the lines ab,bc,cd, da; 
wherefore it Ihall touch them, and fliall beinferibed in the Iquare 

ABCD. 

Therefore in a given fquare a Circle has been inferibed. Which 
was to be done. 

PROPOSITION IX. 

Bout a given fquare to circwnfcribe a Circle. 

Let the given fquare be a bcd. It is required about the fquare 
abcd, to circumfcribe a Circle. For the lines ac, bd, being drawn, 
let them cut one another in f. Now forafmuch as d a is equal to 
ab, and ac is common; therefore there are the two lines da, ac, 
equal to the two lines ba, ac, and the bafeDc is equal to the bafe 
c b ; therefore the angle d a c, is equal to the angle b a c ; w herefore 

B b the 
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the angle dab is cut into halves by ac. In like manner we fhall 
demonftrate, that every one of the angles abc,bcd,cda, is cut 
into halves by the lines ac, db. And becaufe the angle dab is 
equal to the angle abc; and of the angle d a b, the half is the angle 
ea b, and of the angle abc, the half is the angle 
eba; therefore the angle E ab is equal to the an¬ 
gle e b a. So that the fide e a is equal to the fide 
eb Prop. 6. El. I.]. In like manner we fhall de- B 
monftrate, that either of the lines e c, e d, is equal 
to either of the lines ea, eb : wherefore the four 
lines EA, eb, ec, ed, are equal to one another; 
therefore to the center e, and diftance any one 
of the lines ea, eb, ec, ed, a Circle being defcribed, fhall pafs 
alfo through the remaining points, and fhall be circumfcribed 
about the iquare a b c d. Let it be defcribed as a bcd. 

Therefore about a given fquare a Circle has been circumfcribed. 
Which was to be done. 

PROPOSITION X. 

T O conflitute an equicrural Triangle having each of the angles 
at the bafe, double to the remaining angle. 

Let there be put a ftrait line ab, and let it be cut in the point 
c, lo that the Rectangle contained .by ab, bc, be equal to the Iquare 
of ca j by Prop. 11. El. 11 .]. Then to the center a, and diftance ab, 
let the Circle bde be defcribed; and in the Circle bde, let be 
adapted i u by Prop. i. El. IV.],: the ftrait line B D equal to a c, which 
is not greater than the Diameter of the Circle icde* and let pa, DC, 
be ioyned. Alfo about the Triangle acd let be circumfcribed the 
Circle acd. 

I fav, that of the equicrural Triangle bad, 
each of the angles abd,adb, is double to the 
angle b a d. 

Forafmuch as the rectangle a b, bc, is equal 
to the fquare of ac; and ac is equal to 
bd; therefore the rectangle a b ; bc, is equal 
to the fquare of b d. And whereas there has 
been taken a point b, without the Circle acd ; 
and from the point b, on the Circle acd, 
have fallen the two ftrait lines bca, bd, whereof one docs cut, and 
the other does fall upon it; and the rectaDgle a b, b c, is equal to 
the fquare of bd; therefore the line bd fliall touch the Circle acd 
[Prop. 37. El. III. j. Now forafmuch as bd does touch, and from 
the Contact at d, is drawn d c ; therefore the angle b d c is equal to 
the angle in the alternate Segment of the Circle, that is, to d a c 
[Prop. ji. EL III.j. Now becaufe the angle bdc is equal to d ac, 

let 





OF GEO ME T R Y. 167 

let there be added c d a, common to both; therefore the whole bda 
is equal to the two angles cda, dac. But to cda, dac, is equal 
the outward angle b c d, therefore b d a is equal to b c d : but bda is 
equal c b d, for that the fide a d is equal to a b ; that is d b a is equal 
to bcd; therefore the three angles bda, dba, bcd, are equal to 
one another. And becaufe the angle dbc is equal to the angle bcd; 
therefore the fide bd is equal to the fide dc. But bd is put equal to 
ac; wherefore alfo ac is equal to cd; fo that the angle cda is 
equal to the angle dac; therefore the angles c d a, da c, are double 
to the angle dac: but bcd is equal to cda, dac, and therefore 
B c D is double to d a c. But b c d is equal to each of the angles b d a, 
dba; wherefore each of the angles bda, dba, is double to dab. 

Therefore there is conftituted an equicrural Triangle a d b, having 
each of the angles at the bafe double to the remaining angle. 
Which was to be done. 



PROPOSITION XL 

N a given Circle to infcr'tbe an equilateral and equiangled Ten - 
tagou. 

Let the given Circle be abcde. It is required in the Circle 
abcde, to inferibe an equilateral and equiangled Pentagon. Let 
there be put an equicrural Triangle fg h, having each of the angles 
at g, h, double to the angle at f; and let there be inferibed in the 
Circle abcde, the Triangle a c d, equiangled to the Triangle fgh; 
lo that to the angle at j may 
be equal the angle cad: And 

to either of the angles at g,h, 
be equal either of the angles 
a c d, c d a, and therefore either 
of the angles a c d, c d a, is dou¬ 
ble to the angle cad. Now let / 
each of the angles a c d, cda, / 
be cut into halves by the ftrait 4- 
lines c e, d b [by Prop. 9 . El. I.], 
and let there be drawn a b, b c, c d, d e, e a. Forafmuch then as each 
of the angles acd, cda, is double to cad, and they have been cut 
into halves by the lines ce, db; therefore thefe five angles dac, 
ace,ecd,cdb, bda, are equal to one another. But equal angles 
infill on equal circumferences [Prop. 1 6. El. III.]; therefore the 
live circumferences ab,bc, cd,de, e a, arc equal to one another. But 
under equal circumferences are fubtended equal ftrait lines [Prop. 
19.El.llLj; wherefore the five ftrait lines ab,bc,cd, de, f.a, are 
equal to one another; therefore the Pentagon abcde is equilateral. 
I lay, that it is alio equiangular. For becaufe the circumference a b, 
is equal to the circumference de, let bcd be added in common: 

Bb x there- 
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therefore the whole circumference a b c d is equal to the whole cir¬ 
cumference edcb. And the F A 

angle aed inlifts on the cir- a 

cumference aecd; as alfo the /\ /\ \\ 

angle bae infills on the circum- / \ J/ J \ \\ 

ference edcb; therefore the / \ / \ Jw 

angle baf. is equal to the an- / \ I \ X/ J 1 

gleAED [ Prop. 17. El. III. ]. / \ \\ / j 

By the fame reafon allb every / \ \\ \ \ fj 

one of the angles abc, bcd, L _\h 

cde, is equal to each of the 

angles bae, aed: wherefore the Pentagon abc de is equiangular 
But it has been proved to be equilateral. 

Therefore in a given Circle an equilateral and equiangled Penta 
gon has been infcribed. Which was to be done. 

PROPOSITION XII. 


A Bout a given Circle to circitmfcribe an equilateral and eqiiian- 
11 gled Pentagon. 

Let the given Circle be abcde. It is required about the Circle 
abcde, to circumfcribe an equilateral and equiangled Pentagon. 
Let the points of the angles of the infcribed Pentagon be conceived 
to be abcde; fo that the circumferences ab, bc, cd, de,Ea, are 
equal. And by the points a, b, c,d,e, let there be drawn gh,hk,kl, 
i.m, mg, touching the Circle [by Prop. 17. El. III.]: and of the 
Circle abcde, let the center f be taken, then let fb, fk, fc, fl, 
fd, be iovncd. Now forafmuch as the llrait line kl toucheth the 

* • y 

Circle a r,c de, in the point c, and front the 
center 1 to the Contact at c, is drawn f c ; 
therefore fc is perpendicular to kl [Prop. 
i8.El.HI.]; and each of the angles at c is „ 
a right angle: By the fame reafon alfo the 
angles at b,d are right And becaufe fck is 
a right angle, therefore the fquare of fk is 
equal to the fquares of f c, c k. By the fame 
realbn alfo, the fquare of fk is equal to the 
lquares ol fb,bk; therefore the fquares of fc, ck, are equal to the 
fquares of fb, bk, of which the fquare of fc is equal to the fquare 
of it,; thereforethe remaining fquare of ck is equal to the remain¬ 
ing lquare of n k : wherefore b k is equal to c k. And becaule f b is 
equal to fc, and fk common,therefore there are the two lines bf, 
fk, equal to the two lines cf,fk, and the bale bk is equal to the 
bale ck; wherefore the angle bfk is equal to the angle kit 
Prop. 8. El. I.]. And alfo the angle b k f is equal to the angle fkc; 
therefore the angle bfc is double to the angle kfc, and the angle 

I! K C 
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B K c is double to the angle f k c. By the fame reafon alfo, the angle 
cfd is double to the angle cfl, and the angle cld is double to the 
angle clf. And becaufe the circumference b c is equal to the cir¬ 
cumference cd; therefore the angle bfc is equal to the angle cfj> 
[Prop. 17. El. 111 .]. But the angle bfc is double to the angle kfc, 
and the angle d f c is double to the angle l f c ; therefore the angle 
k fc is equal to the angle cf l. Now there are two Triangles fkc, 
flc, having two angles equal to two angles, each to each, and one 
fide equal to one fide, namely f c, common to both; therefore fliall 
they have the remaining fides equal to the remaining fides, and the 
remaining angle equal to the remaining angle [ Prop, 16. El. I. ]; 
therefore the line k c is equal to the line cl, and the angle fkc to 
the angle flc. Now forafmuchas k c is equal to c l, therefore kl 
is double to kc. By the fame reafon hk fliall be proved double to 
bk: and now becaufe bk has been proved equal to kc, and that kl 
is double to k c, as alfo h k to b k ; therefore H k is equal to K l. 

In like manner every one of the lines gh.g .m, m l, fhall be proved 
equal to each of the lines hk.kl; therefore the Pentagon ghkl.m, 
is equilateral. 

I fay, that it is alfo equiangled. Forafmuch as the angle fkc is 
equal to the angle flc, and that the angle Hkl, has been proved 
double to the angle fkc, as alfo klm, double to flc: therefore 
the angle h kl is equal to the angle klm. 

In like manner, every one of the angles khg,hg m, g m l, fliall 
be proved equal to each of the angles hkl,klm; wherefore the 
five angles ghk, hkl,ki.m, lmg, mg h, are equal to one another; 
therefore the Pentagon ghklm, is equiangled. But it has been 
proved equilateral; and it is circumfcribed about the Circle a b c de. 
Which was to be done. 

PROPOSITION XIII. 



N a given Tent agon , which is equilateral and equiangled , to 
infer the a Circle. 

Let the given Pentagon, which is equilateral and equiangled, be 
abode It is required in the Pentagon a bcde, to inferibe a Circle. 
Let each oftheangles bcd,cde, be cut into 

halves by the lines c f,d f ; and from the point 
f, wherein the lines c f, df, do meet, let there 
be drawn fb, fa, fe. Now forafmuch as bc 
is equal to c d, and c f common; therefore 
there are two lines bc, cf, equal to two lines 
D c,c f, and the angle bc f is equal to the angle 
dcf - , therefore the bafe bf is equal to the 
bafeDF, and the Triangle bfc is equal to the 
Triangle d f c, and the remaining angles are equal to the remaining 

Bb 5 angles 
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angles, under which are fubtended equal fides [ Prop. 4. El. I. ]; 
therefore the angle cbf is equal to the angle cdf. And becaufe 
the angle cde is double to the angle cdf; but the angle cde is 
equal to the angle abc, and c d f, to c b f ; wherefore the angle c b a 
is double to the angle cbf; and therefore the angle a b f is equal 
to the_angle fbc: therefore the angle abc is cut into halves by the 
line b c. In like manner iliall be demonftrated that each of the an¬ 
gles b a e, a e d, are cut into halves by the lines fa, fe. 

Now from the point F to the lines ab, bc, 
cd, d e, e a, let be drawn the perpendiculars 
F G, F h, F k, f l, F M. Now becaufe the angle 
hcf is equal to the angle kcf, and the right - 
angle fhc, is equal to the right angle fkc ; 
therefore there are two Triangles fhc, fkc, 
having two angles equal to two angles, and 
one fide equal to one fide, namely f c com¬ 
mon to both, and fubtended under equal an¬ 
gles; wherefore they (hall have the remaining tides equal to the re¬ 
maining fides ' Prop. x 6 . ELI.]; therefore the perpendicular fh is 
equal to die perpendicular fe. In like manner lhall be demonftra¬ 
ted, that all'o every one of the lines f l, r m, f g, is equal to either of 
the lines fh, fk; therefore the five lines ru, fh,fk, fl, fm, are 
equal to one another. Wherefore to the center f, and diftance anv 
one of the lines f g, f h, f k, f l, f m, a Circle being deferibed, fliall 
pafs all'o through the remaining points, and lhall touch the lines 
a u, Bc, CD, d e, E A, becaufe that the angles at the points g,h, k, l, 
\t, are right angles. For if the Circle fliall not touch, but cut them, 
then it lhall happen, that to the Diameter of a Circle, a ftrait line 
being drawn at right angles from the extremity thereof, does frill 
within the Circle; which has been proved abfurd [Prop. 16.El.lII.]; 
therefore to the center f, and diftance any one of the lines fg, fh, 
f k, f l, f m, a Circle being deferibed, lhall not cut the lines a b, 11 c, 
cd, df.,ea; wherefore it lhall touch them. Let it be deferibed, as 

GHKL M. 

Therefore in a given Pentagon, which is equilateral, and equi- 
angled, a Circle is inferibed. Which was to be done. 


PROPOSITION XIV. 

A Bouta givenTent agon, which is equilateral , and equiatigled, 
to circnm/cribe a Circle. 

Let the given Pentagon, which is equilateral, and equiangled,be 

abcde. It is required about the Pentagon abcdf, tocircumfcribe 
a Circle. Let each of the angles bcd, cde, be cut into halves by 
the lines c f, d f; and from the point 1, wherein the lines c v, d f, 

do 
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do meet, let there to the points b,a,e, be joyned the lines fb,fa, 
fe. As it was in the foregoing Propolition fb may it here be de- 
monftrated, that every one of the angles c b a, b a e, a e d, is cut into 

halves by the lines f b, f a, f e. 

Now forafmuch as the angle bcd is equal 
to the angle cde, and of the angle bcd, the /\s \\ 

half is f c d, and of c d e, the half is c D F, there- p /' \\ 

fore the angle fcd is equal to the angle FDC,fo 

that the fide f c is equal to the fide f d. \ /\ / 

In like manner lhall be demonftrated, that \ \ / \ j 

every one of the fides fb, fa, fe, is equal to / \ jj 

each of the fides f c, f d. Wherefore the five 
lines F a, fb,f c, fd, fe, are equal tooneano- 
ther; therefore to the center f, and diftance, any one of the lines 
f a, f u, f c, f d, f e, a Circle being defcribed, lhall pafs alfo through 
the remaining points, and fliall be circumfcribed about the Pen¬ 
tagon abcde, which is equilateral and equiangled. Let it be cir¬ 
cumfcribed, and be the Circle abcde. 

Therefore about a given Pentagon, which is equilateral and equi¬ 
angled, a Circle is circumfcribed. Which was to be done. 

PROPOSITION XV. 


V/ 


I N a given Circle to in [cribe an equilateral, and equiangled 
Hexagon. 

Let the given Circle be abcdef. It is required in the Circle 
abcdef, to infcribe an equilateral,and equiangled Hexagon. Ofthe 
Circle abcdef, let the Diameter ad be drawn, and the center g 
be taken. Now to the center d, and diftance d g, let the Circle e g c h 
be defcribed, and f.g, cg being joyned, let them 
be produced to the points b, f, and let ab, bc,cd, 
de,ef,fa, be joyned. 1 lay, that the Hexagon 
abcde, is equilateral and equiangled. Now for¬ 
afmuch as the point g is the center of the Circle 
abcdef; therefore ge is equal to gd. Again, 
becaufe d is the center of the Circle egch, 
therefore de is equal to dg. But ge has been 
proved equal to a d; wherefore g e is equal to k d ; 
therefore the Triangle egd is equilateral, and 
the three angles e g d, g d e, d e g, are equal to one 
another. Now becaule in equicrural Triangles, the angles of the 
bale are equal to one another [Prop, r El. I.J, and the three angles 
of a Triangle are equal to two right [Prop. 51. El. I.]; therefore the 
angle egd is a third part of two right angles. In like manner the 

angle dgc fliall be proved a third of two right angles; and becaule 

the 
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the line c g, Handing upon the line e b, makes the collateral angles 
egc, cgb, equal to two right angles [Prop. 13. EL I.]; therefore 

the remaining angle cgb is alfo a third of two right angles: where¬ 
fore the angles egd, dgc, cgb, are equal to one another: And 
alfo the vertical angles bga,agf, fge, are equal to egd, dgc, cgb 
TProp. iy.ELLl; wherefore the fix angles egd,dgc,cgb,bga,agf, 
fge are equal to one ailother: But equal angles infill upon equal 
circumferences [Prop. 10. El. III.]; therefore the fix circumferences 
ab, bc, cd,de,ef, fa, are equal to one another. 

But under equal circumferences are fubtended 
equal ftrait lines [Prop. 19. El. III.]; therefore 
the fix ftrait lines are equal to one another: where¬ 
fore the Hexagon a b c d E F is equilateraL 

1 fay, that it is alfo equiangled. For becaufe the 
circumference a f is equal to the circumference 
ed, let there be added the circumference abcd 
common; therefore the whole circumference 
fabcd, is equal to the whole circumference 
e dcb a. But the angle fed infills upon the cir¬ 
cumference fabcd, and the angle afe upon the circumference 
edcba; therefore the angle afe is equal to the angle fed [Prop. 
2.7. El. III. i In like manner fhall be demonftrated, that the re¬ 
maining angles of the Hexagon abcdef, are every one equal to 
either of the angles afe, fed; therefore the Hexagon abcdef, 
is equiangled. But it has been proved alfo equilateral; and it is in¬ 
fer ibed in the Circle abcdef. 

Therefore in a given Circle, an equilateral, and equiangled Hexa- 
2011 is inferibed. Which was to be done. 

o 

Corollary. 

From hence it is man if (ft, that the fide of an inferibed Hexagon^ is equal to the Radius 
rf the Circle. 

And if by the points A, B, C, D, E, F, we draw Tangents to the Circle , there Jlsall bc 
ctrcumfcrihed about the Circle an equilateral and equiangled Hexagon , according to what 
hath been faid of the Pentagon. And moreover , by the like as hath been Jaid of the Pentagon , 
tv t Jba!l in a given Hexagon infcnbc a Circle , and alfo circumjcribe. 

Corollary z. added. 

Becaufe the circumference of a Circle is greater than the Perimeter of any 
Polygon inferibed in it} and every fide of an inferibed Hexagon is equal to 
the Radius; therefore the circumference of the Circle, being greater than the fix 
lides of the inferibed Hexagon, is alfo greater than the fix Radii, that is, than 
three Diameters of the Circle. 

It being therefore manifelt from this Proplition of Evclide , that the circumfe¬ 
rence is more than triple of the Diameter, Geometricians have in all Ages en¬ 
quired how much more it is. 

The qreat Archimedes has brought it within the cafieft limit?, and the beft for 
common ufe. 

Therefore if we luppofc the Diameter to be and (o confequently divided 

into 
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into feven parts, then the circumference (hail be more than thrice (even, that is, 
more then 21 by almoft ? part of the Diameter. 

And hereupon the circumference,compared tp the Piaipeter, isgenerally taken to 
be as 22 to 7: this proportion (tho’ fomewhat too great) being pear enough the truth 
for any common ufe. To which only end this Role was given by Archimedes, who 
could otherwife have proceeded nearer and nearer, to any approximation defireabie; 
but becaufe after all, the nature of the fubjed admits not of a Geometrical exad- 
nefs, and equality, That great Matter of Geometry rightly judgd it moft conve¬ 
nient to fete the mepfuratjon between the Circumference and Diameter in the 
eafieft and readieft Terms, as 22 to 7 almoft. So that if the Diameter be fuppofed 
to be 7, as for inftance 7 Inches, thep fhall the circumference of the Circle be almoft 

22 Inches. And the like in Feet, Cubits, Miles, or any other meafure. 

Advertifcment. 

We are laftly to obferve in this place, that the Equilateral Triangle, the Square* 
the Equilateral Pentagon and Hexagon, are the four fimple and primitive Figures, 
from which all other Regular Polygons do arife, that are mutually with a Circle, 
or with one another Inferiptible and Circumferiptible: therefore Eurftde has moft 
accurately, in thefe four Figures, fet forth a general method fufficient for this kind 
of Subjed, and applicable to all other regular Polygons. But of them in parti¬ 
cular he makes here no mention \ becaufe thefe four pnly requifite to the con- 
fideration of the five regular Platonic^ Bodies, wherewith Euclide concludes his 
Elements. And befides, the reft, as they are infinite in multitude, fo are they di¬ 
vided from thefe after one and the fame manner of Conftrudion * and their De- 
monftratiop is agreeable every way to what is here already fet forth in thefe 
primitive Figures. 

Firft then, from an inferibed Square is conftituted an inferibed Odagon, by the 
bifedion of aQuadrantal Arch [Prop. 50.El.III.], and by drawing ftrait lines 
from the angular points of the inferibed Square, to the points of bifedion. 

Again, si there be drawn by the angular points of (the inferibed Odagon, ftraic 
lines touching the Circle, then (hall be conftituted a circujp/cribed Odagon, like 
as before in the Circumfcription of the Pentagon [Prop. 12. EL IV.]. Now again, 
if the Odagonal Arch be bifeded, there may, in like manner, be inferibed apd 
circuinfcribed, a regular Polygon of 16 fidesj and fo forwards of 32, of 64, flee 
infinitely. 

Secondly, from the bifedion of the Pentagonal Arch, may in like manner be in¬ 
ferred andcfromifcribed a Decagon: And from the bifedion of a Decagonal Arch 
may be inferibed and circumfcribed * regular Polygon of 20 (ides, and fo forward 
of 4°, of &c, infinitely. 

jLaftly, from tfee bifedion of an Hexagonal Arch, may be inferibed and circum- 
feribod a Duodecagon; And from the bifedion of a Pnpdecagonai Arch, maybe 
inferibed and ciroumferibed a regular Polygon of 24 (ides, and fo forward of 48, 
of $0, &c. infinitely. 

In this method therefore, by the bifedion of a given Aroh, there are from a 
Square, Pentagon, and Hexagon, conftruded all Polygons of this kind • Only in 
the following ProJxjfition is conftituted a Polygon of if tides; which, although it 
be effeded by the bifedion of an Arch alfo; yet it is in .a peculiar and different 
manner from the forementioned Polygons. For which reafoo it is fubjoyn’d 

by Eudtde to the precedent Proportions, to compfeat this Element. 


Cc 


pro pa- 
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PROPOSITION XVI. 



N a given Circle to inferibe an equilateral and equiangled §lu}n- 
decagon, or a Figure of fifteen fides. 

Let the given Circle be abcd. It is required in the given Circle 
a b c d, to inferibe an equilateral and equiangled Quindecagon. Let a c 
be the fide of an equilateral Triangle inferibed in the Circle abcd: 
and of an equilateral Pentagon let the fide be a b ; therefore of 
what equal parts the Circle abcd is fifteen, of fuch the circumfe¬ 
rence abc, being the third part of the 
Circle, (hall be five: and the circumfe¬ 
rence a b, being the fifth part ofthe Circle, 
lhall be three; therefore the remaining 
Arch bc is two of thofe equal parts. Let 
bc be cut into halves in the point e [by 
Prop. go. EL III.]; wherefore each of the '\ 
circumferences b e, e c, is the fifteenth 
part of the Circle abcd. If therefore 
drawing the ftrait lines b e, e c, we adapt 
continually, in the Circle abcd, ftrait 
lines equal to them, there (hall be inferibed in the fame an equi¬ 
lateral and equiangled Quindecagon. Which was to be done. 

In like manner, as before in the Pentagon, if by the divifions of 
the Circle, we draw Tangents to the Circle, there lhall be circum- 
Icribed an equilateral and equiangled Quindecagon. And moreover, 
by the like as before laid in the Pentagon , we lhall in a given 
Quindecagon, Equilateral, and Equiangled, inferibe a Circle •, and 

alfo circumfcribe. 

Advertilement. 



The Quincke agon is the only derivative Polygon that Euclide thought neceflary 
to be conhder'd, after the four Primitive Figures , namely, a Triangle, a Square, a 
Pentagon, and an Hexagon: becaufe of its peculiar manner of Conftrudion, from 
the infeription of an Equilateral Triangle , and Pentagon compared together. Yet 
it may be /aid, that a Polygon of 24 iides might alfa have been conftruded in the 
felf fame manner, from the infeription of a Square and Hexagon compared toge¬ 
ther. But we are to know, that this Polygon of 24 Tides arifes move naturally from 
the bi fed ion of an Hexagon and then of a Duodecagon ; like as others, from the bi- 
ledion of a Square, or of a Pentagon, as is obferv d in the foregoing Adverti/ement. 
And therefore Euclide judged it inartificial to take notice of it in this place, as he 
hath done of a Quindecagon , which admits of no other way of Conftrudion. 

But of die Heptagon and Nonagon, Euclide makes no mention, becaufe, as before, 
for the infeription of the Pentagon, there was firft to be inferibed an Equicrural Tri¬ 
angle, having the angles at the bale double to the angle at the Vertex ; and then 
thofe angles were to be bifeded: So, for die infeription of an Heptagon , it is firft 
requifite to inferibe an Equicrural Triangle , having the angles at the bale triple to 
the angle at die Vertex i and then to divide thofe angles into three equal angles. 

Again, for the infeription of a Nonagon , it is firft neceflary to inferibe an Equi¬ 
lateral Triangle, and then to divide every one of its angles into three equal angles, 

3 whereby 
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whereby to fet forth the Arch of a Nonagot i, for that thrice 3 is 9; wherefore 
thefe Polygons depend upon the Trife&ion of an angle. But how to trisect 
any Angle, or Arch, as Eucltde hath demonftrated h o w to bisect, in Prop. 9 . 
EL I. and Prop. 30. El. III. falls not within the power of the Euclidean plain 
Geometry , whofe inftruments are only a Jbrait Line , and a Circle , according to the 
three limple Pofiulata , laid down at our entrance into the Elements. For every 
Angle cannot, by the help of a ftrait line and a Circle only, be divided into 
three equal Angles. Yet, notwithftanding the incapability of fuch a Trifection, 
Orontrn and many others, not having a true and full infight into the nature of 
this matter, that is, not underftanding what belongs to Plain, and what to Solid 
Geometry ; what belongs to Magnitudes of two Dimenlions, and what to Magni¬ 
tudes of three: They have after much toyl, loft their labour and reputation, 
therein vexing themlelyes with impoflibilities. 


Cc z 


THE 
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THE FIFTH 

ELEMENT. 


T h 15 Element depends upon none of the foregoing, but ftands alone as an uni - 
zerfal Mathejis . It is like Metaphyfics to Natural Philofophy : a Tranfcen- 
dent Element of pure, and prime Mathematics, and fo much abftra&ed not only 
from Matter in any Subject, but alfo from every particular kind of Subje&s, fo as 
to be equally applicable to all the Species of Quantity j to the Sciences, Geometry, 
and Arithmetic ; and befides, univerfally to all other things, which are capable of 
comparifon, fuch as Force, and Power in Agents; Intention, and Remiflion inQua- 
lities; Velocity, and Tardity in Motions; Gravity, and Levity inPonderationsi 
Modulation in (bunds; Value, and Eftimation in Things; and whatfoever elle may 
admit of any Gradation. 

But Eudidt in a Geometrical method purfues his courfc, and does accordingly 
apply this Element to Magnitudes: yet in fuch an artificial and fubtil Form of 
Demonllration, that it might in general be made ufeof wherefoever in the nature 
of things, the reafon of Man can compare one thing with an other. 

This Do&rine of Proportions cannot be well explained without the ufe of Num¬ 
bers; and therefore whoever intends rightly tounderftand this Element, muft come 
furnifiied with a moderate skill in Arithmetic. Wc have therefore apply'd Num¬ 
bers to the Definitions and Propofitions, for iiluftration fake to the youneer 
Students. 

I Ihould farther advife that with the Study of this Element, alfo Euclids Ele¬ 
ments of Numbers were together perufed, efpeciallv thofe Propofitions where 
Proportions arc concern’d, l or the Do&rine of Proportions is chiefly, or rather 
only explicable by Numbers: and what here is apply'd to Magnitudes, was fo- 
cretly derived from thole Elements, which do much further a right underftandino* 
of this. It will be at firll fufficicnt for Beginners only to read the Propofitions of 
thofe Elements, and carefully to obferve the Expojitions ; which may inftrudt them 
enough for their prefent ufe in this Element, without giving themfelycs the 
trouble of being convinced by Demonftrations. 


DEFINITIONS. 


A 


Of Part and Multiple. 
DEFINITION I. 

Tart is a magnitude of a magnitude, a lefs of a greater, when 
the lefs meafures the greater. 


DEFINITION II. 

A Multiple is a greater of a lefs, when the greater is meafured 
by the lefs. 


A Part 
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A Part and Multiple are each a magnitude of a magnitude •> a Part a lefs magni¬ 
tude of a greater; a Multiple a greater magnitude of a 

lefs: both combin’d in a mutual refpe& to one another. A -- 

As A is faid to be a part of B Cj when repeated fome cer- 

tain times, as here ‘tis thrice , It doth exa&ly meafure, -f——+- c 

and compleat the magnitude B C. 

For a Part is here to be underftood in a peculiar fenfe; and not as when it is 
faid that the whole is greater than its part: where a part is taken indifferently 
for any portion of the whole, as a lefs quantity contained in a greater. 

But now in this place, by a Part is meant fiich a portion of the whole, which 
repeated meaiures the whole precifely. And again, in this refpeft the whole is 
call'd a Multiple of that part, either Duple, Triple, Quadruple, &c. becaufe it con¬ 
tains the fame juft fo many times, as twice, thrice, four times, &c. and is noted thus, 

&c. And the Part which fo many times repeated, ineafures the whole, is ac¬ 
cordingly faid to be one half, or one third, or one fourth part, &c. of that whole 
or Multiple, and is noted thus, l hi* dec. 

Euclide begins with Part and Multiple as a proper foundation of the Dodtrine 
of Proportions, becaufe thefe are in the nature of an Unite and a Number, by 
which only, the Meafure, Value, and Proportion of one thing to another can be 
exprefled. For as an Unite is a part and meafure of every Number, and every Num¬ 
ber is a Multiple of an Unite; fo in magnitudes a part is as an Unite, the meafure 
of its Multiple i and every magnitude may as a Multiple be divided by equal par¬ 
titions into meafuring parts, as Number into meafuring Unites. Bolides, a Part 
and Multiple, not only anfwcr to Unity and Number, but alfb to Numbers them- 
/elves. For any Number may be a part of fome other Numbers, and thefe again 
be Multiples of the lame. For inftance, 2 is a part of 1 2, becaufe 2 taken 6 times 
ineafures, or makes 12, and is therefore afixth part of 12. In like manner 3 is a 
fourth part, 4 a third, 6 an half of 12. Anti again 12 is a Multiple of each of 
thefe: Sextuple of 2, Quadruple of 3, Triple of 4, Duple of 6 . So that 2,3,4, and 
6 ; tho‘ each be a Number, yet in icfpedt of 12, each being a part of 12, is as an 
Unite. For 2 is 3 is!, 4 is!, 6 is ] of 12. 

But again, f is not in this lenfc a part of 12, becaufe ; being twice taken makes 
but 10, and thrice taken makes ir, and fo added to it lelf doth not meafure 12, 
but is either under, or over it. For the fame realon neither 7 > 8, 9,10,11, are 
faid to be a part of 12. But in this cafe fuch a portion of any Number, or Magni¬ 
tude is called Parts, for that it contains (blue certain and meafuring parts of the 
whole, but is not it lelf a meafure of that whole: As 8 ineafures not 12 ; yet 
becaufe it contains 4, a meafure and part of 12 fome certain times, therefore 8 is 
(aid to be parts of 12, namely two thirds, or two third parts of 12. Likcwife y 
ineafures not 12, yet becaufe it doth certain times contain 1, the Monade or Unite, 
which is the common part and meafure of all Numbers, therefore y is properly 
/aid to be parts of 12, as being five Unites of 12 the whole. 

And in general Euclide hath demonftrated in Prop. 4. El. VII. That every lefs 
Number is of every Greater cither a Part , or Parts. 

Such like Quantities both in Number, and Magnitude, are diftinguifhed by the 
names of Quota!, and Quanta! Parts, dually called Pars Jliquota, and Pars Jltquanta. 

A Quota! part modules the whole: which is then called a Multiple of that parr. 

A Quantal part ineafures not the whole: but repeated is either Ids or greater 

than it. 

From hence wemay perceive that a Quotalpart is cither an Unite, or if a Num¬ 
ber, yet dec! as an Unite in the menfuration of the whole. And that a Quantal part 
is an Aggregate of Quota I parts, which together arc not a meafure of the whole, 
that is, make not any Quota! part thereof. 


Cc 3 


Of 
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Of Equimultiples. 

Moreover in Number and Magnitude, when two or more Magnitudes are equally 
Multiple of other Magnitudes, that is do equally, or equal times (Ima u* (ays Eu~ 
dtde) contain other Magnitudes, they are then call’d Equimultiples of their re* 
fpe&ive Magnitudes, or Quota! parts. As 20 and 12 are Equimultiples of f and 
lor that zo contains 5 four times, as likewife 12 does 3, fo that how many fives 
are in 20, fo many threes are in 12: the multitude or number of the Quotal 
parts being in both Multiples equal, vi%, four in each. And therefore all Equi¬ 
multiples as they equally contain their Quotal parts, fo are they again equally 
divilibic into the lame number of Quotal parts: As xo into 4 fives, and 12 into 
4 threes, which kind of Divifion is m oft frequently ufed in the Demonftratiqns 
of this Element, 

Of Proportions, and Proportionals. 
DEFINITION III. 

P Roportion is an habitude of two Hmogeneal ^Magnitudes un¬ 
to one another , according to Quantity. 

Proportion is by Etulide called Asysr, logw, a word among the Greets of various 
fignifications, and commonly Tranflated tfatio, as ambiguous a word as the GreeL 
Cicero therefore calls it Proportion a name properly ufed where the confideration is 
ivhat Portion one thing is of an other. 

Proportion therefore in general is an Habitude, Relation, or Companion of two 
things to one another, as of A compared to B, according to fomething, which is 
common to them both, or of which they both partake, each in fome degree of 
companion toward the other. A the firft of the two is in the ordinary way of 
[peaking the Antecedent , likewife B the fecond is called the Confequent , unto 
which the Antecedent is compared. The Antecedent and the Confequent, are faid 
to be the Terms of the Proportion, for that in them the Proportion between An¬ 
tecedent and Confequent, is bounded and terminated. 

In this place Proportion is only confidcred between two Magnitudes; and there¬ 
fore, as all other things comparable to one another, fo ihefe arealfo to be Homo¬ 
geneal, that is, of the fame kind: as a Line to a Line, a Superficies to a Superfi¬ 
cies, a Solid to a Solid, is to be compared according to the Dimenfions that each 
do in fua fpecie partake of: and therefore the companion is to be made according 
to Quantity, that is, as far as appertains to Quanticy: not in refpedf to any Qua¬ 
lity, Power, Weight, Motion, Price (as Lead or Gold), or any other Eftimation 
ivhatfbevcr. 

Neither again is Quantity here taken abjolutetyn or in a Predicamental Notion, 
as a Genus to Continual, and Difcrete Quantity, to Magnitude, and Multitude. 
But it is to be underftood relatively , in order to fuch a quantitative Valuation of 
Magnitude, as where the Quantity of one Magnitude is comparatively to be efti- 
mated by an other. 

In this fenfe is Eudide to be underftood by mt* cn-Mjbnjw, according to Quan¬ 
tity. For the Greeks make a juft diltin&ion between xoznrs , and between 

Quantity ablolute, as confidered in its own nature, and Quantity relative, in a 
refpedt to Menfuration and Eftimation. The Latincs ufe only Quant it as for both, 
as fyclits for viBis and ; but where proper words are wanting, the fenfe muft 
make out the proper meaning of ambiguous words. 

For the better underftanding this prefent matter, review the Annotations at 
Def. El. I. concerning the application of Number to Magnitude; where the 
whole bufinefs about the Quantity of Magnitudes is fully explained. And further 
obferve, that the Quantity of every number is fliewn by the name of the num¬ 
ber, as Ten fignifies fo many Unites collected into one number under that name: 

Unity, 
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Unity, or aMonade being the only prime conftituent part, and thereforerthe 
common meafure alfoof all numbers, giving the Quantity of every number by a 
known name in all Languages. 

But the Quantity of Magnitudes doth not appear after fuch an open manner* 
becaufe every Magnitude, be it never fo great, or fo little, is in it felf only unum 
Integrum, one Integral thing, and tho* divifible into infinite parts; yet hath no 
prime conftituent part for a common meafure of Magnitudes, like an Unite in 
numbers. When therefore it is asked Quantum, or quam Magnum, how much or 
how great a thing is? The queftion tacitely relates to fome arbitrary meafure com¬ 
monly received amongft us, by which Magnitudes are ufually eftimated: as an 
Inch, Foot, Cubit, or the like. And when a Magnitude is laid to contain a cer¬ 
tain number of fuch, or fucli a meafure ; That then is reputed to be the quantity 
of the fame Magnitude: but in reality it is its proportion to 1. that is, to itsGw- 
metrical Unite, and meafure. If an Inch be put for a general meafure of Magni¬ 
tudes, then the Quantity of a Yard is faid to be 36 Inches, becaufe it contains the 
ftated meafure fo many times. In like manner a Foot is faid to be 12 Inches. 
But again, if a Yard as a certain length be compared to a Foot as another length, 
then a Yard fliali be found to be triple of a Foot: and this is called the Proportion of 
aYard to a Foot. Likewife in general, the quantity of any number is ever accord¬ 
ing to its name fo many Unites, becaufe an Unite is the natural conftituent of all 
numbers. As the Quantity of 12 is always 12 Unites: but in particular companions 
of number to number, the Proportion of 12 compared to 4, is faid to be triple of 4, 
or in a triple proportion; and compared to 3 is quadruple. The value of the 
Antecedent ill Proportion being changeable according to the change of the Con* 
lequent; becaule in fuch particular companions the Confequent is as a meafure, 
by which the Antecedent ought to be cftiniated. For in every Proportion is con- 
fidered how much the Antecedent contains of the Confequent; the Xbpwme, or 
Quantuplum , what Quan tuple the Antecedent is of the Confequent. For be the 
Antecedent either equal, greater or lefs than the Confequent, it is always the 
Quantum of the Confequent contained in the Antecedent, which gives the propor¬ 
tion of Antecedent to Confequent. And as the Antecedent contains more, or lefs 
of its Confequent, fo tis proportionally valued in a refpeft to that Confequent. 
As to give a familiar inftance, if a Penny be made the meafure of Mony; then the 
Quantity of a Shilling fliali always be accounted 12 Pence. But the Proportion of 
a Shilling compared to a Groat, or to a Crown, or to a Pound, is in thefe divers 
companions of a different value i triple of a Groat, a fifth part of a Crown, a 
twentieth part of a Pound, as containing fo much of each Confequent. And in this 
fenfe Proportion is faid to be an Habitude according to Quantity. 

The Divifion of Proportions. 

Proportion is either of Equality, when the Antecedent is equal to the Confe- 
quentj or of Inequality, when greater or lefs. 

If the Antecedent be greater, then it is called Proportion of the greater Inequality, 
for that the companion is of the greater to the lefs. 

If the Antecedent be the lefs, it is called Proportion of the lefs Inequality, becaufe 
the lels is compared to the greater. 

Moreover, becaufe there are many Homogcncal Magnitudes which are incom- 
mcnfiirable to one another (as the fide of a Square and its Diameter); fb that 
their mutual Proportions, or how much one contains of the other, cannot be fet 
forth by any common meafure, nor be exprefled by any number whatfoever; 
therefore in magnitudes, Proportion is again divided into Effable and Ineffable, Ex- 
preflibleand Inexpreffible by number: and commonly called proportion Rational 
and Irrational. This fifth Element is framed with fuch an artifice a$ indifferently 
to comprehend both. 

Proportion of Equality is always Rational (tho' the Terms be fometimes Irra¬ 
tional); for that every thing may have its equal, and be to an other in a Rational 

account, 
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as i to i. It is alio the ground from whence all other Proportions do 
arife; and a principal Subject of the preceding Elements, tho’ not under the name 
of Proportion: As that Vertical Angles are equal t& one another, the three Angles of 
a Trimgle are equal u two Kgbty &c. Befides infinite other fuch like Proportions 
throughout all Geometry. It is alfo of a moft general ufe in Algebra, and the 
Dodrine of Equations. 

Proportions of Inequality which are Rational, are diftinguifhed into five kinds 
of the greater Inequality, aid into as many of the Ids. 

The Varieties of Rational Proportion. 

Of Multiple Proportion, and Submultiple. 

The moft Ample Proportions of Inequality, arc founded in thefirft and fecond 
Definitions of Part and Moltiple. 

If ra companion of the one to the other, the Multiple be Antecedent and the 
Part be Coafcquem, then it is called Multiple Proportion. If the Part be Antece¬ 
dent and the Multiple be Confequent, then it is called Submultiple Proportion . As 
ia compared to 4 is Multiple Proportion, and named triple: And 4 to 12 is Sub- 
multipk Proportion, and named Subtriple. The like appellation is ufed in all 
Multiple and Sabmuhiple Proportions; as Quadruple, Subquadruple; Quintuple, 
Subquintuple, Ac, The other Rational proportions of Inequality, are made by the 
various Competitions of Part and Multiple, as followeth. 

Of Multiple Superparticular, andSubmultiple Superparticular. 

Fkft, if above the eaaft Multiple of the Confequent, there remains in the Ante¬ 
cedent any l^taud part of the Confequent, as an hatfj a third, a fourth, or a 
tr rrb part of the Canfequent, (or atherwife thus named, a Sefquialteral, a Sefqui- 
terml, a Sefqniquartal, a Sdquidcumal part, Ac.) then the proportion is called 
Multiple Saperpartsadar^ becauie the overplus befides the exad Multiple is a parti¬ 
cular and meafnring part of the Consequent. As 1 3 to 4 is in Multiple Superpar- 
tkalar proportion, whidi is known to be fb, by dividing the greater by the lefs; 
where then the Quotient 3 \ fhews 13 to contain 4 thrice, and one fourth part of the 
Confequent 4; wherefore this proportion is named triple Sefqniquartal, and is noted 
thus So 10 to 4 is in Multiple fuperparricular proportion duple Sefquialteral 
2=, that is z\z For where the Numerator is a part, that is, a meafure or the De¬ 
nominator, dividing die Denominator by the Numerator, and this by it (elf, it 
will be brought to an Unite, and the proportion plainly appear to be fuperpar- 
ticular, as here \ is reducible to l. So in all Superparticulars the Numerator is, or 
may ever be reduced to an Unite: As 40 to 12 is 3d or $\, Triple Sefquitertial. 
Again, upon tranfverfion of the Terms, the left is compared to the greater, and 
called Submultiple Superpanicular: as 13 to 4, inverted, is 4 to 13 vtq. Subtriple fef- 
qoiquartal, and is noted thus il, which fignifiesthat 4 the Antecedent, contains four 
parts of the Confequent, confuting of 13 fuch equal pans. 

Of Multiple Superpartient, and Submultiple Superpartient. 

But mow, if above the exadt Multiple of the Confequent, the Surplufage be a 
$*mal part *of the Confequent, then the proportion is called Multiple Superpar¬ 
tient, for that the Overplus is not any quota! part of the Confequent, but fome 
quotal parts taken together, which moke a qoantal part, that meafurcs not the 
Confequent; As 8 to y is’in ptoponion Multiple Superpanient: for dividing the 
Antecedent g by 3 the Confequent, the Quotient 2 \ fhews 8 to contain 3 twice, 
and two thirds of the Confequent 3: therefore this proportion is named Dqpfe 
fupabnertal, and according to the Quotient is noted 2 j. So 22 to 8 is a | or 2 
Duple iiipettriquartal. For in ill Soperpartiems where the Numerator and Deno¬ 
minator 



OF GEOMETRY. iSi 

initiator happen to have a common part and meafure, as here J have 2 to each in 
common i then are they by Divifion to be reduced to other numbers, which are 
Prime to one another, that is, have no number for a meafure common to them 
both : as s 1$ reduced to h And again, by tranfverlion comparing the lefs to the 
greater, the proportion is called Submultiple Superpartient, as 8 to 3, inverted, is 3 
to 8, Subduple, and is noted thus J, which figmfies, that 3 the Antecedent, con¬ 
tains three parts of the Confequent, confifting of eight fuch equal parts. 

Superparticular and Subfupcrparticular. 

Now if the Antecedent be not in any manner a Multiple of the Confequcnt, 
but contains the Confequcnt Only once , and moreover a particular Quota/ part of 
the Confequent, then the proportion is called by the (ingle name of Super parti¬ 
cular : as 3 to 2 is in proportion Superparticular, according to the Quotient 1 
which lheweth 3 the Antecedent to contain 2 the Confequcnt once, and one half 
of two ; and is named proportion Sefquialtcral: fo ly to 12 is 1 or 1 For the 
Numerator 3 being a quotal part of t ic Denominator 12,-j is by Divifion reduced 
to h and the proportion fhewn to be Sefquiquartal ih So in all Superparticular 
proportions the Quotient is always an Unite with a fraction, whole Numerator is 
iikewi/e an Unite, or reducible to an Unite. Again, by tranfverlion comparing 
the Ids to the greater, as 2 to 3, the proportion is Subfupcrparticular, and named 
Sub/dquialtcraJ, which is thus noted;: Ihcwing that the Antecedent 2 contains 
two parts of 3 the Confequent. * 


Superpartient and Subfuperpartient. 

Laflly, if as before, the Antecedent be not any ways a Multiple of the Confe¬ 
quent, but contains its Con feejuent Only once , and moreover Joint parts (which to¬ 
gether meafure not the Confequent) then the proportion is thereupon called Su¬ 
perpartient j as 8 to y is by the Quotient 1 \ flicwn to be in proportion Superpar¬ 
tient, and particularly Supcrtriquintal ; that is, the Antecedent 8 contains the 
Confequent y once, and moreover three parts of the Confequent y. >0 14 to 10 
is 1 1 1 , or 1by diving 4 and 10 by their common meafure 2, and this is named 
proportion Supcvbiquintal. So in all Superpartient proportions the Quotient is 
always an Unite with a fraction, whole Numerator is ever a number: and by this 
it is diftinguilhcd from the Quotient of a Superparticular proportion, where the 
Numerator of the f ratSlion is ever to be an Unite. 

l or limber, note that in this matter of fractions, whenfoever the Numerator 
can meafure the Denominator, the lame may divide it fell, and the Denomina¬ 
tor; and then lhail that Numerator be brought to an Unite, and the Iradion 
be Superparticular in its lealV ) erms. 

Ami when both Numerator and Denominator can be mcafiircd bv an other mini- 

9 

her, then each ol them being divided by that common meafure, the fraction will 
be Superpartient and expofed in its fmallclb Terms. 

AHo in all fradhons, whether of Magnitudes or Numbers, the Denominator is 
ever a fuppolcd lot am , winch con fills of fo many parts, as the Number of that 
Denominator ligmtics. 

Again, to fimlh all the Varieties of Rational proportions; the Superpartient is 
likewifeby tranfverlion of its Terms in comparing the Ids to the gi cater, called 
Subfuperpartient, as y to 8, or i isSubfupertriquintal: and 10 to 14,01* h is Sub- 
fuperbiquintal. 

Thcfe are the five kinds of Rational proportion of the greater Incqualitv, Mul~ 
tiplc , Superparticular , Superpartient , Multiple Superparticular , Multiple Superpartient. 
To which anlwcras inanvof the Ids Inequality, anting from the tfjiilveriinn of 
the fame Terms, and diftinguilhcd by adding Sub to the other Appellations. 

Now here from the Quotients you may obferve, that all thcfe kinds of Rational 
proportions aide from Unity, Fart, and Multiple. For one compared to one 
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makes proportion of Equality: One with a part to one makes Superparticular pro¬ 
portion : One with parts to one makes Superpartient. Again, many to one makes 
Multiple proportion: Many with a part to one makes Multiple fuperparticular: 
Many with parts to one makes Multiple faperpartient, as thefe Quotients repre- 
fent: which are alio the Denominators or Exponents of Proportions in the man¬ 
ner following. 

The Species. Superparticular. Superpartient. Multiple. 


Exponents. 
Leaft Terms. 




1 
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The Species. Multiple Superparticular. 

Exponents, lj. 2 3 J. 4*5 61 

Leaft Teims. \ ]. ”• & *?. 


Multiple Supirpartieut. 



Of the Exponent of Rational Proportion. 

Xow to difeover unto which of thefe kinds the proportion between any two 
propoled Terms (as between 47 and 40) fhould be referred, we are to reduce thofe 
Terms unto two fuch others, which fliall be one and the fame Chara&er and Ex¬ 
ponent, common to all poffible Terms in that proportion, and which therefore 
muft necefifarily be the leaft and prime Terms of the fame. 

How then to find out the Ieait and prime Terms of any proportion, we are to 
divide the greater by the lefs; and tnen the Quotient gives the foie and proper 
Terms of that proportion. For as the D tv if or is to the Dividend , jo is an ‘Unite to 
the Quotient : and as the Dividend to the Divijor, fo the Quotient to an Unite. Here 
therefore the Antecedent or Confequent being brought to an Unite, the leaft of 
Terms, the Quotient is manifeftly the only common Exponent, and the certain 
ftandard of any proportion that can be raifed from Unity. Which alfo may be 
the fame proportion in an infinite variety of feveral Terms. As 9 to 3, 12 to 4, 
18 to tf, the’Quotient 3, that is, 3 to 1, or ? is the common Exponent of them 
all. So 45-to 4^, 27 to 24, 18 to id, 9 to 8. Here between thefe feveral Terms 
the Exponent of their proportions is the common Quotient 1which Ihews the 
proportion to be in every one Sefquiocfaval. And the like infinitely in this and 
in all the Other kinds of Rational proportions, the Quotient expounds and fpecifies 
the proportion. Thus the Quotient is the Exponent of every proportion in its 
proper Quantity y Species , and Name, which therefore was by the Ancients called 
nv£p;> re Proportion^ Fundum, the Fundamental proportion, Or the propor¬ 
tion in its Fundamental Terms. Whereas then the Quotient is the Exponent of 
a Proportion, therefore the Notation of the proportion between any two Magni¬ 
tudes, as A and B, is in Species thus properly fignified^i that is, A divided by B: 

which being thus noted j , fignifies the Quotient, or Exponent of the proportion 

between A and B. So is C divided by D,and notes the proportion of C to D. 
And when the proportions are equal, it is thus reprefented by their Quotients, 
* “ if when unequal, the greater thus, * > j, and the lefs thus, 


Of Arithmetical Proportion. 

Laftlv, there is an other kind of Habitude between two Magnitudes or Num- 
bers Kxr according to the Hpyeroche , or Excels of one above the other: 

that is, according to the difference in majority, or minority between two Magni¬ 
tudes or Numbers. As in comparing 6 to 2, or 2 to 6 is confidered, not as be¬ 
fore how much <5 the Antecedent contains of 2 the Confequent, or two the Ante¬ 
cedent contains of 6 the Confequent; but how much 6 the greater exceeds 2 the 
lefs, or 2 the lefs is exceeded by 6 the greater: that is, what is the difference in 
rpvority or minontv between c and 2, or 2 and c. In both companions either 
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of 6 the greater to 2 the lefs, or of 2 the Jefe to 6 the greater, the excefs, or dif¬ 
ference is the fame, namely 4. But now the proportion of 6 to 2 is triple, three 
to ones and of 2 tod is lubtriple, one to three: And this only kind of Habitude 
was taken by the Ancients to be , Proportion. 

But the Modern Mathematicians call the Habitude according to Excc/s, or dif¬ 
ference by the name of Arithmetical Proportion; and. the other defined by Euchdc, 
is by them lor diftin&ion fake called Geometrical Proportion: altho' both be ap¬ 
plicable indifferently to Magnitudes and Numbers: Arithmetical as well to Magni¬ 
tudes, as to Numbers, and Geometrical as w^ll to Numbers, as to Magnitudes. 

Arithmetical Proportion was likely fo called, becaufe Numbers ii\ their natural 

order of i, 2, &c. are not other wile diftinguifhed than from their Excels, or 

Difference by an Unite: therefore where the Excels, or Difference between two Num¬ 
bers, or Magnitudes is the thing confulered, there that Habitude is (aid to be an 
Arithmetical Proportion. But it might have been more properly called Proportion 
of Majority and Minority. 

Now in Geometrical Proportion becaufc there is confidered how much one 
Term contains of the other, therefore the proportion between the two Terms is 
ihewn in ihe Quotient, by dividing the greater by the lefs. 

But in Arithmetical Proportion becaufe there is confidered the difference be¬ 
tween the t\vo Terms, therefore this Proportion of majority and minority, appears 
in the Remainder, by fubtrafting the lefs from the greater: Divifion being made 
ufe of in Geometrical, and Su bit ration in Arithmetical proportions, as the diffe¬ 
rent nature of tilde two kinds of Proportion do fb require. 
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DEFINITION IV. 

[Altitudes are)aid lo have proportion to one another, which 
hem* multiplied can exceed each the other . 

Wc have noted before, that upon companion of 011c thing to an other, the 
fame mult be made in a matter capable of augmentation and diminution, and of 
which the things compared together do in common participate. Now in Magni¬ 
tudes compared according to quantity, this Definition dilcovers when Magnitudes 
have a participation ot one anothers quantities, by this fignal property, that upon 
the multiplication of themlelves they can mutually exceed each other: As the lide 
of a Square doubled exceeds the Diameter: the Diameter of a Circle quadrupled 
exceeds the Circumference, and thefe again multiplied can exceed the others. Now 
by this reciprocal Excels, and Comprehcnlion or one another, it manifeitly ap¬ 
pears that they fully communicate in each others Magnitudes, and therefore are 
capable of mutual companion according to Quantity. Whereas a finite llrait line 
multiplied never fo often cannot exceed the Magnitude of ail Infinite: The angle 
of Contact in Circles, tho’ infinitely augmented, can never exceed the lealt firait- 
lind angle. Thefe therefore not being to be made comprehenfive of each others 
Magnitudes by any poffiblc multiplication, cannot be (aid to have proportion to 
one another. Thus Euciutc determines in this matter. But (bine farther imagine 
that he expounds in this Definition what Magnitudes Humid be accounted Homo- 
geneal. Mis words import nothing towards fuch a fenfe* but rather fuppofe that 
there are Homogencal Magnitudes incapable of mutual proportion ; and therefore 
gives us here a Touchltone, by which to know what Homogencal Magnitudes can 
be laid to have proportion to one another. Moreover in proportion the fiilt 
confidcration is, that the compared Magnitudes be Homogencal (a word here 
taken in that Ionic ns vulgarly undcrilood): and to avoid Ehilofoplucai de¬ 
putes (no ways (uitablc to an Elementary do&rinc in Geometry ) about angles, 
or other Magnitudes, what arc Homogencal, and what not, Euchdc pa lies by this, 
(as el lew here the like Controvcrlies) and without fuch a confidcration, or deter¬ 
mination upon this point, only {hews in general how to difcovtT when any kind 
of quantities arc between themlelves capable of proportion > tho'the fune be un- 
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known: And of fuck, on both (ides,-capable and uncapable, we have now given 

fome dear in fences. 

It is betides very incongruous, and againft this whole Elementary method to 
make a Definition to be prepofteroufly an interpretation of a word ufed before. 


DEFINITION V. 

M agnitudes areJaid to he in the fame proportion, the fir Si to 

the fecond, and the third to the fourth , when according to 
any multiplication whatfoever ,the Equimultiples of the fir ft, and 
third compared to the Equimultiples of the fecond and fourth, are 
either together Deficient, or together Equal, or together Exceeding 
each the other. 

Let there be four Magnitudes A, B,C,D; where A is compared to B, and C to 
D. Then let be taken any Equimultiples whatfoever of A the firft and of C the 
third, the two Antecedents. As let E be of A, and F of C any Equimultiples, 
each of each, either duple, triple, quadruple, decuple, centuple, &c, as here they 
are duple. And again, let be taken any Equimultiples of B the fecond, and of D 
the fourth, the two Conlequcnts, namely, let G be of 15 , and H of D any Equi¬ 
multiples, eidier the fame as before of the Antecedents, or any other Equimulti¬ 
ples whatfoever, as here they are triple. 



Now when ever it is demonftrated that according to any Multiplication what¬ 
foever, the Equimultiples E and F of the Antecedents A and C, compared to the 
Equimultiples G and H of the Confequents B and 1 ), each to each, E to G, and 
and F to H; when thefe Equimultiples I fay are proved to be either together lefs, 
or equal, or Greater, E than G, and F than H; then thefe Magnitudes A, B, C, D, 
are laid to be in the lame proportion, A to B, as C to D. And therefore when 
in any one particular inltance the contrary (hall be demonllrated, that the Equimul¬ 
tiple of one Antecedent exceeds the Equimultiple of its Confcquent, and the other 
exceeds not, but is either equal, or lels; then thole cxpofcd Magnitudes are not 
in the fame proportion, the firft to the fecond as the third to the fourth j becaufe 
the agreement of the Equimultiples in a joint Defedf, Equality, or Excels, ought 
to hold in any multiplication whatfoever. 

This is a general Test, and an infallible Character of Proportional Magnitudes, 
Cominenfurable, or Incommenfurable. But note, that Incommenliirable Magni¬ 
tudes can never have their Equimultiples equal; for then they would prove to 
be Commuifurable to one another; therefore lncommenlurables arc (hewn to be 
propoitional only from the joint Excels, or Defe& of their Equimultiples. Where¬ 
as Commenlurable Magnitudes are capable both of a joint equality, and inequality, 
of their Equimultiples: And in refpeft only to Commenlurable Magnitudes die 
equalitv of the Equimultiples was here added, that the Definition might compre- 
henJiall kind of Magnitudes; and the three forts of Equimultiples according to 
Detect, Equality, or Excefs, might anfwcr to ail poflible multiplications indiffe¬ 
rently, without confidcring whether the Magnitudes be cither Cominenfurable, or 
Incommenliirable. 

f The 
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The Notation of Proportionals is in Species , or Symbols thus commodioully 
fignified A . B:: C. D i That is, as A to B, fo C to D. Or thus, * 4 — ~ : that is, 

the Exponent £ is equal to the Exponent and fhews the proportions to be 

the fame. 

DEFINITION VI. 

M agnitudes that have the fame proportion, let them be called 

An a log a ls, or Proportionals. 

After the Definition, which had now declared what Magnitudes are (aid to be 
in the fame proportion; there is next a name given to them. Let them be 
called Amx&ycv, Analogon, fays Euclide . This word is ufed adverbially, and literally 
tranflated is Equiproportionally : So that it is indifferent to fay Magnitudes to be 
in the fame proportion , or in one word to be Equiproportionally , or Analogally y the 
firft to the lecond, as the third to the fourth. For Avd is a Prxpofition of equa¬ 
lity, and AwAsy cv implies dm tov tiyev : In, or of equal proportion, or the fame 
proportion repeated. From And logon is the abftraft Analogia y that is equality of 
proportions, which is commonly rendred Analogy , or Proportionality . 

Annotations on the Fifth Definition. 


This Definition all the Greeks received without exception, and Archimedes 
himfelf makes frequent ufc of it, as the only general and infallible iign of propor¬ 
tional Magnitudes. But many of the Modern Geometricians Humble at it; for 
want it feems of a through infpc&ion into the bottom of this matter, which the 
Ancients better underftood. 

Firjt y Therefore we fhall examine upon what motives Men are commonly in¬ 
duced to except againft it. Secondly we /hall explain the nature of this Definition, 
and what was Euclid's intent, and meaning, in defining proportional Magnitudes 
after fuch a manner. Thirdly y we fhall prove that this Definition is molt fit i table 
to the nature of Magnitude, and fully farisfadtory when rightly underftood. 

Firft then the joint y or Simultaneous Defedt, Equality, or Excels in the Equimul¬ 
tiples of Antecedents, and Confequcnts, which affection Eucltdc puts for the de¬ 
termining oi‘ proportional Magnitudes, feems to have no affinity, or conjunction 
with the ufual, and natural notion that Men have of things, which they account , 
and name Proportionals: and therefore they arc ftartlcd at fuch a ftrangc, and 
unexpedted Definition, lb much different from the common Idea they have of 
this matter. For in all affairs wherein Men arc converfant, whether concerning 
Quantities, Qualities, Powers, Adi ions. Motions, Value, Commerce, or other Nego¬ 
tiations, they do naturally judge by Number y and Mcafure y when things have between 
them Pelves the lame proportion, and when not. Where then between things com¬ 
pared together they find an agreement according to Number , and Mcaforc } there 
fitch are properly accounted Proportional to one another. As when A is as much 
of B, as C is of D, 'Tantum y Quantum, the one of the other, then A to ft, and C 
to D, arc commonly reputed to be in the fame proportion. -So that m Propor¬ 
tionals the Antecedents arc conceived to be always Eqjjiq^a ntu n. ks of their 
Confequcnts: and this Equality to be let forth in number, and mealiirc. 

Wherefore Men thus rationally conceiving aforchand the condition, and ftatc 
of things they cal! proportional, and being thus already acquainted both with 
the thing, and name, they are thereupon prcpollilled in their judgements, and 
their very promotion, or natural precognition of things Proportional, neccfKirily 
creates in them a prejudice againft Euclids Definition: wherein there appeal's no 
relation to number, or meaiure, nor any coherence with their own Conception 
of Proportionals. 

This leans to have been the chief ground of the Exceptions, that arc made 
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againft Euclids Definition. For the i i l \ Definition of the Third Element, where 
uJtg Segments of Circles are defin’d hy the Equality of Jingles re Inch they receive , is as 
lyable to be excepted againft as this Definition of Proportional Magnitudes; be- 
caufe the fi mill rnde of Circular Segments appears not from the equality of thofe 
Angles: but does properly conlift in this, that they are the fame, or equal por¬ 
tions of their own Circles. But then how to fee forth, why they are the fame, 
that is, to define like Segments of Circles Eflentially, from the immediate, and 
formal Caufe of their likenefs lyes under the fame difficulties with the Definition 
of like Proportions of other Magnitudes. Wherefore in both thefe Cafes Euclide 
is conftrained to take a fign of the thing, inftead of the thing it felf, that is, to 
give a Secondary, or Artificial Definition inftead of the Prime, and Natural. For 
m Mathematics Definitions are not always Philofophical, but Specially framed 
in order to their Geometrical ufes; ashereDef. y. EL V. is on purpofe contrived 
for the Demonftrations of Proportional Magnitudes. Yet it is to be obferved that 
Def. 11. El. III. (tho'of the fame nature with this) is received without difpnte, 
becaufe Men being Iels converfant with the true nature of like Segments of Circles, 
than of like Proportions, come not prepolTefied with any other notions of their 
own, but do acquiefce in what Euclide gives them to underftand by like Segments 
of Circles. Whereas they quarrel at this Definition of Proportional Magni¬ 
tudes, finding themfelves difappointed in their own thoughts and preconception 
of Proportionals. We inuft acknowledge the vulgar notion among Men to be 
moil agreeable to the nature of Proportionality, and of all things, that can be 
efteemed Proportionals. For number alone it is, by which in common Commerce 
the Meafure and Value of things is moft naturally made, and fignified: but 
where Number, and Meafure cannot be apply d as fit inftruments for a Mathema¬ 
tical proof in all fuch things, that are really Proportionals, there for Demonftra- 
tion lake fome other certain, and definitive mark is to be taken : as Euclide hath 
done in his Definition of Proportional Magnitudes. 

But where the .subject would bear it, Euclide clears this matter, and gives an 
other Definition of Proportional Numbers, tho’ not of Proportion it lelf; for 
that his former Definition of proportion given in this y lU . Element anfwers 
as well to Numbers, as to Magnitudes, only changing the names, and putting 
Numbers in the place of HomogcnealMagnitudes. For in both Numbers and Magni¬ 
tudes the Habitude is xxr* irrjiy^nt, according to Quantity. 

Now the 20 \ Definition of the 7 th . Element concerning proportional Numbers 
is very plain, and conformable to the common conception that Men have of things 
proportional, in thefe perlpicuous words. 

The Definition of 'Proportional Numbers. 


Numbers are Proportional, when the firft is of the (icond, and the third of the 
fourth, equally Multiple; or the fame Part; or the fame Parts. 

This Definition is molt natural, and plainly fnews Numbers to be proportional 
from the immediate caufcs, which make them fo. l or in equally Multiply or the 
Jame Party or the fame Parts is exprellv laid down wherein the Antecedents do 
equally contain their Confequents, that is, arc each F.quiquantuples of their Con¬ 
fequents. Only tis to be noted, that Multiple is here to be interpreted in a more 
general fenfe than ufuai, as not ftridly fignifying precifely many times, or more 
than once, for one number to contain an other number, as one to be exactly Du¬ 
ple or Triple, &c. of the other; but numbers arc here underllood to be Equally 
'Multiple of others, when the Antecedents do equally, or alike contain the Quan¬ 
tity, that is, the numerical parts of their Confequents, one as much, or as often 
as the other does in any manner. As cither limply once in Proportion of I qua- 
isty: or once with a Part, or Parts in proportion Super particular y or Superparticnt: 
or clic more than once with a Part, or Parts in proportion Multiple Superparticular , or 
Superparticnt. Here therefore for a farther iiluftiation of this matter, take thele 
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examples: In which we have according to the Form of this Definition given the 
Varieties of four Rational Proportionals, both particularly in Numbers, and ge¬ 
nerally in Species . 

Multiple. 

6 .x:: 9.3. 

3 A. A:: 3 13 -B. 


Multiple Superparticular . 

Multiple Superpartient . 

7.2:: 21 . <5 . 

.xi . 4 : : 33 * 12 

3, -A. A:: 3 ^ B . B . 

2 1 A . A :: 2| B. B 

• Superparticular. 

Superpartient . 

y . 4 : : iy . 12 . 

7.4:: 21.12. 

1 \ A . A:: i 4 - B.B. 

12 A . A:: 

Submultiple. 

Subfuperparticular. 

3.12:: y . 20. 

9.12:: 1 y . 20 . 

{A . A : : JB.B. 

3 A . A : : jB .B. 


Tims in Multiple , Part, or Parts , taken fometimes finely, and fometimes jointly, 
are comprehended all kinds of Rational Proportions, and Proportionals. 

Whereas then this Definition evidently lets forth the nature of Proportional 
Numbers, which alfo very much correfponds with tile common notion of Men • 
wherein they deem things to be proportional; it may be realonably demanded, 
why fomc fuch like Definition might not have been accommodated to porpor- 
tionai Magnitudes; feeing that the Definition of Proportion anfwers both to Mag¬ 
nitudes, and Numbers? But the realons why lb clear, and natural a Definition 
could not be apply'd to Magnitudes, are irrefiftibiy cogent, and manifeft to a 
Geometrician, tho not falling within the cognizance of the vulgar. 

And to explain this matter, we are to recoiled i rt . Tlut Proportion is an Habi¬ 
tude according to Quantity, x 'y. That the Quantity of a Magnitude, or Number 
is only to be fliewn in its reference, or proportion to lome certain , and known 
meafure. s ]y - That every Mcaiure is fome one fimple thing: In Magnitude it is 

an Inch, or l oot, or Cubit, or any other ftated meafure: In Numbers it is an 
Unite; of which it naturally confilts; therefore as afore laid, every lingle number 
carries in its very name the quantity of it felf; that is, its proportion to an Unite, 
the common Conlhtuent, and natural meafure of all Numbers: As the quantity 
of 9 is nine Unites i that is, nine times one, or 9 to i: The quantity ot 10 is lo 
many Unices, or 10 to 1. And again , in companion of number to number, 9 
compared to 10, is nine parts of 10, or the proportionof 9 to 10. The quantity 
of r to 10 is an half part of 10, or s to io; Every Ids number compared to a 
greater being apparently a part, or lome parts of the greater. 

But Magnitude (tho’ infinitely diviiiblc into parts) is not, as Number, an Ag¬ 
gregate of certain parts. It hath no fuch fundamental beginning, nor any Ori¬ 
ginal Party No Minimum > or Geometrical Unite from which to demon Urate in an 
Elementary method the equality, and inequality of Proportions $ as Euclide hath 

dcarlv delivered the whole matter in his Elements of Numbers. 

# 


What of this kind Magnitude hath, or can have, i* only arbitrary, and variable 
after the culloms, and ufages of leveral Nations, and People, which therefore 
cannot give a natural foundation to the Geometrician, whereon to build a general 
dodnne of proportional Magnitudes upon the lame grounds, or fuch a kind of 
Definition from Multiple, Part, and Parts, on which that of numbers is fettled, 
and De111011ih.it 10ns framed accordingly. 

And altho’ there be but one True, and the fame ellential notion of Proportio¬ 
nality both in Magnitude, and Number, which con lifts in this , that the Antecedents 
arc liquiquanni'ln oj :hc;r Confequarts ; which in numbers is plainly, and dcmonltra 

rivclv to be let forth, from an Unite, the natural Minimum ot all numbers: vet m 

» / • 

Magnitude', bccaide tin re is not a natural Minimum , the lame, or like method can¬ 
not p'lfliM 1 ! ' * 1 


t y m 

\ v U 4 
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Again, betides this main impediment, founded in the very nature of Magnitude, 
there 15 another more invincible obttacle of Incommenfurabilitv among Magni- 

* y n 

tudc5, which renders Incommenfurable Magnitudes utterly uncapable of any imagi¬ 
nary common Part, or that one can ever be made a Multiple of the other ; and 
therefore that plain, and natural Definition of proportional Numbers can be no 
ways applicable to all Magnitudes, whereby to demonftrate that they are propor¬ 
tional to one another. 

Eurltde therefore is neceffitated to feek for a more general Chara&er of Propor¬ 
tionals, which may ferve for all Magnitudes,Commenlurable, and Incommenfurable. 
And tho' he is in Magnitudes Incommenfurable to one another deprived wholly 
of any helps from a common Part, or that one can ever be made a Multiple of 
the other ; which are the fundamental inftruments of demonftration in the Do¬ 
ctrine of Numbers: yet becaufe all Magnitudes Com men finable, and Incommen- 
furable, may have any Multiples of tbemjelvts , as duples, triples, quadruples, &c. and 
fo by confequence any Equimultiples ; for that any two Magnitudes may each be 
alike doubled, tripled, quadrupled, &c. Therefore Euchde has recourfe to fuch a 
Multiplication, as the only, or at leaft the molt commodious remedy left in this 
matter, and fearches how far an Equimultiplication of the Antecedents, and ail 
Equimultiplicauon of the Confequents might contribute toward a fure and cer¬ 
tain difeovery what Magnitudes (whether Commenfurable or Incommenfurable to 
one another) are proportional, and what not, when they arc compared together ; 
which proved very ufeful to his purpofe. 

5. 1. For Euchde found demonftratively in any four proportional numbers (and 
in no other but proportional numbers), that if the Antecedents be equally 
multiplied according to any multiplication whatfoever, and again the Con¬ 
fequents be equally multiplied according to any multiplication whatfoever; 
then (hall the Equimultiples of the Antecedents be proportional to the Equi¬ 
multiples of their Confequents in lomc one, or other proportion for ever. So 
thofe that are once Proportionals fhail in this manner ever be fome Propor¬ 
tionals. 

This fingular Tower, and Property of four Proportionals, always to nuke from 
fuch a multiplication other four Proportionals, is the foundation of Euclids Defi¬ 
nition oi proportional Magnitudes; as will clearly appear in the following 

Paragraphs. 

:. 2. For becaufe all proportions are either of equality, or of the greater, or Idler 
inequality ; therefore in any four Proportionals if one of the Antecedents be 
either equal to its Confequent, or greater, or lefs; the other Antecedent 
alio mult accordingly be either equal, greater, or lefs than its Confequent. 
For if one Antecedent fhould be equal to its Confequent, and the other un¬ 
equal, or the one be greater, and the other lefs, it is an immediate contra¬ 
diction, and impoilibilitv to fuppofe equals to be to one another in the 
fame proportion with unequals; or the greater to the lefs to be in the faille 
proportion with the lefs to the greater. 

S- 3. Seeing then that of tour Proportionals the Equimultiples of the Antece¬ 
dents, and Confequents taken according to any multiplication whatfoever, 
are found to be always Proportionals ( as it is noted in the j'ujl Paragraph ): 
therefore the Equimultiples of the Antecedents are together equal, or toge¬ 
ther greater, or together lefs than the Equimultiples of the Confequents (iv 
the foregoing Paragraph ). When therefore it Hull be dcmonltrated that ac¬ 
cording to any multiplication whatfoever the Equimultiples of the Ante¬ 
cedents of the firit, and third Terms] are together equal, greater, or 
Ids than the Equimultiples of the Confequents [ of the iecond, and 
fourth Terms], then are the Antecedents themfclvcs in the fame proportion 

to their Confequents, the firft to the fccond, as the third to the fourth, ac¬ 
cording to the r\ Definition. 


s 


Tims 



OF GEOMETRY. 189 

Thus we fee that Ettchds Chara&eriftic property of Proportional Magni¬ 
tudes is but one Angle remove from the immediate, and apparent Caufe of the 
lame, as it hath been laid down in the firfi Paragraph. For four Magnitudes are 
/aid by Euclide to be Proportionals, when the Equimultiples of the Antecedents 
are together either equal, greater, or lefs, than the Equimultiples of their Coule- 
quents, according to any multiplication whatfoever; Becaufe according to any 
multiplication whatfoever the Equimultiples of the Antecedents are always pro¬ 
portional to the Equimultiples of their Conlequents. But this intermedial Propo- 
Jitiott was concealed by Euclide , and in fiience pafied over: as Geometricians ule 
to do, who are not obliged to give the reafon of their Definitions. They are 
only to be privately allured of the truth of that property, which is attributed to 
the thing: and it lyes wholly on our part either to accept it, or to make mani- 
feft fome unaptnefs, or infufficiency in the ule of it. Now for the matter in hand, 
j Euclids Definition of Proportional Magnitudes hath Hood the tryal of about two 
thoufand years unlhaken: and altho* the Antecedents, and Conlequents multi¬ 
plied according to any multiplication whatfoever, leein in words to make this 
thing perplext, and troublcfome (as Tacquet unjultly calls it a Labyrinth) yet in 
ule, and practice it is molt plain and ealie, as we fliall find in the firft, and laft Pro¬ 
portions of the 6 th . Element. 

If it be farther demanded why Euclide did not define Magnitudes to be propor¬ 
tional, when the Equimultiples of the Antecedents were porportional to the Equi¬ 
multiples of die Confequents j but rather when the Equimultiples of the Antece¬ 
dents were together either equal, greater, or lefs than the Equimultiples of the 
Conlequents, foeing that this is only a Refult of that; the reafon is apparent. 
For to define four Magnitudes to be proportional, when the Equimultiples of the 
Antecedents arc proportional to the Equimultiples of the Conlequents, is to define 
the fame thing by it lelf, Igtwtum per icqu'e Ignotum ; becaule we are ltill as much to 
leek how to know that thefo Equimultiples are proportional, which was thegrols 
over fight of Camp anus , and Orontius in this matter. But how to know when the 
Equimultiples of the Antecedents are together either equal, greater, or left than 
the Equimultiples of the Conlequents, each Equimultiples being taken according to 
any multiplication whatfoever, can be readily made out,and be at once demonftrated 
by fome known Geometrical Propofition: As may be found in all the Ancient 
Greek Geometricians, with what facility it is apply’d upon any occalion of demon- 
ftrating Magnitudes to be Proportionals: Therefore Euclide gave this general 
Concomitant of any four Proportionals for an infallible Indicant, and fhc defini¬ 
tive Character of Proportional Magnitudes. 

And for a farther Explanation of this matter, we Hull here give a demonftration 
of the Fundamental Propofition mentioned in the firft Paragraph, upon which 
Euclids Definition of Proportional Magnitudes is grounded, and from whence it 
doth molt naturally arile. 

Of four Proportionals the Equimultiples of the Antecedents are 
proportional to the Equimultiples of the Confequents, according to 
any Multiplication whatfoever. 

Let the four Proportionals be A • E:: B«C . and let N denote any number 
multiplying the Antecedents A, B, and let n denote any number multiplying the 
Confequents E, G 1 lay, that 

& A in N. E in n :: B in N. C in n. 

* 

lor let it be A . E:: B . C . and then Alternately. Prop. 13. Ei. VIE 

@ A . B:: E . C . Therefore 

A . B:: A inN. B inN. and 
E . C:: E in n. C in n. 

V- But A . B:: E . C. Therefore 

A in N. B inN:: E in n. C in n . and Alternately 

A in N. E in n :: B in N . C in n. Which was to be demonftrated. 

Fc * If 


} * Prop. 17. El. VII. 
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* ]f a Number multiply nrv Numbers the Products are in the fame proportion with the 
given Numbers. This is next to a common notion, for who naturally fees not 
that as three to tn-o, fo 4 threes to 4 tmes} And upon this obvious Principle Eu¬ 
clid? multiplied the Antecedents by any one number whatfoever, and again the 
Confequents by any one number whatfoever; from whence by one, or two 
eafie lkps he found (as we fee) his Definition of Proportional Magnitudes. 

Thus from the very natural Power of Proportionality to make of any four Pro¬ 
portionals, other four Proportionals for ever; whole Antecedents therefore fhall 
alfo ever be together either equal, greater, or lefs than their Confequents, Euclide 
puts this necdlary Adjunct for the general, and next immediate Indicant of all 
Proportionals. 

I or whether the proportions be Rational, or Irrational; the Magnitudes Com^ 
menfurable, or Incominenforable, there is this agreement in all things conceived 
to he Proportionals, that the Antecedents do equally, or alike contain certain 
quantities of their Confequents; altho' this Equality, or Similitude cannot be de¬ 
clared, and fignalized by Equimultiples, or the fame Part, or the fame Parts of the 
Confequent, as it 15 in Numbers; yet in regard that Proportionality is every where 
of the fame nature, therefore one common Property is by Euclide juftly applied 
to all for a landing Indicant of any four Proportionals. 

For the lideof one Square is the fame portion of its Diameter, that the fide of 
an other is of its Diameter, as truely and really, as if it were explicable by Part, 
or Parts, by Number, or lome common Meafure: So that in Magnitudes Incom- 
menfura.de, there is fomethiug in nature, which is Equivalent, and Tantamount . 
For the Square of the fide is demonftvated to be equal to half the Square of the 
Diameter; and therefore the Tides of all Squares arc manifeftly Equiquantuples, 
and the fame portions of their own Diameters, and fo in the fame proportion 
to them: the nature of Proportionality, orEquiquantiplenefs between Antece¬ 
dents, and Confequents, being no ways altered in having the proportions cither 
cffable, or ineffable by number, and meafure. For the Affe&ions, and Properties 
of Proportionals, are the fame in Numbers, and Magnitudes, only they cannot be 
demonftrated alter the lame manner. 

And therefore to require a Definition of Proportional Magnitudes (anfwerable 
to that of Numbers) trom which to demonltrate by fome certain meafores in what 
manner the .Antecedents do equally contain their Confequents, in the making of 
equal proportions, where between the Antecedents, and Confequents there are 
:n nature no jucb mcajurcs , is an impoflibiiity unreafonably required of Euclide to 
make polhblc. Rut what is poflible, he performs: and gives a Definition, or ra¬ 
ther a Definitive mark, which certainly fhews when Magnitudes are Proportional, 
tho' not rfflv, and in what particulars they are Proportional: and in this Cafe 
to demand of him a demonftration of his own Definition is Iniqtnjfxmnm mandatum , 
repugnant to the doctrinal methods of all Arts, and Sciences. It had been a bufi- 
nels proper enough for a Schohajl , or Commentator to iliuftrate, and as a Phi- 
lofopher, ro fet forth the caufes of the different Definitions given by Euclide of 
proportional Numbers, and of proportional Magnitudes, from the different Natures 
and Conffitutions of Number, and Magnitude: but this had been improper for the 
Llcmcnutor himfelf to fubmit unto. 

In fnort therefore, to fumm up this whole and much controverted matter, 
lorafinuch as it hath been (hewn, that Magnitudes are uncapablc of being made 
known, how they arc in the fame proportion to one another from any Equimul¬ 
tiples, cr the fame Part, or the fame Parts of the Confequents , according to the Definition 
of proportional Numbers; therefore inftcad of foch a Primary, and Effennal De¬ 
finition, Euclide laid hold of the next immediate Property that he found to Ipring 
Irom the natural Power of proportionabihty, and might produce an infallible Cha° 
racier of all Proportionals: which is thus apparently deduced. 


Of 
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Of all Proportionals, and only of Proportionals any whatfoever 
Equimultiples of the Antecedents, fliall ever be Proportional to 
any whatfoever Equimultiples of the Confequents. 

Wherefore of all Proportionals, and only of Proportionals any what¬ 
foever Equimultiples of the Antecedents ever are together ei¬ 
ther equal, greater, or lefs, than any whatfoever Equimultiples 
of the Confequents. 

And therefore where any whatfoever Equimultiples of the Ante¬ 
cedents are demonftrated to be together either equal, greater, 
or lefs, than any whatfoever Equimultiples of the Confequents, 
there the firft expofed Magnitudes were Proportionals: The An¬ 
tecedents Equimultiples of their Confequents, each of each Equi- 
quantuple in any proportion whatfoever, Rational or Irrational. 

Tims now this general Teft, and property of Proportionals, that by fome of 
our Moderns hath been calumniated for being fo remote and intricate, is in brief 
(hewn to be nearly conjoyn d with the nature of whatfoever Quantities are, or can 
be efteemed Proportionals, and laid open in few words. 

If any thing yet remains of diflatisfadion, it lyes unavoidably in the nature of 
Magnitude it ielf, which hath no Minimum , and therefore no natural, or Handing 
Meafure; where alfo incommcnfurability between Magnitudes is not capable of 
any imaginable common Meafure; or of any better evidence than what Eucltdc 
hath given in his Definition of Proportional Magnitudes: ami not in any deficiency 
either in Geometry, or the Geometrician. 

DEFINITION VII. 

W Hen of Equimultiples the Multiple of the firft /hall exceed 

the Multiple qfthejecond ; and the ^Multiple of the third 

/hall not exceed the ^Multiple of the fourth ; then the firft is )aid 
to have to the fecoud a greater proportion, then the third hath to 
the fourth. 

In Dcf. y. Magnitudes were determined to be in the fame proportion, when the 
Equimultiples of the Antecedents fhould together be either equal, greater, or left 
than the Equimultiples of their Confequents, according to any multiplication 
whatfoever; and therewithal twas ncccflarily implied, that when it mould be 
found othenvife in any one multiplication, then thofe Magnitudes were notin the 
fame proportion to one another. 

Now this Definition farther declares which Antecedent hath to its Confcqucnt 
the greater proportion, and which the left. 

As for inllance, let A 4, be compared to B 3; and C 5 , to By: then let be 
taken Equimultiples of the Antecedents A 4, and C 6 ; namely quadruples E itf, 
and E 24. And again, take of the Confequents B 3, and Dy; other Equimul¬ 
tiples; namely quintuples G iy, and H 2y. Here 16 the quadruple of the Antece¬ 
dent 4 exceeds iy the quintuple of the Confcqucnt 3: but 24 the quadruple of the 
Antecedent exceeds not 2y the quintuple of the Confcqucnt y. Therefore the 
Antecedent A 4, is laid to have to the Confcqucnt B 3, a greater proportion, than 
the Antecedent C 6 , lias to the Conlcquent D y: and accordingly the Quotients 
llicw the fame inequality of thefe proportions. For 4 to 3 is 1 j, or fcfquitcrtial: 
and 6 to y is but 1;, or fefquiquintal. 

When therefore in ^gmtudes, or Numbers fuch a difameement is demonftrated 
to be between the Equimultiples of the Antecedents, and of the Confequents in 

Ee 2 equality, 
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equality, excefs, or defeft upon any one multiplication; then as they are not in 
the fame proportion by Def. y; fo this Definition expounds which Antecedent 
hath to its Confequcnt the greater proportion, and which the iefs. 

But again it is to be obferved, that Magnitudes, or Numbers may alfo have an a- 
greement between the Equimultiples of the Antecedents and Confequents in equality, 
excefs, or dcfed, according to fome multiplications; yet not according to all, as it 
is required in this matter of Proportionals. 

For in the former inftance take of the Antecedents 4 and d, the quadruples is 
and 24; and of the Confequents 3 and y, the triples 9 and 1 y. Here of the Ante¬ 
cedents 4 and 6 y their Equimultiples 1 6 and 24, exceed 9 and 1 y the Equimul¬ 
tiples of the Confequents 3 and y, each exceeding each, 1 6, 9, and 24, iy: yet the 
proportion of 4 to 3 and of 6 to y, is not the fame in both, as was now before 
ihewn. 

Wherefore tho’ in fome multiplications of Difproportionals, the Equimultiples 
of the Antecedents and Confequents may happen to agree in a joint equality, 
excels, ordefe&: yet if any one multiplication fhall be demonftrated todilagree, 
then by Def. y. thefe Equimultiples did not arife from four Proportionals; for 
the reafon before given that Proportionals fhall ever make the Equimultiples of 
the Antecedents proportional to the Equimultiples of the Confequents; and be 
therewithal either together equal, or greater, or lefs according to any multiplica¬ 
tion whatfoever: which is the given Signal of Proportionals. 

DEFINITION VIII. 

^^Nalogy, or ‘Proportionality is a fimilitude of Proportions, 

Magnitudes, which have the fame proportion were before in Def. 6, named 
Analogds, or Proportionals. Now again in the Abftraft is here defined Analogy. 
And what in the comparifon of Magnitudes was called Equality , that in the com¬ 
panion of proportions this Definition calls Similitude: So that to have the fame 
proportion or or equal, fignifies all one thing. Yet Euclid: never ufes to fay 
Magnitudes in lt\e, or equal proportion; but always Magnitudes in the fame pro¬ 
portion, or having the fame proportion. 

This Definition therefore ought farther to be examined, which is more fuitable 
to the fpeculations of a Philolopher, than of any ufc to a Geometrician. For 
firft, in Ud. 3. Eudide tells us what is proportion ; next in Def. 4. what Magni¬ 
tudes arc capable of proportion to one another; then in Def. y. what Magni¬ 
tudes are in the fame proportion, and therewithal what are not. Again in Def. 6 . 
to Magnitudes in the fame, proportion he gives a name; and laftly Def. 7* Ihews 
when Magnitudes are not proportional, where the proportion is the greater, and 
where the Ids. And thus he having finifhed his Explanations of Proportions, 
Proportionals, and Difproportionals; it is inamfeftly to no purpofe to define 
again Analogy to be a fimilitude of Proportions: which bare Definition neither 
Ihews wherein it confilts, nor by any fign to know when there is between two 
proportions a fimilitude, that fome ufe might be made thereof in the following 
Demonftrations. But for this end a Sign and Chara&er of Proportionals was 
given before in Defy. Plainly then this is a fuperfluous Definition, a remark of fome 
Scholiaft Ihutficd into the Text without any order, and to no ufe. The next that 
follows is likewife a By-note to as little purpofe, and both evidently interrupt 
the Coherence of Euclids genuine Definitions. 

DEFINITION IX. 

J^Nalogy is in three Terms at the few eft. 

This is fo far from being one of Euclidt Definitions, that it is moft clearly no 

3 Definition 
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Definition at all. Befides in ftri&ly fpeaking it is not true. For Analogy is 
always in four Terms, two and two in the fame proportion, Antecedent to Con- 
(equent, and Antecedent to Confequent: tho’ it may fometimes be only between 
three Magnitudes, or Numbers exprefled and expofed : As let there be three Mag¬ 
nitudes A, B, C, in the fame proportion A to B,, as B to C; that is, in whatfoever 
proportion A is to B, in the fame again is the feif fame B to C. Here are in re¬ 
ality only three Magnitudes, but between them two proportions, and therefore 
two Antecedents, and two Confequents: fo of neceflity there are always four 
Terms in every Analogy, the firlt to the fecond, and the third to the fourth i and 
therefore when the Magnitudes are only three, the middle is neceflarily under- 
ftood to fupply the fecond, and third Term, and the like in Numbers. Now fbr- 
afmuch as two equal proportions may fometimes be in three, fometimes in four 
Magnitudes, or Numbers, therefore equal proportions are diftinguilhed into 
Continual , and Difcrete. 

Of Continual Proportion. 

* 

When Magnitudes, or Numbers in any proportion whatloever are continued in 
the fame proportion, by an immediate Coherence of Terms with one another, 
each intermedia! being twice taken, firlt as a Confequent to the preceding, next 
again as an Antecedent to the following, then this is called Continual proportion : 
as A to B, fo B to C, fo C to D, and is thus noted, A, B, C, D — And the Mag¬ 
nitudes, or Numbers arc faid to be E^r dAteycv, Deinceps proportionates , continu- 
edly Proportionals. 

Of Difcrete Proportion. 

Again, when the intermedial Magnitudes, or Numbers are not continued, or 
twice taken, as a Confequent, and an Antecedent, but the proportions areas A to 
B, fo C to D (noted thus A . B:: C. D) j yet fo is not B to C; the intermediais 
B and C being difeontinued, and feparated from each other in that proportion, then 
this is called Difcrete proportion. 

So that a Proportion is faid to be continual, when the Proportions (whether 
two, or three, or more) arc the fame, and expofed in continued Terms. As A to 
B, fo B to C, fo C to D: Or in numbers, as 16 to 8, 8 to 4, 4. to 2. 

And Difcrete Proportion is, when the Proportions are likewife the fame, but 
expofed in difeontinued Terms. As A to B, fo C to D, fo E to F: Or in numbes, as 
12 to 8, 6 to 4,5 to 2. 

Of Concatenate Proportions. 

There arc alfo Concatenate Proportions, it# Xcya y Proportions deinceps ; when 
the proportions are different {not all the fame, as in Continual, and Difcrete pro¬ 
portions) yet are expofed in continued Terms, a tips cqc a. As iy to 10, 10 to 
6 to 3, are to be called Concatenate Proportions. 

Therefore we are carefully to diltinguifh between Continual Proportion, and Pro¬ 
portions in continued Terms. By continual Proportion is always meant the fame, 
or equal Proportions repeated orderly in continued Terms. By the other is to be 
underftood various, and different proportions, which likewife follow one another 
in continued Terms. As 4 to 3, 3 to 2 arc Concatenate proportions: But 8104, 
4 to 2, are to one another in Continual proportion: as 8 to 4, 6 to 3, arc in 
Difcrete proportion. 

It is farther worthy of obfervation that in Difcrete proportion, bccaufe the in- 
termed ials break off one from the other, therefore an Analogy may be here be¬ 
tween Magnitudes of different kinds, fo that a Line may be to a Line, as a Super¬ 
ficies to a Superficies, or a Solid to a Solid. But in Continual proportion, bccaufe 
all the Terms from the firft to the laft are continued in the fame proportion to 
one another, therefore they niuft all be Homogcncal, for that Hctcrogcncals can 
have no proportion one to an other: therefore in Continual proportion the 

E e 3 Terms 
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Terms are either all Lines, or all Planes, or all Solids. Likewife in Concatenate 

proportions where the proportions are put various, and different; yet are in Con- 
tim:d Term Concatenated, as A to B in one proportion, B to C in an other, C 
to D in feme other, there the Magnitudes muft alfo for the fame reafon be all 
Homogcneal, like as they were in Continual proportion. 


DEFINITION X. 

W Hen three Magnitudes are Troportional ' the fir ft is faid to 

have to the third a "Duplicate \Proportion of the firU to the 

fecond. 

Let A, B,C,be three proportional Magnitudes, as A the firft to B the fecond, fb 
B the fecond to C the third. From which continuation of proportions the pro¬ 
portion of A the firft to C the third is underftood to be compounded of the two 
intermedial proportion?, vi%. of the proportion of A the firft to B the fecond, and 
of the proportion of B the fecond to C the third: and therefore A the firft is faid to 
have to C the third a Duplicate proportion of A the firft to Bthe fecond; becaufe 
the proportion of A to B is the fame with that of B to C, and fb is doubled, or 
twice continued between the porportion of A the firft to C the third. But if the 
two intermedial proportions be not the fame, and one of them be different from 
the other, as 4 to 3 in proportion Sefquitertial, and 3 to 2 in proportion Sefqui- 
alteral, then 4 the firft cannot be faid to have to 2 the third a Duplicate propor¬ 
tion of 4 the firft to 3 the fecond, as in equal proportions; but yet in reference 
to this Definition, it is laid by Evdidezi Prop. 23. El. VI. to have a proportion 
compounded of 4 to 3, and of 3 to 2, by which the extent of this tenth Defini¬ 
tion, and Euclid s meaning is plainly declared. So that whether the intermedial 

proportions be equal, or unequal, the proportion of the extremes is in general uu- 
derftood by Euchdc to be compounded of the intermedial proportions: And when 
the intermedial proportions are put the fame, then the proportion of the firft to 
the third, is m Special called by Eucluic a Duplicate porportion of the firft to 
the fecond. 

Now to illuftrate this farther in Numbers, let the three Proportionals be 9,3,1, 
The proportion of 9 to 1 is faid to be a duplicate proportion of 9 to 3, becaufe 
between 9, and r the proportion of 9 to 3, or triple proportion is twice conti¬ 
nued. For 9 is triple of 3, and 3 of 1: fo that the Noncuple proportion of 9 
to 1 is laid to be triple proportion duplicated; that is, to be compounded of two 
triple proportions, which continucdly intervene between 9, and 1. 

DEFINITION XI. 


W Hen /our Magnitudes are proportional ’ the first is /aid to 

have to the fourth a triplicate proportion of the firft to the 
fecond: Sind fo forward always more by one, as long as the Ana¬ 
logy ftoall be continued. 

Let A, B, C, D, be four proportional Magnitudes as A to B, fo B to C, fo C to 
D, in continual proportion, then A the firft is faid to have to D the fourth, a 
triplicate proportion of A the firft to B the fecond; becaufe between the Term A, 
and D, the fame proportion of A to B is thrice iterated. 

Likewife if there be a Series of five Terms A,B, C, D, F, the proportion of A the 
firft to F the fifth, is faid to have a quadruplicate proportion ot A the firft to B 
the fecond, and fo forward in a continuate Chain the proportion of the extremes 
has its name from the number of the intermedial proportions; Duplicate from 
two. Triplicate from three, &c. which proportion of the extremes is alfo faid to 
lx: compounded of thofc intermedial proportions. 


When 
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When eqjial prpportipns .aw, in,!Ji?ny.Terjns,.it; is ufually called P.ro- 

g,r£S;si.on, or Gegflietiucal ftogreflipn. 

OEFIKI'EIQN XII 


Omolbgcd' Magnitudes-are Antecedents to Antecedents , and 



CQtzjeqngnt.S: to. Qonfsqusnts . 

w 

When four Magnitudes as A,E,B,C, are faid to be Proportionals, it is farther 
requilite to fee forth diftin&Ly th zAnalogifm, or order of thefe proportional Magni¬ 
tudes in. their proper Terms s that is ,to declare which are the Antecedents, 3ud 
which the Confluents, and beftdCs which Antecedent belongs to each Ccnfcquent-: 
whether A to. E as R to C, or otherwife. If it bepyc,as AtoEfoBto C,then A, 
and B the Antecedents are called Terms Homologal : and ^ an 4 C the Confequents 
are Iikewife Terms Homologal that is, Comproporttoiial, pr Terms pf the fainp condition 
as Conjugate or Conficiatc Pairs in the ord$r, and difpofition of four Proportional. 
The Antecedents being the Terms compared; : and the. Confequents the‘Terms to 
which is made the com pari fbn. 

Now when four Magnitudes are proportion^ and foe Analog ify);. that is, the 
Homotogal Terms are orderly fet forth, as A. E:: B. C, Eutluic llicws in the fol¬ 
lowing Definitions what changes, and befide$ what alterations the four primary, 
or firit propofed Proportionals are. capable fo that the* changed, or altered 
Terms may (till be proportional to one another. Thefe variations are made five 
manner of ways. 


DEFINITION. XUl. 


A Lteruate 'Proportion is a Sumption of the Antecedent to the 

Antecedent } and of the Qonfequqnt to tbeConjequent . 

Here is made only a change, in polity of' the pM wary Proportionals, without 
any alteration of foe fame. 4 P<lfo e Sumption, ov Conipafopu of one An¬ 

tecedent to the other as a Confecjucuti 4 pd of oqe Con foment as an Antecedent to 
the other Confequent is called Alternate proportion: As let the primary Proporti¬ 
onals be A to E, as B to C, and thus fet forth. 

iy . f : : 12 . 4. 

Primary Proportionals, c A . E > : B . C. 

then Alternately, . B : : E . C. 

iy . 12: : y . 4. 

The Analogy between the Terms of Alternate proportion is demonftrated m 
Prop. 16 . 


DEFINITION XIV. 


I Nverfe Proportion is a Sumption of the Confequeni as Antece¬ 
dent, to the Antecedent as Confeqnent. 

Here the Proportional Terms arc otherwife changed in pofition only, the Con¬ 
fequents into Antecedents, and the Antecedents into Confequents: The inward 
Term* into the outward, and the outward into the inward: As let there be again 

iy . y : : 12 . 4. 

Primary Proportionals, ^ A . E : : B . C. 

then tnverjly , ^ E . A : : C . B. 

f . If : : 4 • l2 * 

Wc may obferve, that in Alternate proportion only ono Antecedent ». 

2 changed 
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changed into one Confequent, and one Confeqnent into one Antecedent. But in 
inverfe proportion, both the Confequents are made Antecedents; and both the 
Antecedents are rarned into Confequents, whereby proportions of the greater,and 
lefs inequality are tranfinuted into one another. 

lt is hkewife Inverfe proportion when the Terms are taken backward, or con- 
trarily, as if A. E:: B. C. It is likewife between the Terms inverfly C. B:: E. A. 
The Analogy of inverted proportion is demonftrated by a Corollary of Prop. 4. 


DEFINITION XV. 


C Ompo/ition of proportion is a Sumption of the Antecedent to¬ 
gether with the Confequent as one, to the fame Confequent . 

Here now is made an alteration of the primary, or firft propofed Terms, by 
adding each Antecedent, and Confequent, together as one Term, and fo compared 
to its correfpondent Confequent. For let here be as before, 


if . f : : 12 . 4. 

Primary Proportionals r A . E : : B . C. 

then by Compojttion^ CA-j-E.E::B-[-C.C. 

1y(=2o).y ::l2+4 (=16) .4. 


The Analogy between the Terms of ^Compound proportion is demonftrated 
Prop. 18. 


DEFINITION XVI. 


D lvifion of proportion is a Sumption of the excefs, wherein the 
Antecedent exceeds the Confequent, to the fame Confequent. 

Here again is made another alteration of the primary Terms, by fubtrading 
each Confequent from its Antecedent, and then each excefs is aflumed as an An¬ 
tecedent, and compared to its proper Confequent: As let there be 


if. f : : 12.4. 

Primary Proportionals C .A.E : : B . C. 

then by Divifion, ^ A — E . E ::B—C.C. 

— 10). f : : 12 —4(— 8). 4. 


The Analogy between the Terms of Divided proportion is demonftrated in 
Prop. 17 ; and 'tis inanifeft, that divided proportion muft be of the greater in¬ 
equality, for that the Confequent is to be fubtraded from the Antecedent. 

What is commonly tranflated Compofition, and Divifion of proportion, and 
called by Euchdt Syntbejis y and Diarcjis y is only an addition, and lubtradion of 
Proportional Terms: an addition of each Confequent to its Antecedent, and a fub- 
tradion of each Confequent from its Antecedent. But Compofition, of which we 
have madefomc mention in the Annotations on the io‘ b and n lh foregoing Defi¬ 
nitions, is taken in a far different fenfc, and called zvyxaas, Synkeijis^ a Compo¬ 
fition, or Commixture of Proportions one with another, and not a Syntbejts ,, or 
addition of the Terms to one another: As fhall be farther explained at the j 1th De¬ 
finition ot the 6 th Element. 

DEFINITION XVII. 

C Oliverfion, or A n a s t r o p h e ofproportion is a Sumption of the 
Antecedent to the excefs , wherein the Antecedent exceeds 
the Confequent. 1 As 
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As let it be 
Then by Convcrjion , 


I s . S * : 12 • 4. 

.' • • • A • E : : B • C> 

A. A — E : : B . B — C. 

if — f (=10): : 12.12 — 4 (= 8 ). 


The Analogy between the Terms of Converted Proportion is demonftrated by the 
Corollary of Prop. 19 th . 

Again, the Confequent alfo might have been compared to the fame excels, as 
E . A — E: : C. B — C. f. 10 :: 4. But this is only proportion of Divifion 
inverted \ and inverfion of proportion having been laid down before it were in¬ 
artificial to repeat the fame again as a new kind of change. For it is to be noted 
that the fimple, or primary Proportional Terms being either compounded, divi¬ 
ded, or converted, may in like manner be again changed by Alternation, and 
Inverfion. As 

by Compofition, and Alternation, Aq-E.B-fC::E.C. 
by Divifion, and Alternation, A — E. B — C :: E. C. &c. 

Again, if the Terms be only three in continual proportion, as A,M,E-h-, 

4, 2, they may in like manner be changed, and altered, for that M the middle 
Term is both a Confequent, and Antecedent. As 


8 . 4 : : 4.2. 

A . M : : M. E . and 

by Compofition, and Alternation, A -|- M. M -f- E:: M. E. 
by Divifion, and Alternation, A — M . M — E:: M . E. &c. 
All thefe changes, and alterations of four Proportionals may in a view be thus 
fet forth. 


The primary Proportional Terms. 


Alternation, 

Inverfion, 

Compofition, 

Divifion, 

Converfion, 


A . E : : B . c. 

A . B : : E . C. ? The primary Terms changed 

E . A : : C . B. J only in polition. 

A + E . E : : B-f-C . C.^ Tlic primary Terms aP 
A — E . E : : B — C . C. C tered by Addition, and 

A. A — E : : B . B —C.S Subtra&ion. 


Here are fir If put four primary Terms, two, and two in the fame proportion, 
as A to E, fo B to C, from which arc made by five ways of variation four other 
proportional Terms, two, and two in fomc one, and the lame proportion to one 
another. 

But now befidcs thefe, there may be put after another manner more Terms then 
four i as five, or fix, or leven, &c. in two diitindt orders, with an equal number 
of Terms in each order, two, and two in the fame proportion , from which are 
alio made four other Terms proportional to one another, as this following Defi¬ 
nition declares. 

DEFINITION XVIII. 


P Roportion of Equidi/iance (commonly called proportion of Equa¬ 
lity) is a Sumption of the extremes by Subtraction of the inter¬ 
im dial Terms ; when, there being many magnitudes in one Rank, 
and others as many in an other Rank, takyu two, and two in the 
fame proportion, the fir ft /ball be apimed to the laft in the pre¬ 
ceding Rank, and like wife the firfl to the lafl in the following 

Rank. 


Here is put a double Series 
of Magnitudes, as 



18, 3, 6 , 9, 1 a, 

A, B, C, D, E, 

F, G, H, I, K, 

24 , 4 , 8 , 12 , 1 6 y 

F f 
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Two, and two of each Rank being in the fame proportion to one another, A to B, 
as F to G: and again, B to C as G to H,&c. Then fubtra&ing, or paffingover the 
intermedials in each Rank, if A the firft be aflumed to E die laft, in one Rank; 
and F the firil to K the laft, in the other Rank, this Sumption, or comparifon of 
thefe extremes, A to E, and F to K, is called proportion of tquidiftance,ov of Equality, 

Here l have adventured to give a am Name to this Definition from Euclid's 
very words a lira Asys*: It is commonly tranflated ex aquahtate Hqtio , or ex aqua 
}\atio, Proportion of Equality, or even proportion : but without any reafon given 
of this interpretation to inform us what it plainly means: a At* Asye*, ftri&ly 
tranflated, is ex aqua. Bnt ex quo} Of what ? Certainly ex aqua Intervallo. For 
what can more fuitably be underftood by Aiir* than in taking it for E &<s 
i»r, ex aquA Intervallo, for an equal interval, or even diftance of the extreme Terms 
from one another. The ufe of this Definition makes this interpretation manifeft; 
for that the compared extremes are always taken at the fame diftance from one 
another, by fubtra&ing an equal number of the intermedials in each Series. And 
inditfercot it is, whether the other extreme from the firft,be either the third, the 
fourth, the fifth, the fixtb, or any further Term, only, for inftancc, if A the firft 
be afTumed to D the fourth in one Rank, then alfo F the firft is alfuined to 1 die 
fourth m the other, and the like in the reft: For that the Equidiftance of the 
extremes is conftantly to be obferved in both the Ranks; as Euclids words imply, 
when in the Sumption of the extremes he puts the Magnitudes in each Rank to 
be equal in multitude, and fo the aflumed extremes, the firft to the laft Hull 
ever be equidfltant from one another in each of the Ranks. 

The Analogy between the extreme Terms of equidiftant proportion is demon* 
ftrated in the zz‘. and 2i d . Propoiltionsof this fifth Element. 

Bdidcsihc rhyfical rcalon why thefe extremes are Analogals, or Proportionals, 
is very apparent, in that the proportion of the two extremes in each Rank, vi^, 
of A to L, ami of F to K, is compounded of the fame intermedia! proportions, 
and therefore in common fenfe thofe extremes mult be in the fame proportion 
to one another, A to E as F to K. For upon a full confideration of this matter, 
we fhali find, that proportion ex aqua is nothing elfe, but a comparifon of two 
proportions to one another, which are each compounded of like or equal propor¬ 
tions, that intervene between the extreme Terms of both Ranks: which extremes 
are therefore eafily perceived to be Proportionals, as al(o is hereafter demon- 
ltrated. 

And farther, this Definition of proportion ex aquo {a proportion of admirable 
ufe) is derived from the io tS . and 11 b . Definitions of Duplicate, and Triplicate 
proportion, and agrees with them in a like Sumption ot the extremes to one 
another: and alfo in that the proportion of the extremes is upon the fame ground 
faid to be compounded of the intermedia! proportions, expofedin continued Terms, 
£r zu; trrf as are thofe proportions which Euclide calls compounded. And the 
only difference between than is, that in a Scries of Duplicate, and Triplicate propor¬ 
tion the intermediate proportions are all throughout one and the fame: whereas in 
proportion ex aqua each Series may be of various proportions i which yet in their or¬ 
der arc the fame with one another, the firft proportion of one Rank the fame with 
the firit of tlte other j the fecond the fame with the fecond, &c. So that the propor¬ 
tions of the extremes in this 18 th . Definition, juft as before in the io l! ’. and n th . 
Definitions, are alike faid to be compounded of equal intermedial proportions. 
The agreement between thefe Definitions in this point is of fpecial remark, and 
whoever lhall lludioufly pierce into the depth, and fubtil Contrivances of the f {h , 
io sb , and i8 :b , Definitions, wherein Euclide hath (hewn a wonderful fagacity in fet- 
ting forth Proportional Magnitudes, and the compofition of proportions, will upon 
a juft confideration find, that nothing in all thefe Elements ought to be more 

or received with, greater efteem; notwithftanding the Cavils 
of feme modern Geometricians. 

A is a manner of brief expreflion ufual with the Greeks, and like to Diatefa - 
ron, and Diapafgn in Mufical Notes. 


In 
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la this proportion ex aquo, or of Equidiftance, there are two Cafes. For the 
Analogal intermedial Terms of both Ranks, two, and two in the fame proportion, 
may proceed either in order, one Term after the other, or elfe fome of the Terms 
may be taken out of order, as the two following Definitions of Ordinate, and Per- 
turbate Analogy do declare. 


DEFINITION XIX. 

O Rdinate Analogy is, when it /ballbe as Antecedent to Confe¬ 
quent fo Antecedent to Confequent ; and again as Confequent 

to J'ome other Magnitude, fo Confequent to fome other Magnitude. 

* 8 , 3 , 6y 

Let the double Series c A, B, C, 

be as before, c F, G, H, 

* 4 , 4 , 8 , 

And the Analogy be as A the Antecedent to B the Confequent, fo F the Ante¬ 
cedent toG the Confequent: And again as B the Confequent to Can other Magni¬ 
tude, fb G the Confequent to H an other Magnitude in a diredt order. 

This orderly progrefs in all the Analogal Terms of both Ranks fucceffively 
one after the other, is called Ordinate Analogy, wherein the extremes taken 
ex tequo A to C, and F to H, are demonftrated to be proportional to one another 
in Prop. 22 d . 

And the proportions of the extremes are each (aid to be compounded of the in¬ 
termedial proportions taken in an Ordinate Analogy to one another. 

DEFINITION XX. 

P Erturbate Analogy is, when in the precedent Rank it/hall be 
as Antecedent to Confequent, [o in the following, Antecedent 
to Confequent : and again in the "Precedent, as the Confequent to 
fome other CMagnitude, [o in the following, fome other Magnitude 
to the Antecedent. 

* 3 7 4 j ^ j* 12 . 8 . 6 • 

Let there be again a c . . A, B, C. . . . A . 15 . C . 

double Series, as C X, 1 , G, 1 X . F . G . 

■8) % 3 > { it . 9 • 6 . 

I 

And the Analogy be as A the Antecedent to B the Confequent, fo F the Ante- 
dent to G the Confequent: And again, as B the Confequent to C an ocher Magni¬ 
tude in a dircH order, fo Xan other Magnitude to F the Antecedent in a thjiurberf 
order. From the prepofterous Sumption of two Terms in one of the Ranks, as 
namely here of X to F, making X the Term laft put to become the firft extreme, 
this n t m»p is called Perturb ate Analog y: Wherein the extreme Terms tho’ 
taken ex <cquo A to C, and X to G, arc demonftrated in Prop. 23. to be propor¬ 
tional to one another, as well as the extremes in Ordinate Analogy. 

And the proportions ol the extremes arc each find to be compounded of the 
intermedia! proportions taken in a Pcrturbatc Analogy to one another. 

For the intermedial proportions of both Ranks, cither in Ordinate, or Pcrturbatc 
Analogy, are alike the fame (tho’ not taken in a like order) > and therefore the 
extremes being alike compounded of the fame intermedial proportions, arecafily 
conceived to be in the fame proportion to one another. And this is the Phyfical, 
or Philofophical reafon of this matter, which is Geometrically demonftrated in 
Prop. i2. and 23. El. V. 

Ff 2 In 
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In the Definitions of Ordinate, and Perturbate Analogy, Euclids words imply 
only three Magnitudes in each Series, whereas they might have been farther con¬ 
tinued at pleafiire, if the matter had fo required. But he having before fully de¬ 
fined Proportion ex equo in general, let the Terms be never fo many ; thres Terms 
now fufficed to (hew in what order, or diforder the extremes might be ex aquo 
taken, and afliimed to one another, and ftill be either way found proportional to 
one another. For this reafon Eucltde puts only three Terms as moft readily ferving 
to fet forth the two Cafes of Ordinate, and Perturbate Analogy, which may happen 
in this proportion of Equidiffcance, or Equal Interval of Terms. 

DEFINITION XXI. 

H Annonical Analogy is when there being three Magnitudes , or 
Numbers, it JJjall be as the firft to the third , fo the difference 
between thefirst and fecond , to the difference between the fecond 
and third. 

Other wife. 

Harmonical Afialogy is a Sumption of the extremes to the diffe¬ 
rences between the extremes , and the middle Term . 

Let there be three Magnitudes, or Numbers ^ jt’ If A be to E, as the dif- 

ferencebetween A andM to the difference between Mand E, that is, if Abe to 
E, as A — M to M — E, then this is oiled Harmonical Analogy, and fignitied after 
this manner, if A, M, E, be put as’Terms of Harmonical Proportion. 

A . E : : A — M . M — E . 

6 -} : : 6 4 “ 3 (= 0 - 

This Analogy is called Harmonical, becaufe many Muftcal Confonancies fuit 
often with the Terms of this Analogy, as 6 to 4, or proportion Sefquialteral is 
Diapente , 4 to 3, or Sefquitertial is Diateffaron, 6 to 3, or Duple proportion is 
Dtapajon . 

There is likewife Harmonical Analogy in four Terms,as A, M, N,E: 30,12,8, s : 
when as the firft is to the fourth, fo is the difference of the firft, and fecond to the 
difference of the third, and fourth. 

A . E : : A-M . N-E 

30. s : : 30 — iz(=ig). 8 — y(=3) 

I have added this Definition to the reft of Euclid j, becaufe moft Commentators 
make mention of Harmonical Proportion as worthy of Confideration; and for 
that it hath fome affinity with proportion ex <zquo. 

(lavius in his Comments hath abundantly fet forth, and explained the various 
Properties, and mutual Correfpondencies of Proportions Geometrical, Arithmetical, 
and Harmonical, whom the Studious may confuit with much profit and delight. 


PROPO 
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PROPOSITION I. 

* 

I F there he Magnitudes how many fever Equimultiples cf as 
many other Magnitudes , each of each \ §luotuple one of the Mag¬ 
nitudes is of one, Totuplepall all be of all. 

Let there be magnitudes how many foever ab, c d, Equimulti¬ 
ples of as many other magnitudes e, f, each of each. I fay, that 
Quotuple a b is of e, Totuple fhall a b, c d together, be of e, f to¬ 
gether. 



If a B . e :: c D . f. Then ab . E :: ab + cd • e + f. 

6 . i :: 4 . i. Then 6 6 4-4.34-1, 

Forbecaufe ab is equimultiple of E,as CDis of f ; therefore how 
many magnitudes are in a b equal to e, fo many are in cd equal to f. 

Let a b be divided into the magnitudes equal to e, namely into 
ag,gb; and CDinto the magnitudes equal to f, namely into ch,hb. 

Now then the multitude of thefe magnitudes ch, hd, contained 
in cd, fhall be equal to the multitude of thofe magnitudes ag,gb, 
contained in ab [ for that ab,cd are by fuppofition Equimultiples 

°fz, F-], 

And forafmuch as ag is equal e, and ch to f; therefore ag,ch 
together, are equal to e,f together [Ax. 1. If equals be added to 
equals, the wholes are equal.]. 

By the fame reafon gb is equal to e, and hd to f; therefore alfo 
g b, h d together, are equal to e, f together [ by Ax. i.} 

Wherefore how many magnitudes are in a b equal to e, fo many 
are in ab,c d together, equal to e,f together. 

Therefore Quotuple a b is of e, Totuple (hall a b, c d together, be 
of e,f together. 

If therefore there be magnitudes how many foever Equimulti¬ 
ples of as many other Magnitudes, each of each, &c. Which was 

to be demonflrated. 


ANNOTATIONS. 

To this Propofition anfwcr in Numbers the y ,h . and fi ,h . Propofttions of the fc- 
venth Element, which arc thus comprifcd. 


P R 0 P. V, VI. El. VII. 

If a number be a Tart, or Tarts of a number, and another be 
the fame 'Part, or Tarts of an other number, alfo both together, 
fhall be the fame Tart, or Tarts of both together , that one is of one. 

3 I'fj Thi s 
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This is differently expreflfed from our prefent Propofition, but yet to the fame 
purpofe. For what Eudide demonftrates in Magnitudes from Multiples, the fame 
is in Numbers more perfpicuoufly deraonftrated from Submultiples; becaufe 
Numbers have a common Part, n The Monade, a natural Meafure of all 
Numbers: from whence may be taken a certain and ftanding beginning for 
the framing of demonftrations much more clearly, than what can be made out 
in Magnitudes, which are wholly deftitute of fuch a natural foundation; there¬ 
fore Eucluk is forced to make ufe of Multiples, for that (as we have formerly 
noted) every Magnitude may have any Multiple of it felfj and all Incommenfu- 
rables may be equally multiplied. From which Equimultiplication Eudide moft 
ingenioufly, and with admirable Artifice manageth this Element of Proportional 
>£gnitudes. 

Forafmuch therefore that equals added to equals make the wholes equal, He 
from thence proves that equal Proportions added to equal Proportions make in 
the fumm the fame equal Proportions. 

And the meaning of this Propofition is, that if there be magnitudes never fo 
many, Equimultiples of as many others, that is, in the fame Multiple proportion 
to as many other Magnitudes, then as one of the Antecedents is to one of the Con- 
fequents, Co all the Antecedents fhail be to all the Confequents. 


2B. 2D. 2F. 

As if A. 13 :: C . D:: E • F« £tc* Then A • B: :A-f-C-j-E.B-j-l)-|-F. 
6 . 3:: 4 . 2 :: :o.y. 6 . 3 :: 6 +4 + 10 • 3 + * + f- 


Eudide here in his demonftration gives an inftance only in duple proportion be¬ 
tween two and two magnitudes for brevity fake: becaufe we may in like manner 
eafily proceed to any further Multiple proportion whatfoever, triple, quadruple, 
&c. And alfo to any number of Magnitudes infinitely; which arc to one another 
in the fame Multiple proportion. 

But Eudide expreffeth Magnitudes that are to one another in the fame Mul¬ 
tiple proportion by Equimultiples, becaufe the word Equimultiples does more im¬ 
mediately denote the Antecedents to contain an equal number of their Confe¬ 
quents, into which they may be accordingly divided: And of fucli a divifion 
Eudide forefaw he was to make a fpecial ufe in the demonftration of this Propo¬ 
fition i as likewife elfewhere. 

Now what is here fee forth only in Multiple proportion, the fame is afterwards 
univerfaliy demonftrated at Prop. 12*. in any other kind of Proportion, both 
Rational, and Irrational. But this was premifed to prove other Propolitions, 
which were neceflarily required towards the demonftration of that i2 [ \ Propofi¬ 
tion. Like as the i6 :h . Propofition El. 1 . proves the outward angle of a Triangle 
to be greater than either of the inward and oppofite angles, to make way for the 
proof of fome other Propofitions, which were requifite to demonftratc that the 
fame outward angle was equal to the two inward and oppofite angles, Prop.3 2. El. 1 . 


PROPOSITION II. 

I F the fir ft be Equimultiple of the fecond, as the third is of the 
fourth •- and there be a fifth Equimultiple of the fecond, as a 
fixth is of the fourth : then the firjl and fifth taken together Fall 
be Equimultiple of the fecondas the third and fixth are of the 
fourth. 


Let ab the firft be Equimultiple of .cthe fecond,as d k the third 
is of f the fourth: and let there be bg a fifth Equimultiple of c 
the fecond, as e h a fixth is of f the fourth. 
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I fay, that a g the firft and fifth together taken, fhall be Equi¬ 
multiple of c the fecond, as dh the third and fixth together taken, 

is of f the fourth. 

For becaufe ABis equimultiple of c, as d e is of f; therefore how 
many magnitudes are in a b equal to c, fo many are in de equal to F. 



3c 3F 1C IF gC+lC 3 F+1F 

a b . c : :de . f. and bg . c :: eh . f. Then ab + bg. c:: de + eh. f. 

9.3:: 6 . i.and 6 . 3:: 4. . 2. Then 9 + 6.3:: 6 + 4, . i. 

By the lame realbn how many are in b g equal to c, fo many are 
in E h equal to F. 

Wherefore how many are in the whole ag equal to c, fo many 
alfo are in the whole d h equal toF. 

Therefore Quotuple a g is of c, Totuplc D H is of f. 

And therefore a g the firft and fifth together taken, ftiall be equi¬ 
multiple of c the fecond, as dh the third and fixth together taken, 
is of F the fourth. 

If therefore the firft be equimultiple of the fecond, as the third 
is of the fourth, &c. Which was to be demonftrated. 

ANNOTATIONS. 

This Propofition puts the fifth ami fixth Magnitudes to he equimultiples of the 
fecond, and fourth: but the proportion would hold the fame, if the fifth were 
only equal to the fecond, and the fixth to the fourth. For in this Cafe alfo the 
firft, and fifth together ftiall be equimultiple of the fecond, as the third, and fixth 
together is of the fourth. 



« 




D 


3 


E 


2 H 
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For let AB the firft be is, and BG the fifth be 3, equal to the Confixiuent 
C, 3. AHo let D E the third be 8, and EH the fixth be a, equal to the Confe- 
queut F, 2, 

Then AB+BG .C::DE+EH. F. That is, 

AB+ C . C:: D E+ F 

12 + 3 . 3. •: g + i.2 . 

But here now tis to be obferved, that when the fifth and fixth Terms, BG,E H, 
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are put equal to C, F, the fecond and fourth, only the Confequents are added to 
the firft and third, AB, D E, the Antecedents; and then this will be the very fame 
with that, which EucliAe calls Composition of Proportion in Def. 14. El. V. For 
the Confequents C, and F are plainly added to the Antecedents, A B, D E, in that 
they are equal to BG, E H, the fifth and fixth Terms. And befides, this Compo- 
fition of Proportion is particularly demonftrated hereafter at Prop. 18. and made 
a diftinft notion, and of a different ufe from this Propofition, which is applied 
after a more general manner, and not confined to the addition of the Confequents 
to the Antecedents; but admits of any other Terms whatfoever: and not only in 
equimultiple Proportion as in this place, but alfo univerfally in any kind of Pro¬ 
portion, as is demonftrated at Prop. 24 th . 

PROPOSITION III. 

I F the fir si be equimultiple of the fecond, ns the third is of the 
fourth : and there be taken equimultiples of the fir ft and third, 
then by Equidiftance each of the taken equimultiples jhall be equi¬ 
multiple ’of each, one of the fecond, the other of the fourth. 

Let a the firft be equimultiple of b the fecond, as c the third is 
d the fourth: and of a and c let be taken equimultiples ef, gh. 
I fay, that ex <equo, by equidiftance [ Def 18. ] e f is equimultiple 
of b the fecond, as g h is of d the fourth. 



EF GH 

a . b :: c. d. Then exeequo i a . b :: x c. d 
9.3 :: 6 . 2, Then ex cequo 18.5:: iz . i. 


Foralmuch as ef is equimultiple of a, as gh is of c ; therefore 
how many magnitudes are in ef equal to a, fo many are in gh 
equal to c. 


Let E f be divided into the magnitudes equal to a, namely into 
ek, kf; andGH into gl,lh equal toe. 

Now then the multitude of the magnitudes e k, k f fliall be equal 
to the multitude of the magnitudes gl,lh. 

And forafinuch as [ by Suppofition ] a is equimultiple of b, as c 

is of d ; and e k is equal to a, and g l to c ; therefore e k is equi¬ 
multiple of b, as g l is of D. 


By the fame reafon k f is equimultiple of b, as l h is of d. 



Becaufe 
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Becaufe therefore e k the firft, is equimultiple of b the fecond, 
as gl the third is of d the fourth: and a fifth kf is equimultiple of 
b the fecond, as a fixth l h of d the fourth; therefore e f the firft 
and fifth together taken, is equimultiple of b the fecond, as g h the 
third and fixth together taken, is of d the fourth [by Prop. 2. El. V.) 

If therefore the firft be equimultiple of the fecond, as the third 
is of the fourth: and of the firft and third there be taken equimul¬ 
tiples, then ex cequo each, &c. Which was to be demonftrated. 

4 

This is univerfally demonftrated at Prop. 22. and at prelent pro- 
pofed only in multiple proportion to be made ufe of for the de- 
monftration of the following Propofition. 

PROPOSITION IV. 

I F the firft hath to the fecond the fame proportion , that the third 
hath to the fourth , then according to any multiplication whatfo- 
ever , the equimultiples of the firft and third Jhall have to the equi¬ 
multiples of the fecond and fourth the fame proportion, being com¬ 
pared to one another. 

Let a the firft have to b the fecond the fame proportion, that c 
the third hath to D the fourth: and let there be taken of a and c 
the firft and third any equimultiples e and f *, and of b and d the fe¬ 
cond and fourth any equimultiples g and h. 

I fay, that as e is to g, fo is F to H. For again, of e and f let 
be taken any equimultiples k and l ; and of a and H any equimul¬ 
tiples m and n. 



a b : : c ! d. Then 

i 

E . g : : F . H. 

K . m : : L . n. 

Now becaufe e is equimultiple of a, as f is of c ; and of e and f 
hath been taken equimultiples k and l : Therefore [ex aquo by 
Prop. 3. ] k is equimultiple of a, as l is of c. 

Likewife becaufe g is equimultiple of b, as h is of d ; and of a 
and h hath been taken equimultiples m and n : Therefore exrequo, 
m is equimultiple of b, as n is of d. 

Forafinuch then that [ by Suppofition 1 as a the firft is to b the 

G g fecond. 
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fecond, fo c the third to d the fourth; and of a and c hath been 
taken any equimultiples k and l ; and of b and d any equimultiples 
m and n : therefore [ * by the filth Definition ] if k exceeds m, l 
exceeds h, if equal, ’tis equal, if left, lels. 

But k, l are equimultiples of e, f ; and M, N of g, h according 
to any multiplication whiatfoever: Therefore [* by Defy.] asE 
is to g, fo is f to H. 

If therefore the firft hath to the fecond the fame proportion that 
the third hath to the fourth, then &c. Which was to be demonftrated. 

Corollary. 

Of Inverfe Proportion. 

From hence tis manifeft, thatif four Magnitudes be proportional, 
they fhall alfo be InverJly proportional. 

For if e and f equimultiples of a and c, the firft and third be 
greater than g and H the equimultiples of c and d, the fecond and 
fourth; then on the contrary g and h (hall be lefs than e and f : and 
if e and f be left, then (hall g and h be greater; if equal, equal: 
Therefore Inver fly, b lhall be to a, as d to c: the fecond to the 
firft, as the fourth to the third. 

A 'Declaration of this fourth Tropofition in Numbers , 

Shewing the equimultiples of the Antecedents to be proportional 
to rheequimultiples of the Confequents in fome kind of proportion, 
either of equality, or of the greater, or left inequality. 

6. 3:: 4,-1 6 . 3:: 4.. x. 6 . 3:: 4.. z. 

a. b :: c.d a. b:: c. d. a. b :: c.D. 

2 a . 3b:: 2c. 3d.ia. 4B:: xc . 4D. xa . jb :: ic . jd. 

12. 9 :: 8 . 6 . 11. ix:: 8 . 8. ix. ly:: 8 .10. 

Proportion Scfquitertial. Proportion of Equality. Proportion Subfefquiquartal, 

The Antecedents A, C The Antecedents A, C The Antecedents A, C 

Multiplied by ?, and Multipliplied by 2, and Multiplied by 2, and 

the Confequents B, D the Confequents B, D the Confequents B, D 

by 5. by 4. by y. 

ANNOTATIONS. 

[* By Dcf f.] The turning of this Definition, in which lyes the chief force of 
TjuMs demonftration may feern to the younger Students fomewhat perplext. 
But wc ought to confider, that in all Definitions the Subjed, and Predicate are 
(imply convertible, and do mutually put one another. So here there are firft four 
Magnitudes propofed to be proportional; and thereupon their equimultiples, taken 
according to any multiplication whatfoever, are fuppofed to be together either 
equal, greater, or lefs, as the Definition requires. Again, on the contrary, becaufe 
the equimultiples of four Magnitudes are found to be fo affeSed, therefore thofe 
four Magnitudes are concluded to be proportional. Thus here the Definition of 
proportional Magnitudes, and the Convcrfe, or Dtfinitmm arc immediately turned 
upon one another in the demonftration of this Fundamental Proportion, the 
Caufe putting the EfieA> and thcEfte# the Caufe. 

Adver- 
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Advertifement. 

I 

% 

This Propofition ought to be of a more fpeciai Remark, than is commonly- 
taken notice of. It is the principal and moft immediate property of four Propor¬ 
tionals, and the foie ground from whence Euclidc railed his Definition of propor¬ 
tional Magnitudes; as hath been explained in the Annotations on the ; th . Definition. 
Where it was alfo made manifelt, that the Primary, and Eflential Conception of 
Proportionals confiftsin this general notion, that the Antecedents do equally contain 
their Confequents: How much one is of onc,fo much the other is of the other. As 
to inftance clearly and diftin&iy in this main matter. If the Antecedents be Equimul¬ 
tiples of their Confequents, each of each, as if A be triple of B, and C triple ofD, 
then in common fenfe A the firft is to B the fecond, in the fame Multiple propor¬ 
tion, that C the third is to D the fourth. And fo again, if the Antecedents be 
any otherwife Equtquantuples of their Confequents, each of each, then the firft is to 
the fecond in the fame proportion that the third is to the fourth: Let the Pro¬ 
portion be any whatfoever poffibly can be. This Equiquantuplenejs in Numbers £«- 
elide exprefly lets forth in Def. 20. El. VII. But now in Magnitudes it cannot be 
exprefled from their own natural Conftitution (as in Numbers) wherein the Ante¬ 
cedents are equimultiples of their Confequents; for that Magnitudes have no Ori¬ 
ginal meafure, or Geometrical Unite, whereby to exprefs their quantities, but only 
what is made by confent among our felvcs. And then again there are numberlefs 
Magnitudes which can have no common meafure at all to be made between them, 
whereby to exprefs their mutual proportions. Wherefore feeing that the Eflential 
and Phyfical Definition of proportional Magnitudes cannot be made ufe of in Geo¬ 
metrical demonftrations (as it is in Numerical) unlefs we could fet forth wherein 
the Antecedents do equally contain their Confequents: therefore recourfe muft 
be had to fome other property, which does flow from this Equiquantuplenejs , that 
is, from the EfTence of Proportionality. Now in this 4 th . Proportion fuch anim- 
mediate property of four Proportionals is demonftrated of them: namely, that 
the equimultiples of the Antecedents lhall be proportional to the equimultiples of 
their Confequents, according to any multiplication whatfoever, when the four 
Magnitudes, whereof they are equimultiples are proportional, let the Magni¬ 
tudes be Commenfurable, or Incommcnfurable, the proportions Rational, or Irra¬ 
tional. But how again, and by what dedu&ions from this fame property Euclidc 
gave us an other infallible fign of all kinds of proportional Magnitudesin the place 
of a Formal, or Eflential Definition of Proportionals, the Aunotations on the 
Definition have before fully declared. 

PROPOSITION V. 

I F a Magnitude be equimultiple of a Magnitude, as a part de¬ 
tracted is of a part detracted, then /ball the Remainder be eqitu 
multiple of the Remainder, as the whole is of the whole. 

Let the Magnitude ab be equimultiple of cd, as the part de¬ 
tracted ae is of the part detracted cf. 

I fay, that the Remainder eb ihall be equimultiple of the Re¬ 
mainder fd, as the whole a Bis of the whole cd. 

For (Luotuple a e is of cf, Totuple let eb be made of an other 

Magnitude cg. 

And becaufe af. is equimultiple of cf, as eb is of cg, therefore 
ae, e b together, are equimultiple of cf, cg together, that is, the 

whole a b is equimultiple of the whole g f, as a f, is of c F [by Prop.I. 

Ggr -All 
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All equimultiple of all, as one of one. ] But a e is alfo fuppofed equi¬ 
multiple of c f, as a b is of cd. 

Wherefore ab is equimultiple of eachGF, and cd, and therefore 
gf is equal to cd [by Ax. 7.]. 

Let c f common to both be taken away, therefore the Remain¬ 
der gc, is equal to the Remainder fd. 



3 C D JCF 3 FD 3 CD 

ab.cd:: ae.cf. Then eb.fd:: ab.cd. 
x8. 6 :: u. 4.. Then 6 . i 18. 6 . 

Forafmuch then that ae is equimultiple of c F,as e b is of gc, and 
gc is equal to fd; therefore ae Ihall be equimultiple of cf, as 

EB of FD. 

But ae is fuppofed equimultiple of cf, as a b of cd; therefore 
the Remainder eb is equimultiple of the Remainder fd, as the 
whole a b is of the whole c d. 

If therefore a Magnitude be equimultiple of a Magnitude, as a 
part detracted is of a part detracted, &c. Which was to be demon¬ 
ftrated. 

This here in multiple proportion is univerfally demonftrated at 
Prop. 19. 

To this Propofition anfwer in Numbers the 7'\ and 8' 1 '. Proposi¬ 
tions of the feventh Element, only what is here demonftrated 
of Multiple proportion, the like is there demonftrated e contra 
of Submultiple proportion; for the reafons before noted upon 
Prop. I. of this Element. 

PROP. VII,andVIII. El.VII. 

If a number be a Part, or Parts of a number, fuch as a number de¬ 
tracted is of a number detrafted; fo alfo the Remainder Ihall be the 
fame Part,or Parts of the Remainder, which the whole is of the whole. 

PROPOSITION VI. 

I F two Magnitudes be equimultiple of two Magnitudes,and fame 
parts of tfsem detracted be equimultiple of the fame Magni¬ 
tudes, then the Remainders alfo )ball be either equal to the fame 
Magnitudes, or equimultiples of them. 

Let the two Magnitudes ab, cd be equimultiples of the two 
Magnitudes e, f, and the parts detracted a g, c h, be fome equimul¬ 
tiples of the fame e, f. 

I fay. 


4 - 
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I fey, that the Remainders gb, hd, are either equal to e, f, or 
equimultiples of them. 

Firft let gb, be equal to e. I fay, that hd is alio equal to f; for 
to f let c k be put equal. 




2- C 


10 



AB.E::co.F.andAG.E::cH.F. ,..gb=e. ThenHD=F. 

1 y. 3::io.i.and n.3:: 8 .x . an 1 3 = 3. Then t = i. 

And becaufe a g thefirft is equimultiple of e the fecottd, as c h 
the third is of f the fourth ; and gb a fifth is equal to E thefecond\ 
and c k afxth is equal to f the fourth ; Therefore a b the firft and, 
fifth together, are equimultiple of e, as k H the third and fxth are 
of f the fourth [by Prop. 1.]. 

But ab is by Suppofition equimultiple of e, as cd of f ; there¬ 
fore kh is equimultiple of f, ascDof f. Becaufe now kh,cd, 
each is equimultiple of f; therefore k h is equal to c d [by Ax. 6.]. 

Let c h common to both be detrafted, therefore the Remainder 
kc is equal to the Remainder hd. But kc was put equal to f; 
therefore h d is alfo equal to f. If therefore a B be equal to e, then 
(hall h D be equal to F. 

In like manner lhall be demonftrated, that if g b be multiple of 
e, alfo hd lhall be as equally multiple of f. 

Cr c n 

•v- IS 


1 — 

ab.e :: cd .f. and ag .e::ch.f. gb=ie. ThenHD=iF. 
iy. 3::io.i. and 9 . 3:: d.i. a ” “ 6 6 . Then 4 4. 

If therefore two Magnitudes be equimultiple of two Magnitudes, 
and fome parts of them detrafted be equimultiple, &c. Which 
was to be demonftrated. 

This here in multiple proportion is at Prop. 14*. univerlally de¬ 
monftrated in all Kinds of proportion. 

Thefe few Proportions, which hitherto only concern mul¬ 
tiple proportion, are all again demonftrated in general. But they, 

were to be prcmifed as fubfervient to many of the following de- 

G g 3 monftrations. 
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monfixations, before the affeftions of Proportionals could be uni- 
verfally demonftrated according to all proportions Rational and 

Irrational whatfoever. 

PROPOSITION VII. 

Qnal Magnitudes have the fame proportion to the fame Magni¬ 
tude : j4nd the fame Magnitude hath to equal Magnitudes the 
fame proportion. 

Let the equal Magnitudes be a, b, and any other Magnitude be 
c I fav, that each of thefe a, b, have the fame proportion to c. 
And again, that c hath to each, a and b, the fame proportion. For 
of Aj b, let be taken any equimultiples d, e : and of 
c any multiple whatfoever f. Whereas then d is e- 
quimultiple of a, as e of b; and that a is equal to 
B, therefore d is alfo equal to e [by Ax. 6.]; "f 
wherefore ifD exxeeds f, alfo e fhall exceed f; if 
equal, equal; if left, left. But D, E are any equi¬ 
multiples of a, b [the fir ft and third ], alfo F is 
anv multiple whatfoever of c [ the fecoiid and d 


a. 


Ei 


fourth fore is inftead of two Magnitudes J; there¬ 
fore as a to c, fo b to c [ Def. y. El. V.} 

Upon the fame conftniction we may alike de- 
monftrate that nis equal to e: and therefore if v 

exceeds d, it alfo exceeds e; if equal, equal; if left, 
left. But i is any multiple of c [the firft and 1 
third ]; and d, f. are any equimultiples of a, b 


the fecond and fourth [; therefore as c to a, fo { 



E 


c to B. 


Wherefore equals have to the fame Magnitude the fame proporti¬ 
on : and the fame hath to equals,&c. Which was to be demonftrated. 


ANNOTATIONS. 

Thi?7 s \ with the 8 5 ’, 9% io th , 11% and 12 th . Fropofitions following, are taken by 
Tatq'jtt as meer Axioms, to be received without demonftration. They are indeed 
evident truths especially in Numbers: but becaufc thefe are to be applied in ge¬ 
neral to Magnitudes of all forts, as Lines, Vlanes, and Solids, commenfurable, or 
mconimcnfurable indifferently; therefore being capable of a juft demonftration, 
they ought to be demonftrated; as Euclide hath upon good rcafbn done with an 
admirable iiibtilitv ot Ratiocination ufed in thefe Fropofitions, and throughout 
this whole Element; which Tacquet might have well perceived, if his vanity had 
not miilead him. And yet to help out his own method he was conftrained to ufe 
thefe Fropofitions in the nature of Axioms, or common Notions: whereas Borellur 
alfo hath thought fit to demonftrate them, ns well as Euclide had before. 

But Bmtlus hkcwife hath his failures, who is forced in his method to make his 
demo nitrations apart, fome for commenfurable Magnitudes, foine for incomnien- 
farable: whereas Magnitudes, when compared together in this Elementary Do- 
dr me of Proportions and Proportionals, arc not propofed in particular, fbme- 

4 times 
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times commenfurable, fometimes incommenfutable; but as Magnitudes in genera/. 
Wherefore Euctide frames his demo nitrations with fuch artifice, as at once to com¬ 
prehend alike all Magnitudes commenfurable or incom men fin able, in any kind of 
proportion without reftridion, or any mention of common furability, or incom- 
menfurability, to be diftindly confidered. And therefore in this point Borellus his 
method is defedive, and comes much fliort of Euclids general way of demonftra- 
tion in this excellent Element: where the demonftrations extend themielves to all 
things in nature capable of proportion. 

PROPOSITION VIII. 

F unequal magnitudes the greater hath to the fame a greater 
proportion, than the lefs ; And the fame hath to the lefs a 
greater proportion , than to the greater. 

Let the unequal Magnitudes be ab,c, and ab the greater. [a y. 

c, 3]. Let alfo d be any other Magnitude fas 1 ]. 

I fay, that ab [y] hath to d [2] a greater proportion, than c { 31 
to D (Vj. And d [a] hath to c [3] a greater proportion than to Ali[yj. 

Whereas a b is greater than c, let in a b be put a Magnitude 
equal to c, namely be [3]. 

Now the lefs of theie two ae, eb, being multiplied, fliall at 
length be greater than d. 

Firft, let ae (the excefs of a b above c) be lefs than e b (which 
is equal to c), and multiply ae [x] till the multiple thereof be 
made greater than d [x], and let this multiple of ae be eg [4.] 

greater than d [x]. 

Now Quotuple fg [4] is of ae [1], Totoplc let gh [6] be of 
eb [3], and k [6] of c [3]. So that eb being put equal to c, thej 
fall likewife have their equimultiples g h, k, equal to one another, 
by Ax. 6 . 


10 


And now of d [2] let betaken the 
duple l [4.], and the triple M [6], and, y .\,. 



+_ 


2 E 

— •- 




i—1 —1H 


ft 


*ki —t 




C-M.-i 
S’Nj—f 


—t——--»—I- i 


fo onward more by one, till the mul¬ 
tiple of d [1] be the firft greater than 
k [6] the multiple of c [3]. Let now 
this multiple of d be taken, and let 
it be n [8] the quadruple of d [xj, 4*1.- 
and the firft greater than k [6] the 
multiple of c [3]. So that k [6] is 
the firft lefs than N [8]. 

Forafmuch then as k, is the firft lefs than n the quadruple of y; 
therefore k is not lefs than m the triple of y [ but either equal, or 
greater ]. 

And whereas eg is equimultiple of ae, as gh of eb; therefore 
the whole eh is equimultiple ol the whole ab, as eg of ae [by 
Prop. 1.El. V.]. But eg is equimultiple of ae, as k of c [by Con- 
ftrudlion]; wherefore eh is equimultiple of a b, as k of c; and there¬ 


fore fh and k, are equimultiples of a b, and c. 


Again, 
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Again, becaufe g h is equimultiple of e b, as k of c, and e b is put 
equal to c [by Conftrudtion]; therefore gh fhall be equal to k : 
[by Ax. 6.] 

* But k is not lefsthan m, therefore gh is not lefs than m, and 
fg is greater than d [by Conftructionj; wherefore the whole fh 
is greater than d, m together. 

But d, m together are equal to n •, therefore f h exceeds n ; but k 
exceeds not n [by Conftruction] and fh,k are equimultiples of ab, 
c,and n is any whatever multiple of 
d; therefore ab hath to d a greater 
proportion, than c to d [by Def 7. r A 
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El. V. ]. 

I lay moreover, that d hath a great¬ 
er proportion to c the lefs, than d to 
ab the greater. For on the fameCon- 
ftruftion we Ihall in like manner de- 
monllrate, that n exceeds k, but ex¬ 
ceeds not f h ; and that n is any multi¬ 
ple of n, and FH,K,are any whatever 8 ' N|- 
equimultiples of a r,c; therefore d hath to cthe lefs, a greater pro¬ 
portion, than hath d to a b the greater. 

But again, of the unequal Magnitudes ab, c, when in the greater 
a b there is taken a Magnitude equal to c the lefs : Let a e the excels 
of a b, above c be greater than eb, which is put equal to c [a e, 3 ; 
eb,x] Now e b the lefs being multiplied, fhall at length be greater 
than d. Let e b [i] be multiplied, and let a H [4.] the multiple of 
E b (equal to c ) be greater than d [ 3]. 

And Quotuple gh [4.] is of e b [i], Totuple let f g [6] be of a e 
[}]andK [4.] ofc [i]. So that eb be¬ 
ing put equal to c, they {ball likemfe 
have their equimultiples g h, k equal 
to one another, by Ax, 6. And alfo 
from the fame Axiom it follows, that 
of the fe equimultiples, * f g the equi¬ 
multiple of ae is greater than gh , 

that is, k the equimultiple of e b, c ; 
becaufe a e is mnv fuppofed greater 
than e B, which k equal to c. For as s> • n 

of equals the equimultiples are equal, 

fo of unequals the equimultiples are unequal, the greater of the 
greater, the lefs of the lefs. 

Now after the former manner we fhall demonftrate that fh [ioj, 
and k [4.], are equimultiples of a b [ y], and c [x]. 

And as before, let of d [ 3] be taken the multiples, till n be the firft 
multiple of d, that is greater than fg [6] the multiple of ae [3]. 

Where- 
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Wherefore again, fg [6] is not lefs than m [6], and gh [4.] is 

greater than d [?] by Conftrudtion; therefore the whole fh [10], 
exceeds d,m together; that is n [9]. But k exceeds not n, becaufe f « 
being greater than g h which is equal to k, exceeds not N, by Conftru- 
ction. And fh, k, are equimultiples of ab, c; and n is any what¬ 
ever multipleof d; therefore ab [y], hath to d [3] a greater pro¬ 
portion, than c [i] to d [3]. by Def 7. El. V. 

Wherefore of unequal Magnitudes the greater hath to the fame 
a greater proportion, than the lefs; And the fame hath to the lefs a 
greater proportion, than to the greater. Which was to be demon- 
ftrated. 

ANNOTATIONS. 

Ill this Propofttion there are in effe&four Magnitudes, whether AB,and Cbe 
compared to D, or D to A B, and C. For in each of thde Calcs D is twice taken: 
and in the fir It as a common Confequcnt to AB, and C: in the latter as a com¬ 
mon Antecedent to the fame Magnitudes. 

The ftrefs of this fubtil demonftration lyes in three remarkable points. Firft , 
of the two unequal Magnitudes A B, C, there is in the greater A B taken a part 
EB equal to C, the lefs Magnitude: fo that the Remainder AE is the cxcefs of 
A B above C 

Secondly , of thefe two parts A E, E B, That, which happens to be the lefs, is to 
be multiplied, till the multiple thereof is allowed to exceed D the third Magnitude. 

Thirdly , D is to be multiplied, till its multiple firft exceeds the multiple of the 
greater part in AB, whether it be either AE,or EB. Upon thefe Conftruftions 
the demonftration chiefly depends. 

Laftly, note that of the two unequal Magnitudes, each may be either greater, 
or lefs than the third; or one greater, and the other lefs. As for inftance, let a 
Pound, and a Crown be compared to a Shilling; or a Crown, and a Shilling to a 
Po.md ; or a Pound, and a Shilling to a Crown: And the demonftration ierves 
alike to all. 

Advertifement. 

In this Propofition arc expofed two unequal Proportions that have the fume 
Confcqucnts: and again contrarily, two unequal proportions that have the fame 
Antecedents. As ■, and % that is, 6 to 2, and 4 to 2. And contrarily 2 , and J. Now 
in this 8 th - Propofition is only demonftrated which in each companion is the greater 
proportion. But a farther enquiry may be made, in what proportion one is 
greater than the other. This queftion is, l)c proportionc Proportionum, of the pro¬ 
portion of Proportions, for the difcovery whereof take thefe two Rules. 

1. Two unequal proportions having the fame Confcqucnts, arc to one another 
as their Antecedents. Thus \ is to 5 as 6 to 4, or 1!, in proportion Sefquialtcral, 

one greater than the other: and thus in general fignified, l -:: A. E • '5 • '* :: 18.12. 

2. Two unequal proportions having the fame Antecedents, are to one another 
Reciprocally as their Confcquents. Thus l is to l, as 6 to 4; That is Subduple pro¬ 
portion is to Subtriplc in proportion Selcjuialteral, fo that j is in fucli a propor¬ 


tion greater than I, and in general, A. 1 \. *8- >2* But now if the 

two unequal proportions have different Antecedents, and Confcqucnts, as 9 to 3, 
and 4 to 2. In this Cafe to difeover which of them is the greater proportion, 
and in what proportion one is greater than the other, the ierms of thefe pro¬ 
portions are to be fo changed, that the fame unequal proportions may have the 
lame Confcquents, which is called fyduttion of proportions to a common Confequcnt: 

and performed by this Rule. 

2 Hh Kcdu- 
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Reduction of Proportions to a common Confequent. 

Multiply the Confequents into one another > and each Antecedent into the 
others Confequent. 

As Ij and § are brought to % and ” by multiplying the Confequents 5 and 2 into 
one another: And the Antecedent 9 into 2 the others Confequent; likewife the 
Antecedent 4 into 3 the formers Confequent. 

Now this 8 :h . Proportion demonftrates, that 18 hath to 6 a greater proportion 
than 12 to 6 : and 6 to 12 a greater than 6 to 18. 

Moreover in both Cafes us ihewn by the two foregoing Rules, in what pro¬ 
portion one proportion is greater than the other. Thus l t is greater than ”, and 
t greater than 7?, in the fame proportion of 18 to 12, or 1 j. But the proportions 
of \ and f are the fame with % and ”, which is thus demonftrated : \ multiplied by 
2 make % and : multiplied by 3 make But if a number multiply two numbers, 
the Produds fnall be in the fame proportion with the multiplied numbers, by 
Frop. 17. El. VII. Again, of the proportions ]> and 5 the Confequents 3 and 2 
multiplied into one another, lhall make one and the fame common Confequent. 
l or 3 into 2, or 2 into 3 make the fame number < 5 , by Prop. 16. El. VII. If two 
numbers multiply each the other, the Produds lhall be equal to one another; 
therefore and* are the fame proportions with % and l l Thus the Rule for Re¬ 
duction of Proportions to a common Confequent is demonftrated. * 

PROPOSITION IX. 

M agnitudes which have the fame proportion to the fame mag¬ 
nitude, are equal to one another : And to what magnitudes 
the fame magnitude hath the fame proportion, they alfo are equal 

to one another. 

Let each of the Magnitudes a, b, have to c the fame proportion. 
I fay, that a is equal to b. For if not, then each of thofe 
Magnitudes a, b, fliould not have to c the fame propor¬ 
tion [by Prop. 8. El. V.]. But each have •, therefore a is 

equal to b. 

Again, let c have to each of the Magnitudes a, b, the 
fame proportion. 1 fay, that a is equal to b. For if not, 
then c fliould not have to a and b the fame proportion 
by Prop. S.E 1 .V.]. But it hath; therefore a is equal to b. 

Wherefore Magnitudes which have the fame propor¬ 
tion to the fame Magnitude, are equal to one another. 

&c. Which was to be demonftrated. 

PROPOSITION X. 

O F Magnitudes having a proportion to the fame magnitude, 

that which bath the greater proportion, is the greater, stud 
to what magnitude the fame magnitude hath a greater proportion, 
that is the kfs magnitude. 

Let a have to c a greater proportion than b to c. I fay, that a 

is 
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is greater than b : For if not, then a is either equal to B,or lefs. But 
a is not equal to b. For then each of the magnitudes a, b fliould 
have to c the fame proportion [by Prop. 7. El. V.]. But each of them 
have not; therefore a is not equal to b: neither alfois T 
a lefs than b. For then a (hould have to c a lei's propor¬ 
tion than b to c [by Prop. 8.El. V.]. But it hath not; 
therefore a is not lefs than b : And it hath been demon- 

♦ 

ftrated that it is not equal ; therefore a is greater than b. Pi 

Again, let c have to b a greater proportion than c to 
a. I fay, that b is lefs than a. For if not: it is either 
equal, or greater; but b is not equal to a ; for then c 
Ihould have to a and b the fame proportion [bv Prop. 

7. F.l. V.]. But it hath not; therefore b is not equal to 
a: neither alio is b greater than a. For then c fliould 
have to Ba lels proportion than to a [by Prop. 8. Kl.V.] 

But it hath not ; therefore b is not greater than a : And it hath 
been demonftrated that it is not equal: therefore b is lefs than a. 

Wherefore of magnitudes having a proportion to the lame mag¬ 
nitude, that which hath the greater proportion is the greater. &c. 
Which was to be demonftrated. 



PROPOSITION XI. 

Roporiions which are the fame to the fame proportion, are the 

jame to one another. 

Let a be to b as c to d : alfo f. to f as c to n. I lay, that a is 
to 1;, as e to v. For let be taken of a, c, k (the Antecedents ) any 
equimultiples g, h,k: and of it, o, r (the Con/epicnis ) any what¬ 
ever equimultiples l,m,n. Now becaufe it is as a to b, fo c to »; 
and of a,c are taken equimultiples g, h •. alfo of b, n any whatever 
equimultiples 1., ,u. If therefore g exceeds l, then h exceeds m; 
and if equal, equal; if lefs, lets. [Def. y. El. V.] 

Again, becaule e is to j- as c to n: and of f, c arc 
taken equimultiples k, h: as alfo of 1,0 any whatever 
equimultiples n, m. If therefore k exceeds x, then h 
exceeds m; and if equal, equal; if lels, lels. But ifH 
exceeds m, then g exceeds e; and if equal, equal; if 
lefs, lefs [for by Suppolition a is to 11 as c to n ]; wherefore if g ex¬ 
ceeds l, then k exceeds x; and if equal, equal; if lefs, lels. But g k 

are equimultiples of a, e: and l, x any whatever equimultiples of 
b, f ; wherefore as a to n, fo e to r [Def y. El. V.j. 

Therefore proportions which are the lame to the fame propor¬ 
tion, are the fame to one another. Which was to be demonftrated. 
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PROPOSITION XII. 

I F magnitudes lmv many foever be Proportionals: it Jhall be, 
as one of the Antecedents to one of the Confcquetits, fo all tlx 
Antecedents to all the Confequents. 

Let there be Proportional magnitudes how many foever, a, b, 
c, d, e, f ; And as a to b, fo c to d, and e to f. I lay, that as a to b, 
lb a,c, E, to B, D,F. 

For of a,c,e ( the Antecedents) let be taken any equimultiples 
g, h, k ; and of b, d, f, (the Confequents) any whatever equimul¬ 
tiples l, m, x. 

Eecaufe therefore it is as a to b, fo c to d, and E 
to F: and there hath been taken of a, c, e any equi¬ 
multiples g, H, k : and of b, d, f, any whatever equi¬ 
multiples l, m, x. 

If therefore g exceeds l, then h exceeds M, and k 
exceeds x; and if equal, equal; if lefs, Ids. 

So that if g exceeds l, then g, h, k., exceeds l, m, n ; and if equal, 
equal; if lefs, lefs. 

But G,and g, h,k, are equimultiples of a, and of a,c, e. [For if 
there be magnitudes how many foever equimultiples of as many 
other magnitudes, each, of each, Quotuple one is of one, Totuple 
fhall all be of all. ] 

By the fame reafon alfo l, and l, m, x, are equimultiples of b, 
and of b, d, f. 

Therefore it is, as a to b, fo a, c, e, to b, d,f. 

Wherefore if magnitudes how many loever be proportionals: 
it fhall be, as one of the Antecedents to one of the Confequents, fo 
all the Antecedents to all the Confequents. Which was to be de- 
monftrated. 

To this Propofition anfwers in Numbers Prop. n\ El. VII. 

ANNOTATIONS. 

What is here now univerfally proved of any kind of proportion, the fame hath 
been before in the firft Fropofition of this Element demo liftrated only of mul¬ 
tiple proportions, that as one of the Antecedents, is to one of the Confequents, 
fo are all to all. And note, that when the Antecedents arc thus annexed to An¬ 
tecedents, and Confequents to Confequents, This is called Addition of proportions; 
whole chief ufe is declared in this n ;h . Propofition, that as one of the Antece¬ 
dents is to one of the Confequents, fo is the finnin of the Antecedents to the fumin 
of the Confequents. But when Antecedents arc multiplied into Antecedents, 
and Conlequents into Confequents, then it is faid to be a Conipofition of Pro¬ 
portions: Which is of frequent ufe in the Mathematics. 
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PROPOSITION XIII. 

T F the fir ft hath to the fecond the fame proportion, that the 
X third hath to the fourth, and the third to the fourth hath a 
greater proportion, than the fifth to the fixth ; alfo the fir ft hath 
to the fecond a greater proportion, than the fifth to the fixth. 

Let a the firft have to b the fecond the fame proportion, that c 
the third hath to d the fourth: and c the third a greater propor¬ 
tion to d the fourth, than e the fifth to f the fixth. 

I fay, a the firft fhall have to b the fecond a greater proportion, 
than e the fifth to f the fixth. 

Forafmuch as c hath to d a greater proportion than e to f ; 
therefore there are fome equimultiples of c, e, and again fome other 
whatever equimultiples of d, f, where the multiple of c exceeds the 
multiple of d, and the multiple of e exceeds not the multiple of f 
[D ef 7. El. V.]. Let them be taken, and of c,e, let g.h, be equi¬ 
multiples; and of d,f any whatever equimultiples k, e; fo thatG 
exceeds k, but h exceeds not l . 

Now Quotuple G is of c, Totuple let m be of a: m . g . H 

And Quotuple k is of d, Totuple alfo let n be of b. a c ^ 

Becaufe therefore it is as a to b, fo c to d ; and of "' ' u > T 

a, c are taken equimultiples m, g; and of B, d, any n . k . l 

whatever equimultiples n,k; then if m exceeds n, alfo 
G exceeds k ; and if equal, equal; if Ids, lefs. 

Now g exceeds k, therefore alfo m exceeds n; but H exceeds not 
l [bv Conftruftionj, and m,h are equimultiples of a,e [the Ante- 
dents], and n, L any whatever equimultiples of b, f [ the Confe- 
quents]; therefore a hath to b a greater proportion than e to e 

[Def. 7- El. V.]. 

If therefore the firft hath to the fecond the fame proportion, 
that the third hath to the fourth, and the third hath to the fourth 
a greater proportion, than the fifth to the fixth, &c. Which was 
to be demonftrated. 

PROPOSITION XIV- 

I F the firft hath to the fecond the fame proportion that the third 
hath to the fourth ; and the firft be greater than the third ; 
alfo the fecond fhall be greater than the fourth : zAud if equal, 
equal ; if lefs, lefs. 

Let a the firft have to h the fecond the fame proportion that c 
the third hath to n the fourth; and let a be greater than c. 1 fay, 
that Ji is greater than p. For whereas a is greater than c, and there 
is an other magnitude u; therefore a hath to b a greater proportion 

Hh 5 than 
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than c to b [Prop. 8. EL V.] But as a to B,fo c to d ; therefore alfo 
chath to B a greater proportion than c to b. But to what magni¬ 
tude the fame hath a greater proportion, A __ 

that is the ids L Prop. IO * El. V.]; there¬ 
fore d is lefs than b : fo that b is greater B -- 

than d. In like manner we lhali: demon- c -- 

ftrate that if a be equal to c, b fliall alfo _ 

be equal to d ;and if a be lefs than c, b fliall 
be alfo lefs than d. 

If therefore the firft hath to the fecond the fame proportion, that 
the third hath to the fourth; and the firft be greater than tile 
third, &c. Which was to be demonftrated. 


ANNOTATIONS. 

E>. elide thought fit to demonftrate, that in proportionals if one Antecedent 
were greater, equal, or Ids than the other Antecedent; then one Confequent lhali 
bj greater, equal, or lefs than the other Confequent. But needlefs it was to prove, 
that if one Antecedent were greater, equal, or lefs than the Confequent, the other 
likewife is the fame, l or that this is of it felf implied in the very notion of 
proportionals; where the proportions are always either of equality, or of the 
greater or lcls inequality : So that the Antecedents are either equal to their Con- 
ficquents, or greater, or lefs. 


PROPOSITION XV. 


^sjrts compared to one another ha ve the fame proportion with 
X their equimultiples. 

Let a b be equimultiple of c, as d v. of f. I fay, that it is as c to 
F, lo ab to dk. for becaufe a b is equimultiple of c, as BE of F, 
therefore how many magnitudes are in a b equal to c, fo many are 
in be equal to f. Let ab be divided into the magnitudes equal 
to c, namely ag, gh, h r; And d e into magnitudes 
equal to p, as dk. ki., i.i.: therefore the multi¬ 
tude of thefe \ g, gh,ii r, lhali be equal to the mul- ] D 
titude of dk, ke, i.E. Foralmuch then as ag, gh, 

h b, are equal to one another: and dk,k i., i.E,are 
alfo equal to one another; wherefore as ag to dk, 
fo GHtoKL, and hr to i. k 1 Prop. 7. El. V. I. Equal 
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magnitudes have to the fame [or to equal magnitudes) 

the fame proportion. 

And becaule as one of the Antecedents to one of 
the Conferments, fo all the Antecedents to all the Confequents] Prop, 
ii. lil. V,: therefore as \ r; toj>K, fo a b to de. But ag is equal to 
c, and d k to i bv Conltrudion therefore as c to i- (part to part', 
fo a is to d E {equimultiple to equimultiple). 

Parts therefore compared to one another, have the fame propor¬ 
tion with their equimultiples. Which was to be demonftrated. 
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ANNOTATIONS. 

♦ 

To this Propofition anfwers in numbers Prop. 17 th . El. VII. “If a number rnulti- 
“ tiplying two numbers make fome numbers, their Produ&s iliall have the fame pro- 
“ portion with the multiplied numbers. 

For let 4 multiplying two numbers 3 and 2, make 12 and 8, then the Products 
ji to 8 fhall have the lame proportion with 3 to 2: Both in Selquialtcral pro¬ 
portion, 1 j. 

Thefe Propofitions are very near to common Notions, and therefore likewile 
ought to be as carefully remarked, in regard of their general ule in proportions 
between magnitudes to magnitudes, and numbers to numbers. Alio this Prop. 17 th . 
El. VII. is the ground of bringing all proportions to a common Conlequent, by 
which is dilcovered what proportions are greater, or lefs one than an other. As 
hath been before noted upon Propofition 8 th . Which Annotations review, and fully 
confider with relation to thefe Propofitions. 


PROPOSITION XVI. 

I F four magnitudes be proportional, they pall alfo be alternly 
proportional. 

Let four magnitudes a, b, c, d, be proportional, as a to b, fo c to 
d. I fay, that they fliall alfo be alternly proportional, as a to c,fo 
n to d. For of a, b, let be taken equimultiples e,f: and 

and of c,d any whatever equimultiples g,h. Forafmuch E ' 

then that e is equimultiple of a, as f of b ; but parts have A e : : [, 
to one another the fame proportion with their equimul- p H 
tiples [Prop. 1 y. El. V ]; therefore as a to b, fo e to f : but 
as a to b, fo c to 0- therefore as c to d, fo e to F [Prop. 11. El. V.] 
Again, becaufe o.Hare equimultiples of c,d; therefore as e to o, 
fo c to h : but as c to d, fo e to f ; therefore as e to f, q 

fo g to h. But if four magnitudes be proportional, and 
the firft be greater than the third, the fecond fhall be „ : : $- 
greater than the fourth, and if equal, equal; if lefs, lefs p H 
[Prop. 14. El. V.]. If therefore e exceeds g, alfo f exceeds 
h ■ and if equal, equal; if lefs, lefs But E, f are equimultiples of 
a,b (thefirft,and third) alfo g,h are any whatever equimultiples 
of c,d ( the fccond, and fourth ): Therefore as a to c, fo b to d [Def. 
y. El. V.]. 

Wherefore if four magnitudes be proportional, they fhall alfo be 
alternly proportional. Which was to be demonftrated. 

To this Propofition anfwers in numbers Prop. 13"'. El. VII. 

ANNOTATIONS. 

Ic is in the firft place to be noted, that the alternation of proportions can only 
be ufed between Homogeneal magnitudes, where the four proportional Terms are 
either all Lines, or all Planes, or all Solids, as Def. 3. El. V. declares, l or magni¬ 
tudes of Hctcrogenal quantities cannot in nature admit of mutual companion ac- 
cording to quantity. 
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PROPOSITION XVII. 

F compounded magnitudes be proportional, they Jloall alfo divi¬ 
ded, be proportional. 

Let the Compounded proportional magnitudes be ab,be,cd, df; 
as ab to be, fo cd to df. I fay, that alfo divided they lhall be 
proportional,as ae to eb, focr to fd. For of ae,eb; CF,FD,let 
be taken equimultiples gh,hk: lm,mn. And of eb, fd, any what¬ 
ever equimultiples k x, n p. 

Forafmuch then as g h is equi¬ 
multiple of a e, as h k of e B;there- G '— 
fore gh is equimultiple of a e, as a»— 

(the whole) g k of the whole ab c ,_ 
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[Prop. i.El.V.j. But gh is equi- L) _ 

multiple of ae, as Lit of cf [by 
Conftruction ; therefore gk is equimultiple of ab, as lm of cf 
Prop. 11.El. V.]. 

Again, becaule l m is equimultiple of c f, as m n of f d, therefore 
i.m is equimultiple of cf, as (the whole) l.n of (the whole) cd 
i Prop. i. El.V.] But lm was equimultiple of cf as gk of ab; there¬ 
fore gk is equimultiple of ab, as ln of cd [Prop. il.El.V.]. 

Again, forafmuch as [by Conftru&ion] hk (the firft) is equi¬ 
multiple of e e ( the fecond ) as m n ( the third) of f d ( the fourth): 
And alfo kx (a fifth) is equimultiple of eb (the fecond), as np 
(a fixth) of i d (the fourth); therefore h x (the firft and fifth) to¬ 
gether, is equimultiple of eb (the fecond), as mp (the third and 
fixth) together, is of f d (the fourth) [Prop. i. El. V.]. 

Now becaufe it is as ab to be, focD to df; and of ab, cd are 
taken equimultiples gk, ln; alfo of eb, fd any whatever equi¬ 
multiples hx, mp. If therefore gk exceeds hx, alfo ln exceeds 
mp; and if equal, equal; iflefs, lefs [Defy. El.V.]. Let there¬ 
fore g k exceed h x, and h k common to both being detracted, then 
{hall gh exceed kx. But if gk exceeds hx, alfo ln exceeds mp, 
and mx common to both being detracted, then lhall lm exceed np; 


wherefore if gh exceed kx, alfo lm exceeds NP. 

1 n like manner (hall we prove, that if gh be equal to k x, alfo lm 
lhall be equal to x p, 3iid if lefs, lefs. But gh,l m arc equimultiples 
of a r., cf; and kx, np any whatever equimultiples of eb, fd; 
therefore as a e to f. b, lo c f, to f d. 

If therefore compounded magnitudes be proportional, they lhall 
alfo divided be proportional. Which was to be demonftrated. 

ANNOTATIONS. 

In this Propofition there is with great fubtilty demonftrated from compounded 
proportions, the Analogy of divided proportions, as Divifion of proportion is by 
ihcUc defined in the t <s \ Definition. 
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PROPOSITION XVIII. 



Let the divided magnitudes be ae, eb; cf, fd; and as ae to 
E b, fo c f to f d . I fay, that alfo compounded, they fhall be propor¬ 
tional, as A B to BE, fo CD tO D F. 

For if it be not as ab toBE, focD to df, then fhall it be as ab 
to be, fo cd either to a lefs than df, or to a greater. 

Firft, let it be to a lefs, as d g. Foraf- E 

much then that it is as ab to be, lo cd a ’ 1 E 

to d g; therefore thefe compound mag- c s--, j> 

nitudes are proportional. So that di¬ 
vided, they fliall alfo be proportional [Prop. 17. El. V.]. It is there¬ 
fore as ae to eb, fo cg to gd. Butby Suppofition as ae to eb, lb 
cf to fd: wherefore as cg to gd, fo cf to fd. But cg the firft is 
greater than cf the third; therefore alfo gd the fecond is greater 
than fd the fourth [Prop. 14..El. V.]; but alfo tis lefs, which is 
impoflible; therefore it is not as ab to be, fo cd to dg. In like 
manner fliall we prove, that c d cannot be to any magnitude greater 
than df : therefore it is as ab to be, fo cd to df. 

Wherefore if divided magnitudes be proportional, they lhall alfo 
'compounded be proportional. Which was to be demonftrated. 


ANNOTATIONS. 

In this Propofition is demonftrated from Divided proportions the Analogy of 
Compounded proportions, as Compofition of proportion is explained in the i;' 1 ’. 
Definition. 

PROPOSITION XIX. 

I F it be as the whole to the whole , fo a part detracted to a part 
detraCled, then the Remainder Jlsall be to the Remainder as the 
whole to the whole. 

For let it be as the whole a b to the whole cd, fo a part detrad¬ 
ed a E, to a part detraded c r. I fay, that the Remainder f. b (hall 
be to the Remainder f d, as the whole ab to the whole cd. 

Forafmuch that it is as the whole a b to the whole c d, fo a e to 
c f : therefore alternly as b a to a e, fo d c f 

tocF- And becaufe compounded magni- Ai-«■-■!? 

tudes are proportional, therefore divided_ f , d 

they fliall be proportional: wherefore as 
be to e a, fo df to fc ; and therefore alternly it is as be to d f, 
fo e a to l- c. But as a e to c f, fo by Suppofition, is the whole a b 
to the whole cd: therefore alfo the Remainder eb fliall be to the 
Remainder v d, as the whole a b to the whole c d. 

Ii 


Where- 
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Wherefore if it be as the whole to the whole, fo a part detracted 
to a part detracted, &c. Which was to be demonftrated. 


Corollary 

Of Converfe Troportion. 

From hence't is matiifeft, that if compounded magnitudes be pro¬ 
portional, they (hall alfo by Converfion be proportional. 

For let the compounded magnitudes be proportional as a b to be, 
fo c d to d f ; therefore divided, it {hall be as a e to e b, fo c f to fd ; 
And by inverfion as b e to e a, fo d f to f c •, therefore compound¬ 
ed as b a to ae, fo dc to cf : which is Converfion of proportion, 
according to Def 17. ELY. For ae is the 
excels ot the Antecedent ab above the A * 

Confequent be: and c f the excels of the 
Antecedent c d above the Confequent d f. 

But this Corollary (however it hath hapned to be in this place) 


■•B 


Cf 


F 


<D 


does 


As we have now 


Ihewn how Converfe proportion is immediately deduced from the 
Compofition and Divifion of Proportions, without any relation, or 
dependence on this 19'’. Propofition: where the four proportional 
Terms are reftrained, and necefiarily fuppofed to be all Homoge- 
neal magnitudes. Whereas in Converfion of proportion the third 
and fourth Terms may be magnitudes of a different kind, from the 
firft and fecond Terms, and one proportion be in Lines, and the 
other correfpondent proportion in Planes, or Solids, as the follow¬ 
ing Annotations lhall farther declare. 

ANNOTATIONS. 


This 19 : . Propofition and the two foregoing have a clofe correfpondence with 
one another, as appears by their demonftrations; yet there is a notable difference 
to be obferved between them. For here is compared the whole to the whole, and 
each part of one whole to each part of the other refpe&ively, fo that thefe magni¬ 
tudes are put Homogcneal, according to the Definition of proportion. But in 
Compofition, Divifion, Converfion of proportion, each whole is feparately com¬ 
pared to a part of it felf, and each part to the other part of the fame whole. So 
that the four proportional Terms may be all of the fame kind, either Lines, Planes, 
or Solids: or elfe of different: that is, the firft and fecond Terms, may be Lines, 
and the thud and fourth be Planes, or Solids. As the whole A B may be a Lineal 
magnitude, and by confequence the parts A E, E B are Lines. But again, the 
whole C D may be either a Plane, or a Solid, and by confequence the parts C F, 
FD arc accordingly Planes, or Solids; yet it is demonftrated, as AB 10 AE, a 
Line to a Line, lo is C D to CF, whether it be a Plane to a Plane, or a Solid to 
a Solid: Which general Analogy maybe ufed in Compofition, Divifion, and Con¬ 
verfion of proportion. 

Butin this 19’-. Tropofition, the whole AB is compared to the whole CD, and 
the parts to the parts: fo that thefe are here fuppofed Hoinogencal magnitudes, 
interchangeably compared to one another. 
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PROPOSITION XX. 

F there he three magnitudes in one Rank, and as many in an 
other, taken two and two in the fame proportion : and ex aequo 
the firJl he greater than the third, alfo the fourth /hall he greater 
than the fixth ; and if equal, equal ; if lefs, lefs. 

Let the three magnitudes be a, b, c, in one rank, and d, e, f, as 
many in an other, taken two and two in the fame proportion, as 
a to b, fo d to e •, and as b to c, fo e to f : and ex aquo let a be 
greater than c. I fay, that alfo Dihall be greater than f: and if 
equal, equal; if lefs, lefs. 

Forafmuch as a is greater than c, and there 
is a third magnitude b ; And that the greater 
hath to the fame a greater proportion than the 
lefs [Prop. 8. El. V.]; therefore a hath to b a 
greater proportion than c to b. But as a to B, 

fo d to e : wherefore d hath to e a greater pro¬ 
portion than c to b [ Prop. 13. El. V.]. But as 
c to b, fo f to e by inverfion; therefore d hath to e a greater pro¬ 
portion than f to e. But of magnitudes having a proportion to 
one and the fame, that which hath the greater proportion, is the 
greater [Prop. io. El V.]: Therefore d is greater than f. 

In like manner we lliall demonftrate, that if a be equal to c, alfo 
d lliall be equal to f; and if lefs, lefs. 

Wherefore if there be three magnitudes in one rank, and as many 
in an other, &c. Which was to be demonftrated. 
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PROPOSITION XXI. 

F there he three magnitudes in one rank, and as many in an 
other, taken two and two in the fame proportion ; and the 
Analogy he Tertnrhate : if then ex aiquo the firjl he greater than 
the third, alfo the fourth Jljall he greater than the fixth ; and if 
equal, equal \ if lefs, lefs. 

Let the three magnitudes be a, b,c, in one rank, and d,e,f, as 
many in an other,taken two and two in the fame proportion. And let 


the Analogy be Perturbate, as a to B,fo 
e to f, and as b to c, fo d to e : then 
ex reqtio let a be greater than c. I lay, 

that d lliall be greater thanF: and if 
equal, equal; if lefs, lefs. 

Forafmuch as a is greater than c; 
and there is a third magnitude b; 


i 8 . ii . + 


B 


r\ • 


« • 


’% • 


: d . E . f 


17.9 . 6 


therefore a hath to b a greater proportion than c to b [Prop.8. El.V.]. 
But as a to b, fo e to f; wherefore e hath to f greater proportion 

I i i than 
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than c to b. But becaufe it is as b to c, fo d to e ; therefore by in- 
verfion as c to b, fo e to d. But e hath F a greater proportion than 
c to b ; therefore e hath to f a great¬ 
er proportion than e to d. But to 
what magnitude the fame hath a 
greater proportion, that is the lefs 
[Prop io. El. V.]; therefore pis lefs 
than d, and d greater than f : where¬ 
fore if a be greater than c, alfo d (hall 
be greater than f. 

In like manner we fhall demonftrate, if a be equal to c, alfo d 
{ hall be equal to f ; and if lefs, lefs. 

Wherefore if there be three magnitudes in one rank, and as many 
in an other, taken two and two in the fame proportion, &c. Which 
was to be demonftrated. 




18 . it . 4 


b . c : : 


* 


■ : : d . E . f 


17 . 9 • 6 


• * 


PROPOSITION XXII. 

I F there be magnitudes how many foever in one rank, and as 
many in an other, taken two and two in the fame proportion ; 
alfo ex aequo they fall be in the fame proportion. 

Let the magnitudes how many foever be a, b, c, in one rank, and 

d, E, f in another, taken two and two in the fame proportion, as a 

to B, fo d to e ; and as b to c, fo e to F. I fay, that alfo ex aequo 

they fhall be in the fame proportion, as a to c, fo d to f. 

For of a, o let be taken equimultiples g,h. 

And of b, u any whatever equimultiples k, l : g . k . m 

alfo of c, f any whatever equimultiples m, n. 

Forafmuch then that it is as a to B, fo d to e, a * B ' L 

* * • • • • 

and of a, d are taken equimultiples g, h : Alfo of 

b,e any whatever equimultiples k,l; therefore • e . F 

it is as g to k, fo h to i. [Prop. 4.. El. V.]. By h . l . u 

tire fame reafon it is alfo as k to m, fo l to K. 

Forafmuch now as there are three magnitudes in one rank, 
g,k, m; and as many in another, h, l,n, taken two and two in the 
fame proportion; therefore exaquo if g exceeds m, alfo h exceeds 
s; and if equal, equal; if lefs, lefs [Prop. to. El. V.]: And g,h are 
equimultiples of a,d ; alfo m, n any whatever equimultiples of c, f ; 
therefore it is as a to c, fo d to f [Def. 5-. El. V.]. 

Wherefore if there be magnitudes how many foever in one rank, 
and as many in an other, taken two and two in the fame propor¬ 
tion, &c. Which was to be demonftrated. 
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ANNOTATIONS. 

When there is a Concatenation of two, three, or more proportions, as of A to 
B, of B to C, of C to D, cither in the fame proportion, or in proportions diffe¬ 
rent from one another, then in both thefe Cafes the proportion of the extremes, 
as of A to D, is in Def. io :h . and i i' h . El. V. /aid to be compounded of A to B, of 
B to C, and of C to I). 

Now in this Propofition there is put a double Series of Concatenate propor¬ 
tions, in each whereof the firftTerm is to the fecond, as the firft to thefecoud, 
and the fecond to the third, as the fecond to the third, and fo forth, in an Ordi¬ 
nate Analogy: Then the extremes in each Series taken ex<equo y at equal diftance, 
as the firlt to the third, or the firft to the fourth, &c. are here demonftrated to 

be proportional to one another, which is in efFeft to prove, that two proportions 
compounded of equal proportions are equal to one another . 


PROPOSITION XXIII. 


I F there he three magnitudes in one rank, and as many in an¬ 
other , taken two and two in the fame proportion , and the Ana¬ 
logy be 'Perturbate: alfo ex a^quo they fhall be in the fame pro¬ 
portion. 


Let the three magnitudes be a, b, c, in one rank, and d,e, f, as 
many in another, taken two and two in the fame proportion; 
and the Analogy be Perturbate, as a to b, fo Eto f; and as b to c, 
fo d to e. I fay, that ex aequo as a to c, fo d to f. 


A . B . C 


♦ • 


. . * 
• * 


Of a,b,d, let be taken equimulti- Q H J 

pies g, h, k ; Alfo of c, e, f, any what¬ 
ever equimultiples a . b . c : : * 

Forafmuch as g, h are equimulti- : : 

pies of a, b ; and parts have the fame * : : d . E . v 
proportion with their equimultiples M N 

f Prop, i s El. V.]-, therefore it is as a 

to B, fo g to h. And by the fame reafon, as e to f, fo m to s. But 
as a to b, fo f. to f; therefore as g to h, fo M to n [Prop. il.El. V. J. 


* : : d . E . f 


k . ,\1 . N 


Again, bceaufe it is as b to e, fo d to e; and of b,d are taken equi¬ 
multiples h,k : alfo of c, e any whatever equimultiples l,m; there¬ 
fore it is as h to l., fo k to m [Prop. 4., El. V.) 

Whereas now there are three magnitudes g,h,l, in one rank, alfo 
k, m, n, in an other, taken two and two in the fame proportion, 
and the Analogy is Perturbate, as g to h, fo m to n; and as h to l, 
fo k to m ; therefore ex tequo if g be greater than l, alfo k lhallbe 
greater than n ; and if equal, equal ; iflefs,lefs [Prop. u.El. V.]. 

But g,k are equimultiples of a, D,and l, N^are any whatever equi¬ 
multiples of c, f; therefore it isas a toc,fo d to F [Def 5. El. V. J. 

Wherefore if there be three magnitudes in one rank, and as many 
in an other, taken two and two in the fame proportion, and the 
Analogy be perturbate: alfo ex tequo they lhall be in the lame pro¬ 
portion. Which was to be demonftrated. 
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ANNOTATIONS. 

Euclid* here propofes only three magnitudes; altho’ they might be quotcunque , 
like as in Prop- 2* d . But becaufe in proportion ex aqua when the Analogy is Per- 
turbate, the Geometrician never has occafion to ufe more than three Concatenate 
Terras, or two proportions; therefore our Elemcntator puts only three magni¬ 
tudes in this Proportion: as taking fpecial care to be no where in words or mat¬ 
ter, defective or fuperfluous, and ever has a profped to what is only and gene¬ 
rally uleful. Yet otherwife there is not any difference between Ordinate, and 
Perturbate Analogy in the Condufions of thefe two Proportions ; for as numbers, 
2,3,4, j, &c. taken in any interchangeable order, and added together fhall 
always give the lame fumm, or multiplied into one another, make the fame Pro¬ 
duct; fo in proportion ex aquo, the Terms placed either Ordinately,or Perturbately, 
ihall notwithftanding ever have their extremes compounded of the fame interme¬ 
dia! proportions; and therefore the extremes taken ex tequo , fliall always be pro¬ 
portional to one another: as here in magnitudes, and m Prop. 14 th . and 22*1. El. 
VII. is in numbers demoaftrated. 


PROPOSITION XXIV. 

I F the fir ft hath to the fecond the fame proportion, that the 
third hath to the fourth : and a fifth hath to the fecond the 
fame proportion, that a fixth hath to the fourth : xtlfo t]ye fir ft 
and fifth together,)hall have to the fecond the fame proportion, that 
the third and fixth hath to the fourth. 

Let the fir ft a b have to the fecond c, the fame proportion that 
the third d e hath to the fourth f. Alfo let a fifth bg have to the 
fecond c, the fame proportion, that a fixth eh hath to the fourth ?. 

I fay, that a g the firft and fifth together, hath to c the fecond, 
the fame proportion, that d h the third and fixth together, hath to 

f the fourth. 



ae.c::de.f. and bg . c:: eh . f. Then ab+bg.c::de + eh.f. 

8 .4.:: 4 .a. and 6 .4.:: 3 .z. Then 8 + 6.4.:: 4. + 3. z. 

Forafmuch as it is as b g to c, fo e h to f ; therefore by inverfion 
as c to bg, fo f to eh. 

And becaufe it is as a b to c, fo d e to f, and as c to b g, fo f to 
eh; therefore ex tequo as ab to BG,fo de to eh [Prop.zz.El. V.]. 

Now divided magnitudes being proportional, fhall alfo com¬ 
pounded be proportional [Prop. 18. El. V.]; therefore as ag to gb, 

lb DH to HE. 

But alfo it is as g b to c, fo e to f ; therefore ex tequo as a g to c, 

fo DH to F. 
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If therefore the firft hath to the fecond the fame proportion, 
that the third hath to the fourth: and a fifth hath to the fecond, &c. 
Which was to be dcinonftrated. 

ANNOTATIONS. 

The 2 d . Proportion of this El. is the fame with this 24 th ,excepting that it was there 
confined only to multiple proportions, whereas here is comprehended all kind of 
proportions whatfoever. The prelent Example is expofed in Duple, and Sefqui- 
alteral proportions added to one another: As 8 the firft in Duple proportion to 
4 the fecond» and 6 the fifth in Sefquialteral proportion to 4 the fecond: where 
8 the firft, and 6 the fifth added together, make 14 to 4, or'J; that is, Triple 
Sefquialteral proportion, or 3 i. So again, 4 the third to 2 the fourth; and 3 the 
fixth to 2 the fourth, are in the lame proportions as before 8 was to 4, and 6 
to 4: And here likewife 4 the third, and 3 the fixth added together, make 7 to 2, 
the lame Triple Sefquialteral proportion, or 3 J. For 7 contains 2 thrice, and 
one half of 2. This Propolition we have here both in Species and Numbers, re- 
prefented after this manner. 

8 . 4 : : 4 . 2 . 

If A. B : : C . D. and 

E . B : : F ' D. Then 

6 . 4 2 . 

A + E . B::C + F'D 

8 6 m 4**4 3 • 2 

Note farther hereupon, that the i8 rl '. Propolition is in fome part, of the fame 
nature with this 24 th . For there the Confequents added to the Antecedents, arc 
as the fifth, and fixth Terms added to the firft, and third, making alio four other 
proportionals: As thus Appears. 

9 . 3 : : 6 . 2. 

If A . B: : c . D. Then 

A + B . B:: C+D.D 

9 3 • 3 :: 2 

Or to fet forth more fully the agreement between the 18 th . Propofition, and 
this 24 l \ As in this form. 

If A . B ! : C . D. and 

B . B : : D . D. Then 

A + B . B:: C + D.D. 

The difference here between them is, that in the 1 8 ,! ‘. only the Confequents 
are added to the Antecedents, and together compared to the fame Confequents: 
but in the 24 th . any magnitudes, or numbers, which are in the fame proportion to 
the given Confequents, may be taken; and added to the given Antecedents, are 
together compared to the fame Confequents. And therefore in Prop. 18. the Con¬ 
fequents being fuppofed as the fifth and fixth Terms compared to themfelves as 
the fecond and fourth Terms, they are always in proportion of equality: but in 
this 24 th . the fifth and fixth Terms, may be taken in any proportion whatfoever. 
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Addition of Proportions. 

Moreover, from this 24 th . Propofition, the Addition of Proportions is plainly 
dilcovered: and how' feveral proportions, which have the fame common Confe¬ 
quent, are united into one fingle proportion, by adding the Antecedents to one 
another, and making the fumm of them an Antecedent to the common Confe- 
quent: As 3 to 1, and 3 to 1, added together make 6 to i, or That is, two 
Triple proportions, which have the fame common Confequent added together in 
this manner, do make Sextuple proportion. So again, 4 to 3, ; to 3,9 to 3 added to¬ 
gether, make 18 to 3, or l \: that is, Sextuple proportion is by addition of the An¬ 
tecedents made of Sdquitertial, Sefquibitertial, and Triple proportions, when they 
have fuch a common Confequenr. 

Rut now when feveral proportions have feveral Confequents, then for to add 
thefe together, they are firlt to be brought to have the fame common Confequent: 
As the proportions of 4 to ?, and of 3 to 2 cannot be added together, unlefs they 
be reduced unto a common Confequent. We have before in the Annotations upon 
the Propofition, given a Rule how to bring proportions to a common Con¬ 
fequent, hke as Fractions arc brought to others of the fame denomination. 
For the Addition, Subtraction, Multiplication,and Divifionof proportions,are per¬ 
formed alter the fame manner as in F radio ns: And proportions are as properly 
noted by placing the Antecedent above, and the Confequent beneath the inter- 
poled Itrau line, as the Numerator and Denominator are ufed to be in Fradi- 
ons. And therefore this particular Dodrine is to be fought after among the 
Arithmetical Authors. 

Now in the foregoing Inftance to bring the proportions of 4 to 3, and of 3 to 2, 
or and ’ unto a common Confequent, Firft multiply the Confequents 3 and 2 
into one another * that is, 3 into 2, or 2. into 3, which by Prop. 16. El. VII. make 
1 he fame number < 5 , and this now is to be put for a common Confequent. Then 
multiply each Antecedent into the others Confequent, that is, 4 into 2, making 8 
for one Antecedent, and 3 into 3, making 9 for the other Antecedent. Thus the 
projiortions oi and I arc brought unto ;,and the very fame proportions as be¬ 
fore, and having a common Confequent: For 4 . 3 :: 8 . 6 in proportion Sefqui- 
tertial, i ’ . and 3. 2 :: 9 . 6 in proportion Scfquialteral, 1 

The rcafon of this pradice is mamfelt, tor ; ; multiplied by the fame number 2, 
make the Products * in the fame proportion, by Prop. i7 :h . El. VII. or by Prop. 1 y. 
Ei. V. So i multiplied by 3, make the fame proportion 

Then of thefe two proportionsand ?, add the Antecedents 8 and 9 together, 
which make 17 the Antecedent to the common Confequent <s, or l £ : that is, 2', 
and named Proportio dupla juper quint U’partiens [extns. 

Therefore by rcdudion of the proportions \ and into a common Confequent, 
it now appears that thefe proportions, 1 - and 1, added together make i\ The 
like practice is to be ufed in the Addition of all other proportions: but very little 
ufe there is made of it in the Mathematics, farther than what is fhewn in the i8 ,h . 
and 24*. Propofitions of this Fifth Element. From whence we have taken occa- 
lion to touch briefly upon the Addition of proportions, and in what manner it 
can be only made. But the Multiplication of proportions is more remarkable: 
which therefore we (hall here by the way explain in a few words, for that there 
will be a neceflitv to confidcr farther of this matter at the y ,h . Definition of the 
Sixth Element: And in this place alio to ihew the difference between the Mul¬ 
tiplication, and Addition of proportions. 
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Multiplication of Proportions. 

Multiplication of proportions is made by multiplying the Antecedents into the 
Antecedents, and die Confequents into the Confequents; whole Products (hall 
make fomc certain proportion. As of the proportions 5 and the Antecedents 4 
and 3 multiplied into one another, and the Confequents 3 and 2 multiplied into 
one another, fliall make % or Duple proportion. 

Whereas the fame proportion ^and added to one another make 2 U as we 
have before fliewn. So j and ], multiplied together make 'f or T ? , Triple proportion. 
But added make ?, or 3 ], proportion Triple Sefquialteral. Again, * added to j, 
make but multiplied together make J. Likcwile padded to { make ^ ; but mul¬ 
tiplied make t Thus it appears, how proportions may by Addition arife to be 
(ometimes greater, fometimes left than by Multiplication: which is a Property 
peculiar to proportions, and fomewhac remarkable. 

PROPOSITION XXV. 

I F four magnitudes be proportional , the greatest and leafl are 
greater than the other two. 

Let the four proportional magnitudes be ab,cd,e, r; and as ab 
to c d, fo k to i'. Now let the greateftof them be ab, and the leaf! f. 
I fay, that ab, f, are greater than c:d, f. 

For to e let ag be put equal; and to f be put equal c h: foraf- 
much therefore that it is as a b to c d, fo e to f : and that a g is equal 
to e, and c h to e; therefore as a b to cd, fo a g to c h [Prop.i i.El.V.]. 

Alfobecaufe it is as the whole ab to the whole CD, fothe part 
detracted a g, to the part detracted c n; therefore the Remainder g b, 
lhall be to the Remainder hd, as the whole ab to the whole cd 
[Prop. 19. El. V.J. But the whole ab is [by Suppofition] greater 
than the whole cd; therefore alio the Remainder gb is greater than 
the Remainder hd. 

a y o 2 b 
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And forafmuch as ag is equal to k, and ch to r; therefore ag 
and !• arc equal to cn,and E. For if equals be added to equals, the 
wholes are equal [ Ax. 2. J. 

But again, if to unequals be added equals, tlie wholes lhall be un¬ 
equal [Ax. 4..]: Therefore if to the unequals gb,hd be added thefc 
equals, f, ag, and e, ch, namely, F,and ag added to gb the greater, 
and e, and c h to h d the lefs; then fliall a b, and i be greater than c d, 
and e. 

If therefore four magnitudes be proportional, the greateft, and 
leal! are greater than the other two. Which was to be demonftrated. 
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Advertifement. 

Here Euclzde ends this Element: but the Modems have (out of Pappus ) annexed 
feveral other Proportions ; which becaufe they are only manifeft Conledaries 
arifing from the foregoing PropoEtions, and not of fb frequent ufe, we have 
thought fit not to overcharge the younger Students with. For Pektarius here 
very well fays, Sue ( propefitiones)per fe dare font, locum tantum occupant : Imemum etiam 
oner ant, & mukitudo tedium parity What Eudide hath delivered is abundantly {Effi¬ 
cient in this matter. 

ANNOTATIONS. 

This property of proportional magnitudes hath been formerly intimated in 
Prop. 3f ch - and 16 th . Ei. 1 . where Parallelograms on the fame, or equal bales in 
the fame Parallels, are demonftrated to be equal; that is, to be to one another in 
the fame proportion of Equality. And there alfo it hath been obferved, that of 
tbofe equal Parallelograms their Perimeters are unequal, and of two equal Paralle¬ 
lograms the longeft, and fhorteft fides, are greater than the other fides. Now this 
Propofition demonstrates the like Affe&ion of four proportionals univerfally in all 
kimk of proportion, and in all kinds of magnitude, either Lines, Planes, or So¬ 
lids: and that in each of them the greateft, andleaft Terms added together, (hall 
always be greater than the other two. 
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Prop, r, and it. If a . b :: c . d :: E. f. Then 

A.B :: A+ C+ E . B-J-D+F. 

Prop, l, and 14. If a . b :: c . d . and 

E. b :: f . d . Then 

a+ E . b:: c +F . D. 


Prop. g,n,and ig. Proportionals exaqtio Ordinate and Perturbate. 


Prop. 4. 


If A 


B 


• • 


D. 


Then 


Like wife 


and 


gA . yB:: gc . jd &c. 

gA . b :: gc . d &c. 
a . gB:: c . gD. &c. 


Let 

Prop, f, and 19. 
Prop. if. 


j£=a + e . and aj=a+e 
If /E . x :: a . a. Then 
e . e :: m. x. 

a . B :: gA . 3B &e. 


Primary Proportionals, 
Corol. Prop. 4. Inverfion, 
Prop. 16. Alternation, 

Prop. 17. Compofition, 

Prop. 18. Divifion, 

Corol. Prop. 19. Converfion, 


a . e :: b . c. 

E . a : : c . b. 
a . b : : E . c. 

A + E . E : : B + C . c. 

a -e . e:: b-c . c. 
a . a - e :: b . b - c. 


Note farther, that Compofition, Divifion, Converfion of proporti¬ 
onals, may be again, and frequently are proportionally varied by In¬ 
verfion, and Alternation after this manner. 

Compofition and Alternation, a+e.b+c::e.c 

Divifion and Alternation, a-e.b-c::e.c. Therefore 

Compofition and Divifion, a + e . u + c :: a - e . b - c. by Prop. 11 ■ 

K k i Thus 
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Thus hath Eutlidt finilhed his general Dodrine of Proportions , and Proportio¬ 
nals in magnitudes: which we confefs is more plainly let forth in his Elements of 
Numbers, For tho’ the Properties of Proportionals be alike in Magnitudes and 
Numbers 5 yet are they demo nitrated in thofe Elements from more natural Prin¬ 
ciples, and'more obvious to the common .notions of men in this matter. We have 
formerly expounded the different Definitions of proportional Magnitudes, and of 
proportional Numbers, and (hewn the reafons thereof f or want of a natural mea- 
fure in Magnitudes. And therefore what evidence, or what demonftrations could 
in this Element be expeded, or made from a certain raealure between proportio¬ 
nal Magnitudes (as it is in Numbers) where there is in nature no certain meafure? 
Nay farther, where there cannot be put, or fuppofed any imaginable common 
meafurc. Number is only one way infinite by augmentation 5 but hath its indi- 
vifible Monade for a beginning, and common meanire, the natural inftrument of 
Demonlfcration in the Dodrine of proportions, and accordingly made ufe of in 
the Elements of Numbers. But Magnitude is both ways infinite, by Augmenta¬ 
tion, and Diminution. It hath not a Monade, that quid Minimum^ unurn $ folum, 
That one and foie meafure of all things. What foundation it hath ufeful for 
Demonftration in this Subjed, Euclide hath mod ingenioufly found out, and given 
us in the fifth Definition of proportional Magnitudes. And it is either plain 
Ignorance, or great Vanity in thofe, who charge this Element of Intricacy, and 
lmperfcdion, which is framed with (o much Art, and in as clear a Manner, as the 
nature of Magnitude could admit. 

The Epicncircmata , or Attempts of thole Learned Geometricians Joannes Bene- 
diRus, Tacquet, Borcllus , &c. in this matter 1 leave to be at large examined by the 
ProfeiTors of Geometry inourUniverfities, and Grejbam College. 
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DEFINITIONS. 

i 

DEFINITION I. 


L ike ft rait din d Figures are thofe, which have their feveral 
angles equal\ each to each , and the fides about the equal 
angles proportional . 

In the Triangles ABC, DEF, if the feveral angles be equal, each to each, A 
to D, B toE, C to F, and the fides about the equal angles proportional, AB to 
BC, asDEto EFi BCtoCA, asEFtoFD; CA to AB,asFD to DE, then 
thefe are faid to be like Triangles* 



So again, in the Equiangled Parallelograms AD, EC, if AB be to BD asEB 
to B C, then thefe are called like Figures: And fo forth in all Multilateral Figures, 
or Polygons. But Equiangled Parallelograms are not always like Figures; as it 
frequently happens in Right-angled Parallelograms, and Equiangled Rhomboids, 
which are not like Figures; unlefs they have alfb their fides about the equal An¬ 
gles proportional. But every Square is to every Square, and every Equiangled 
Rhombus to every Equiangled Rhombus a like Figure: becaufc they have their 
Tides in the fame proportion of Equality to one another. 
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DEFINITION II. 

• 4 

R Eiiprocal Figures are , when in each of the Figures there are 

7 erms both c Antecedent and Gmfeqnent. 

As in the Triangles ABC, DBE, and the Parallelograms AC, DEj if AB is 
to BE, as back again DB is to BC, then thefe are called Reciprocal Figures. In 
which, note for diftincfcion between Like and Reciprocal ’Figures, that the ex¬ 
treme Terms of the two proportions in Reciprocal Figures 5 namely the firft Ante¬ 
cedent, and the laft Conlequent, ftiall ever be in the fame figure: whereas in like 
figures the firft Antecedent is in one figure, and the laft Copfequent always in 
the other. Moreover, in the foregoing Definition of like Figures, ail the Angles 
are to be equal, each to each, and all the fides about the equal Angles diredly 
proportional to one another. But it is not nec$ffary in ajl Reciprocal Figures to 
have the feveral Angles equal, but only that Angle, which is contained by thole 
fides which are Reciprocally proportional to one another.. For in the other An¬ 
gles the figures may be very often unlike, and not agree in equal Angles, and 
fides proportional, as hereafter in Triangular Figures the 1 Propofitibn will 
mamfeftly (hew. 



Again, note that Reciprocal Figures are fuppofed always equal, tho’ not always 
Eqmangled; and like figures are commonly luppoled unequal, and ever Equi- 
angled. For il like figures be alfo equal in Area, they are as it were ouly the 
lame figure lea ted in feveral places. 

Moreover,the Parallelograms F G,QG are in this matter very remarkable Schemes, 
wherein the Complements A C, D E, are equal by Prop. 45. El. I s and alfo Reci¬ 
procal Figures (as at Prop. 14 th . ot this Element is demonftrated) having the fide 
A B to the fide B F, as Reciprocally D B is to B C. And again, the Parallelo¬ 
grams AD, CE, are like figures, having the fide A B to the fide BD, as EB is 
to B C in a dired proportion to one another. As is demonftrated in the following 
Propofition. 

DEFINITION III. 

A Strait Tine is Jaid to he cut in 'extreme and mean proportion, 

when it is as the whale to the greater Segment, Jo the 
greater Segment to the lefs. 

If the line AB be divided at the point C m fuch a proportion, that as the 
whole A B is to the greater Segment A C, fo is the 

lame A C to the Ids Segment C B, then the line A B A T _ £ _ B 

is faid to be cut in extreme and mean proportion, 

For that the whole line, and the Ids Segment are the two extremes, and the greater 
Segment is a mean or middle proportional Term between them. And fo the 
whole line, the greater Segment, and the lefs are all three in the fame continual 
proportion: Which by our incomparable M* William Ougbtredy is juttly laid to be 
Seek* tw Divtna. and how to effed this Sedion is demonftrated at Prop. 30 th . 

DEFI- 
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DEFINITION IV. 

T He Altitude of every Figure is a Hr ait line drawn from the 
Vertex perpendicular to the Safe, 

The Altitude, or Height of anything, is vulgarly accounted to be thediftance 
from the Top to the Bottom; and by diftance is meant the fhorceft length be¬ 
tween them, becaufe the fliorteft length is the only Singular, Certain, and Deter¬ 
minated Space between any two diftant things; 

So the Geometrician determines the Altitude of any Figure by a Perpendicular 
from the Vertex of the Figure to theoppofite Bafe (produced if need be); as in 
thefe expofed Figures their Altitudes are the Perpendiculars AB, AB,#c; for that 
they are in common fenle, and alfo demonftratively the fliorteft length between 
the Vertex and the Bale. 



Therefore when Figures are faid to be of the fame Altitude, we are to under¬ 
hand that the Perpendiculars from their Vertex to their Bales are equal to one 
another, and therefore may be placed in the fame parallels. 

For let the Triangles ABC, DEF, be of the lame Altitude, having the Per¬ 
pendiculars AG, DH equal to one another. I lay, the Triangles ABC, DEF, 
are in the fame parallels. For let be drawn the ftrait line A D: Then forafmuch 
as AG, DH are equal, and at right angles toGH} therefore they are alfo paral¬ 
lel one to another [Prop. a8. El. I .]7 But ftrait lines equal and parallel are 
bounded by equals, and parallels [Prop. 33. El.I.]; therefore AD is parallel to 
GH, and the Triangles ABC, DBF, are in the fame parallels. 



Again, if the Triangles D E F, D K. L, have a common Vertex D, fo by confc- 
quence a common Altitude D H, which is a Perpendicular to their continued Bales; 
it is then alfo obvious, that there may be drawn by the fame Vertical point D, a 
parallel to the oppofite Bales [by Prop. 31. El. 1 .]. 

So that in general. Triangles, and Parallelograms to be in the fame Altitude, 
and in the fame Parallels import the fame thing. 
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DEFINITION V. 

/aid to be compounded of proportions, w) 
Quantities of the proportions multiplied into ihemfeb 


ke fome proportion (or fome Quantities of 


There are various Leciions of this place; Some Editions have it, rctier. wa As- 
yj, do make fome proportion : but the more ancient Reading is, -zuxa tj&$, fell. 77>;a<- 
rzrrjzs. that is, the Quantities of the proportions multiplied into one another do 
make fome Quantities, to wit, of a proportion : which proportion being thus pro¬ 
duced from the multiplied proportions, is faid to be compounded of them. As 
of the given proportions, let one be.Sefquitertiai i and the other Sefquiake- 
ral i': As 4 to 3, and 3 to 2, ort, and which multiplied into one another, 


that is. Antecedents into Antecedents, and Confequents into Confequents, do 
make f : , or 12 to 6 , that is, forac Terms, or Quantities of Duple proportion; 
which is here compounded of Sefquitcrtial, and Sefquiakcral proportions, fed. = 

compounded ot 1 1, and 1 h 

For bv this Definition n-batjoever proportion arifes from the multiplication of any 
oth-r proportions, the fame u paid to be compounded of them-. And this is in general 
the meaning ot this Definition. 

Now farther to explain the words. By the Quantities of proportions our Com¬ 
mentators would have the Denominators to be underftood: Buc it is not material 
whether by the Quantities we underhand either the Denominators , or the given, and 
expo fed Numbers of the proportions, or the leaf f Numbers of the lame proportions : 
For that each of thefe being multiplied together, do produce the fame compound 
proportion, tho indifferent Numbers, and alfo in fuch, as are far enough from 
being the Denominator, or the leaf Numbers of’.that compound proportion; as the 
foregoing Iniianccs do apparently ffiew: only the Arithmetical operations are 
performed with more eale in the leak Numbers: othenvifie the effects are ilill the 
lame. And the molt proper ufe of Denominators is to difeern the Species of a 
proportion expolcd in any Numbers whatfoever, and to denote the name. But 
EuihJc in his Elements of Numbers never mentions Denominators, or the Quan¬ 
tities of proportions. He only Ihews in Prop. 3r’- El. VII. how to bring any 
given Numbers into the lealt Numbers in the fame proportion with them: upon 
which Reduction all his Demonftrations proceed : And thus much for the inter¬ 
pretation of the words ot this Definition. 

We arc next to enquire, what ufe is made ihereof in thefe Elements, in regard 
that EuehJe had before otherwile defined compound proportion, as it is Compre¬ 
hended in Del- ic. El. V. Ami according to that Definition lie dcnionftrates in 
Prop. 2;. El. VI. All (quianfed Parallelograms to have to one another a proportion com - 
icuuJtd cf tbur files: Ami llkcwilc in Prop. El. VUE All Plain , or Superficial 
Numbers to bai e a proportion compounded of their files. The dcinonltracions both ill 
Magnitudes and Numbers, are framed juft after the fame manner upon the io 5 \ 
Definition of the Fifth Element, without the leait ufe, or any mention of the 
multiplication of proportions according to this Definition of this Sixth Ele¬ 
ment. And ft range it feems to me, nay very abfurd, to admit that for an Ele¬ 
mentary Definition, which is never nfed either in thefe Elements of Euchde , or in 
the Comes of Apollonius, or elfcwhere in Archimedes: but in ail thefe, and other 
Geometrical Authors, Compofition of proportion is ever taken in the fenfe, and 
notion ot Del. io"\ El. V. It will not therefore be impertinent 10 examine limy 
another ukld> Definition ot Compound proportion, and which belides can only 
relate to numbers, came to be fo T ^geometrically inferted in thi> place, where the 
proportions ot Magnitudes are iolely conltdercd, and the ufe of numbers (as alto¬ 
gether improper, and alfo inlufficient for dcmonltration in tilde y\ and 6 tlt . Ele¬ 
ments ) is by Euclidc ltudioully avoided. 
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The moft ancient account I have met with, i$ in Tbeon/ Commentaries on Pto- 
lemeys Mathematical Syntax ‘s Lib. I. cap. 12. entitled Prolambandmna, where, fays 
Ptolemey, Let hom the point A be produced two lines 
AB, AG, and from the pointsB,G, be drawn BE, 

G D, cutting each other in F ; and draw EI parallel 
to GD. 1 lay, that the proportion of G A to A E is 
compounded of the proportions of GD to DF, and 

of FB to BE. 

Now to prove this, he introduces an other extra¬ 
neous line, vi\, DF taken Vru% (lays Ptolemy) ex- 
tmfecus , or ah extra, as it were from without ; and in- 
terpofingDF fora middle Term between GD, and 
EI, does alfume that the proportion of GD to El, 
is compounded of the proportions of G D to DF, and 
of DF to El. As a compound proportion is under- 
ftood by Euclide in Def. 1 o. El.V. 

But now altho’ in a Series of continued Terms, this be called by ’Euclide a com¬ 
pound proportion (as he might pro arhitrio give (uch a name to the proportion of 
the extreme Terms); Yet aqueltion may be made, How doth it appear that the 
proportion of G D to E 1 , is really compounded of the Proportions of G D to 
D F, and of D F to EI ? 

In. Jatisfa&ion to fuch demands, and for the explication of this place, and there¬ 
withal of Euclid's Definition, Tbeon in his Comment, Page gives an other Defi¬ 
nition of Compound proportion in thefe words. 

a A proportion is laid to be Compounded of two, or more proportions, when 
“ the Quantities of thole proportions being multiplied do make Ionic Quantity of 
41 a proportion. 

The ufe now that Tbeon makes of this Definition, is to explain Euclid’s 10 th . 
Def. El. V. and to Ihcw how both agree in producing one, and the fame Com¬ 
pound proportion ; as fiippofing his own Definition to be a more natural, and 
clearer Notion of a Compound proportion than that of Euclid j ; and thereby to 
confirm the io lU . Def. of El. V. He therefore with Euclide puts two proportions in 
a Series of three continued Terms. 

For (lays he) Let Al> have to CD any given proportion (as 6 to 4) and 

CD toEF any proportion (as4 to 2). 1 lay, that the 

proportion of AB to EF, is compounded of the pro- ^_ 6 — n 

portions of AB to CD, and of CD to EF: that is, 
if the Quantity of the proportion of AB to CD be 
multiplied into the Quantity of the proportion of CD 
to E F, it (hall make the Quantity of the proportion of 
AB to EF (that is of 6 to 2.). 

For let the given Proportions be 6 to 4, and 4 to 2: then {multiplied into 
make % the lame Triple proportion with % which is the proportion of the firlfc 
Term to the third. And this Tbeon univerlally denionftraces, vi% That in any 
three Terms (fuppole A, B, C), if the proportion of A the firft to B the 'Tccond, 
be multiplied into the proportion of B the fecond to C the third, then the Pro¬ 
duct ihall always make the lame proportion with that of A the firft to C the 
third. This proportion of the fir It Term to. the third, Euclide in Def. io\El. V. 
calls a proportion Compounded of the two in termed ial proportions cxpolcd in 
three continued Terms, w^. Of the proportion of the firft Term to the lecond, 
and of the fecond to the third : and owns no other notion of a Compound pro¬ 
portion in the demonftrations of Prop. 23 d . El. VI. and Prop. f l{ '. LI. VIII. or 
elfewhere. 

But bccaufe in Euclid j Series of three, four, or more continued Terms, the pro-* 
portion of the firft Term to the lalt, does not lo immediately appear to be Com¬ 
pounded of the Intermedia], and Concatenate proportions; there! ore 1 bcon joy ns 
the Pliilolupher with the Geometrician, and gives another very natural Definition 
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of a Compound proportion. For in Themis multiplication of Antecedents into 
Antecedents, and Confequents into Confequents, there is manifeftly made a na¬ 
tural Mixture, or Compofition of proportions: which being thus involved into 
one another, do really produce a Compound proportion i and alfb fuch, as he de- 
monftrates to be the very lame with Euclids, according to Def. io' b .El. V. which 
Tbsoit hath from his Definition thus llluftrated, and confirmed. So that this mul¬ 
tiplication of proportions may well be allowed to a Commentator for a good Ani- 
madverfion, and Explication of Def. i o h . El. V. as here an occafion was given to 
Tbson : but by no means to ftand fo improperly, and ufeiefly for a Geometrical 
Definition ot Euclids , as it hath been by feme Scboltafi unidvifedly transferred 

into this Sixth Element. 

The next we find is Eutocius in his Comment on Archimedes , who in Prop. 4. 
Lib. II. dsSphxrd^g Cykndro , propofes to cut a Sphere fo that the Segments may 
have to one another the fame proportion with any given. 

In the courfe of his demonftration he ufes Compound proportion in Euclids 
fenfe, according to Def. icA El. V. and afiumes that the proportion of RL to 
L QJ TJir,x\x\ as Archimedes words it) is connefted by , or (as commonly laid ) 

is compounded of the proportions, which RL hath to LD, and L D to LQ^ 



Hereupon fays Eutocius in his Comment, cis manifeft that Compofition of pro¬ 
portions is taken as in the Elements (meaning Def. io‘\ El. V.) in that LD is 
interpofed as a middle Term between RL, and LQ^ For (fays he) if between two 
Numbers, or Magnitudes, be taken any middle Term, the proportion of thefe firft 
Numbers or Magnitudes, is compounded of the proportion which the firit Term 1 
hath to the middle, and of the proportion which the middle hath to the third. 

But farther adds, that this is fpoken ctfiaftpxr&c, fomewhat inarticulately (or 
abruptly, as if matters were not well jointed together) 3 istuc, w imutv dva - 

si7?.r;a;3/, and not in fo plain a manner , ns fully to fatisfy our under flooding (to wit) 

in the proper notion of a Compound proportion. Therefore to make Euclid's 
Compofition of proportions more perfpicuous, he cites this other Definition of a 
Compound proportion, as being alfo found by him in the Elements (fo early it 
teems to have been tranfmitted into this place) and demonftrates that 
“If between two Numbers or Magnitudes, be taken any middle Term, then the 
“ proportion of thole firit Numbers or Magnitudes, to one another, Hull lie the 
“ lame with that Compound proportion, which is made out of the proportions 
“of the firit Term to the middle, and of the middle to the third, multiplied into 

“one another. 

Now bv the demonftration of this agreement, Eutocius intended to make mani- 
— 4 _ _- * 

felt, that in any three continued Terms, the proportion of the firft to the third 
is rightly laid by Euchde in Def. 10’’.El. V. to be a Compound proportion of the 

firft to the tecond, and of the fccond to the third. 

Moreover to illultrate this matter, he gives feveral inftances in Numbers. Let 
(fays he) between 12 and 2, be interpofed any number, as 4; then the proportion 
of 12 to 2, that is, Sextuple, is Compounded of the proportions of 12 to 4, and 
of 4 to 2, of Triple, and Duple proportions. For " multiplied into 1 makes % that 
is the lame proportion with 'l the firft given Terms. 

In this inftance of Eutocius , note that the two proportions ", and I, arc 
each of the greater inequality: and therefore the proportion relulting from 
their multiplication, is really a totum Corr.poftum , a greater proportion confuting of 
two Ids proportions, as a whole of fb many partial Components; that is, a Sex¬ 
tuple proportion is here rightly compounded, and made up of a Triple, and Duple 
proportion multiplied into one another. And every Compound proportion is 
always a totum of the like nature, when the intermedial proportions are all of the 
greater inequality. 


But 
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But now on 1 

that if between-,— 0 — .- v -. - v --- r - 

another, fliall make j, or J, a Subfextuple proportion, which is emergent from 
Subduple, and Subtriple proportions; yet does not, as in the intermedia! propor¬ 
tions of the greater inequality, confift of thefe intermedials, as a whole of its 
parts; but contrarywife is as it were Subcompounded, and becomes to be a left 
proportion derived from two greater. For l is a proportion le!s than either 1, 
or from both which it doth defend; and the like will be ever found, when 
all the intermedia! proportions are of the left inequality. 



In this inftance ‘tis to be noted, that l \, a proportion Sefquialtcral refilling 
from ? multiplied into *> is left than a proportion Duple Se/quiquartal, and greater 
than J, a proportion Subfefquialteral. And the like will ever happen, that when 
of the intermedial proportions feme are of the greater inequality, and (bine of the 
left, then the Compound proportion arifing from them may be fometimes greater, 
fometimes left than fomeof the Components: yet it istruely made by a mixture, 
and as it were a temperature of all the intermedial proportions. For proportions 
of the left inequality are an allay to proportions of the greater inequality, and 
may fo counterpoife one another, that the fame proportion may from different 
mixtures be diverfly compounded. 

As again to inftance with Eutocius in Scfquialteral proportion. Let between 
6 and 4, or a proportion Scfquialteral, be interpofed 2, then \ is compounded 
of and 1 , that is, of a Triple, and of a Subduple proportion. For i multiplied 
in i makes % a proportion Scfquialteral, and the fame with the firft given Terms* 
Thus Scfquialteral proportion is here compounded of Triple, and Subduple pro¬ 
portions, which in the numbers of Eutocius was made out of Duple Sefquiquartal, 
and Subfefquialteral proportions. 

There arc therefore thefe three different Conftitutions of a Compound propor¬ 
tion taken notice of by Thcon, and Eutocius, as they a rife from proportions, which 
are either all of the greater inequality, or all of the left, or of the greater, and 
left intermingled with one another: as the demonftrations of Tbcoii y and Eutocius 
(which may readily be found in Clavius) have diftindly comprehended. 

Laftly if all the intermedials be proportions of equality, then the proportion 
of the firft Term to the laft is faid to be compounded of a Duplicate, or Tripli¬ 
cate, &c. proportion of the firft to the fecond, according to the number of the 
intermedial proportions, as they happen to be two, three, four, five, or more 
indefinitely. 

But thefe four fcvcral Conftitutions of a Compound proportion (whether it 
arifes from proportions of equality, or of the greater inequality, or of the left, 
or of the greater, and left intermixed) may in general be at once demonftratively 
made evident in Species^ or Symbolical computation. 

For let there be (according to Def. i<A El. V.) a Series of continued Terms, 
as A, B, C, D, li, which reprefent any Concatenate proportions whatfoever. I 
fay with Euchdc , that the proportion of the extremes of A to E, is compounded 
of the proportions of A to B, of B to C, of C to D, of D to E, that is, the pro¬ 
portions of multiplied together, Antecedents into Antecedents, and 

Confequents into Confequcius, fliall make the fame proportion with that of A 
to E, as 'Theon and Eutocius , have expounded Euclids Definition. 
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For let the Antecedents A, B, C, D, be multiplied together, and alio the Coif 
fequents B, C, D, E, after this form : Then the intermedial Antece¬ 
dents B, C, D, being expunged by the intermedial Confequents ( ABCD 
b 7 c,d, there only ftands the proportion of A to E, of the firft (_ B C D E 
Term to the laft. In this Symbolic^ form is laid open at one view 
the whole Myftery (if any there be) of Compound proportions 5 which 1 hon } 
Eutoctus ., and ? iteJbo Opticcrum y Lib. I. Frop-13. have Iaborioufly demonftrated. 

To conclude therefore this matter, when there are put three magnitudes, as in 
Def. 1 o* h . El. V. m a continued Series compared to one another; Euclide calls the 
proportion of the firft to the third a proportion compounded of the proportion 
of the firit to the fecond, and of the proportion of the fecond to the third. Now 
Tbeon explains this Definition by an other, in which the nature of a Compound 
proportion (eemed to be made more evident: and lhews that in Euclids Series of 
three continued Terms, 

tt If the proportion of the firft to the fecond be multiplied into the proportion 
c ‘of thefkond to the third, there fhall ever be made the proportion of the firft 
K to the third. 

Here now Them fuppoles his Definition to be an obvious, and natural notion 
of a Compound proportion, by which multiplication of proportions, and their 
agreement with Euclids Compofition of proportions laid down m a Series of con¬ 
tinued Terms, he thought it a proper explanation and confirmation of Euclids 
Definition, which indeed we readily acknowledge, as alio that it was the firft real, 
and fecret ground of Def. io tJ, .El. V. 

But yet Euchde found this kind of multiplication to be in no manner fervice- 
able for demonftrating all Compound proportions, even no more than his Defi¬ 
nition of Proportional Numbers could be applied to Proportional Magnitudes. 
Therefore he fubltitutes an other of a more general, and ufeful form, as firm and 
true, tho’ not fo perfpicuous. For in Def. 1 o th . El. V. the Series of Concatenate 
proportions fhevrs not fo evidently the Genefis, and Produftion of a Compound 
proportion arifing from them, as Theoris multiplication of proportions does moft 
naturally, and immediately fuggeft to our common underftanding. And we muft 
confefs that Euclids two eminent Definitions of Proportional Magnitudes, and of 
Compound proportions, lye under the like difficult circumftances, and that both 
are taken up at the fecond hand upon meet neceffity. Yet are they fo admirably 
contriv’d for general demonftrations in thofe concerns, that Euclide hath no where 
elfe given a more manifeft teftimony of an exquifitc judgement, and through infighc 
into all the Mathematics, than in the invention of thofe two Definitions: which 
the ancient Geometricians who had fearchcd this whole bufinefs to the very bottom 
law juft reafon to receive, and ufe without exception, or any endeavour to amend 
them, or deviate from Euclids method in this matter. 
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PROPOSITION I. 

jWangles and Parallelograms of the fame Altitude , are to 
one another as their Bafes. 

Let the Triangles be abc, acd, and the Parallelograms ec,cf, 
having the fame altitude, the perpendicular drawn from a to bd. 

I fay, that as the bafe bc is to the bafe cd, fo the Triangle abc, 
is to the Triangle acd; and the Parallelogram ec to the Paralle¬ 
logram c f. 

Let b d beproduced both ways r - A 

to the points h,l ; and to the bale 
bc let be put equals how many 
foever b g, g h. Again, to the bafe 
cd, let be put equals how many 
foever dk,kl; and let be joyned 

A Gj A H, A Kj A L. 

Now forafmuch as cb, bg,gh, 
are equal to one another; there¬ 
fore the Triangles a h g, a g b, a b c, are equal to one another [Prop. 
38. El. I.]; wherefore Quotuple the bafe h c is of the bafe bc, To- 
tuple is the Triangle a h c of the Triangle abc. By the fame reafon 
Quotuple the bafe l c is of the bafe c d, Totuple is the Triangle 
al cof the Triangle acd. 

Now if the bale hc be equal to the bafe cl, the Triangle ahc 
isalfo equal to the Triangle alc [Prop. 38. El. I.]: and therefore 
if the bafe hc exceeds the bafe c i., the Triangle a hc does alfo ex¬ 
ceed the Triangle alc: And if the bafe be lefs, the Triangle is alfo 
lefs [by Corol. Prop. 3 8. El. I.]. 

There being then four magnitudes the two bafes bc,c d, and the 
two Triangles abc, acd: and of the bafe bc, and of theTriangle 
ABC, are taken equimultiples (any whatfoever) the bafe hc, and the 
Triangle ahc: alio of the bale cd, and of the Triangle acd, are 
taken other equimultiples (any whatfoever) the bafe c l, and the 
Triangle alc. 

And it hath been prov’d that if the bafe hc exceeds the bale 
cl, theTriangle ahc does exceed the Triangle a lc : and if equal, 
’tis equal; and if lefs, ’tis lefs. Therefore as the bafe b c is to the 
bafe cd, fo theTriangle abc is to the Triangle acd [Dcf y.El.V.]. 

And now becaufe the Parallelogram ec is double of the Trian¬ 
gle abc [Prop. 41.El. I.], and the Parallelogram fc is double of 
theTriangle acd; and that parts have the lame proportion with 
their equimultiples [Prop. !y. El. V.]; therefore as theTriangle 
abc is to the Triangle ACD,fothe Parallelogram ec is to the Paral¬ 
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Becaufe therefore it has been prov’d, that as the bafe bc to the 
bafe c d, fo the Triangle a b c to the Triangle a c d : And as the Tri¬ 
angle a b c to the Triangle a c d, fo the Parallelogram ec to the Pa¬ 
rallelogram c f : wherefore alfo as the bafe b c to the bafe c d, fo the 
Parallelogram ec to the Parallelogram c f [Prop. 11. El.El. V.]. 

Therefore Triangles and Parallelograms of the lame altitude are 
to one another as their bafes. Which was to be demonftrated. 

ANNOTATIONS. 

On this Propofition depends the main part of this Element, as alfb the whole 
doCtrine of proportions in Magnitudes throughout all Geometry: and by this 
demonftration it plainly appears, with what facility the y lh . Definition of El. V. 
is applied to Magnitudes. For what is of more eafy Conftru&ion than to Duple, 
or Triple, Sc. the bafe BCi and then by iovnina AG* AH, toDuoIe. or Triple. 
&c. the Triangle ABC, that is, thefirft 
Term, and the third, the Antecedents. 

Again, to Duple, or Triple, &c. the bafe 
C D, and accordingly the Triangle ACD, 
that is, the fecond Term, and the fourth, 
the Confequents, is the fame obvious 
Conftru&ion. Neither is there elfe- 
where in Eachdc , or Archimedes any great¬ 
er trouble in the multiplication of mag¬ 
nitudes according to Def. y :h . EL V: And 
upon fuch like ealy Conftru&ions the de- 
monftrations do as eafily proceed, being 
always readily confirmed by fome one lingle Propofition. As here 'tis evident by 
Trop. 3 8 Mil. I. that Triangles in the fame parallels, (that is to fay, of the fame 
altitude) and on equal bafe arc equal to one another: and therefore on unequal bafe 
are unequal; on the greater bafe the greater Triangle, on the lefs, the lefs. So 
that if the bafes be equal, greater, or lefs, one than the other; the Triangles like- 
wife are the fame in any multiplication whatfoever: therefore as bafe to bafe, fo 
Triangle to Triangle, by Def. El. V. And we fee here that there needs no 
tryal of various or perplexed multiplications to prove this Propofition: but that 
the Analogy' between the bales, and Triangles is at once apparent by one only Geo¬ 
metrical Propofition, well known aforchand, Prop. 38 th . El. I. 

Now 'Tacquets confidence in this matter is very remarkable, who fo boldly pre¬ 
fers his own demonftration, which is encumbred with the divifions of the Confe- 
quents into like aliquot parts’, and thefe again are to be fubtra&ed from the Ante¬ 
cedents quoties fieri tntefi, &c. All which will undoubtedly feem to his Mathema¬ 
tical Tyrones (of whom he pretends to have a great are) a much more trouble- 
fome, and perplexed bufinefs, than this plain Conftrudtion, and Demonftration of 
Euclidcy which he unjuftly accufe of obfeurenefs and intricacy ; whereof he him- 
fclfis moft guilty: as will certainly appear to whoever (hall compare both toge¬ 
ther. But l leave Tacquet , and Borellus with the reft, to the correction of the Geo¬ 
metrical Profeflors in our Univerfities, and Grejbam College: this fubjcCt being 
too large tor Elementary Annotations intended only for the inrtru&ion of Younger 
Students. 
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PROPOSITION II. 

I F toone fide of a Triangle a ftra.it line be drawn parallel ; it 

fall cut the [ides of the Trtangle proportionally. 

And if the fides of a Triangle be cut proportionally, the ftrait line 
joining the Sell ions, fall be parallel to the remaining fide of the 
Triangle. 

For in the Triangle abc to one of the Tides bc, let de be drawn 
parallel. I fay, that as bd is to da, fo ce is to ea. Let be ioyned 
be, cd: therefore the Triangle bde, is equal to the Triangle cde 
[P rop. 37. El. I.] For they are on the fame bafe de, and within 
the lame parallels de, bc. But moreover there is an other Tri¬ 
angle ade: and becaufe equals have to the fame thing the fame 
proportion [Prop. 7. El. V.]; therefore as the triangle bde, is to 
the Triangle ade, fo the Triangle cde is to the Triangle ade : But 
as the Triangle bde is to the Triangle ade, 
fo bd is to da. For having the fame Altitude, 
the perpendicular drawn from e to a b, they 
are to one another as their bafes [Prop. t.El. 

VI.]. And by the fame reafon, as the Triangle 
c d e is to the Triangle a d e, fo c e is to e a ; 
therefore as b d is to d a, fo c e is to e a [Prop. 

11.EI.V.]. 

But now of the Triangle abc, let the Tides ab, ac be cut pro* 
portionally in the points d,e, that as bd to da, fo ce to ea : and 
let be jovned de. I fav, that de is parallel to bc. For the fame 
Conflruftion being made, becaule as bd is to d a, fo ce is to k.\ : 
and as bd is to d a, fo the Triangle bde is to the Triangle a d e ; 
and as ce is toEA, fo the Triangle cde is to the Triangle ade. 
Therefore as the Triangle bde is to the Triangle ade, fo the 
Triangle cde is to the Triangle a de [Prop. n.El.V.]: wherefore 
each of the Triangles b d e, c d e, have the fame proportion to a d e •, 
therefore the Triangle bde is equal to the Triangle cde [Prop. 9. 
El. V.]. And they arc on the fame bafe d e ; but equal Triangles 
and on the fame bafe,are within the fame parallels [Prop40.El.I.]; 
therefore de is parallel to bc. 

If therefore to one lide of a Triangle a ftrait line bc drawn pa¬ 
rallel; it fliall cut the iides of the Triangle proportionally. 

And if the fides of a Triangle be cut proportionally, the ftrait 
line joyning the Sections, lhall be parallel to the remaining fide of 
the Triangle. Which was to be demonftrated. 
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PROPOSITION m. 

I F an angle of Triangle be cut into halves, and the Jlrait line 
cutting the angle does alfo cut the bafe : the Segments of the 
ba[e (hall have the fame proportion with the remaining [ides of the 
Triangle. 

Sind if the Segments of the bafe have the fame proportion with 
the remaining fides of the Tr tangle, the fir ait line drawn from the 
Vertex to the Section, does cut the angle of the triangle into halves. 


Let the Triangle be abc, and let the angle bac be cut into 
halves by the hne ad [by Prop. 9.El.I.] 1 fay, that as bd is to 
DC,fo ba is to ac. For by the point c let be drawn ce parallel to da 
[Prop. 31.El-l.jj and let ba produced meet with the fame in the 
point e. Now torafinuch as the ftrait line a c falls upon the paral¬ 
lels ad, ec; therefore the angle a ce is equal to the alternate angle 
cad [Prop. a9.El.l-J: but the angle cad is put equal to the an¬ 
gle bad; therefore the angle bad is alfo equal to the angle ace. 

Again, becaufe the ftrait lineBAE falls up¬ 
on the parallels ad, ec; therefore the out¬ 
ward angle bad is equal to the inward an¬ 
gle a ec. And it has been provd, that the 
angle a c f. is alfo equal to the angle bad; 
therefore the angle ace is alfo equal to the 
angle aec, fo that alfo the fide ae is equal 

to the fide ac [Prop. 6. El 1.1 And becaufe 
to one fide of the Triangle bce, namely to 
ec, is drawn parallel ad; therefore proportionally as bd to dc, fo 
ba to ae Prop. a. El. VI. 1 But a e is equal to ac; therefore as 
bd to dc, fo ba to ac [Prop.7.EL V.]. 

But now let it be as bd to dc, fo ba to ac : and let be joyned 

a d. I fay, that the angle bac is cut into halves by the ftrait line 
a d. For the fame Conftrudion being made, becaufe it is as bd to 
dc, foitAtOAc: and as bd is to dc, fo ba is to a e : fortoone 



fide of the Triangle b c e, namely to ce, is drawn ad parallel; there¬ 
fore as b a is to a c, fo b a is to ae: therefore a c is equal to ae 
Prop. 9.El. V.J; fo that alfo the angle aec, is equal to the angle 


a c r. 


Prop, s El-I-j. But the angle aec is equal to the outward 
angle bad [Prop. 19. El. I.]; and the angle ace is equal to the al¬ 
ternate angle cad; wherefore the angle bad is equal to the angle 
c a »; therefore the angle b a c is cut into halves by the ftrait line a d. 

If therefore an angle of a Triangle be cut into halves, and the 
ftrait l:ne cutting the angle does alfo cut the bafe: the Segments 
oi tire bale fliall have the lame proportion with the remaining lides 
of tire Trianele. 


And 
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And if the Segments of the bafe have the fame proportion with 
the remaining tides, &c. Which was to be demonftrated. 

PROPOSITION IV. 

O F equiangledTriangles the /ides about the equal angles are 

proportional : ^4nd the ftdes fubtended under the equal an¬ 
gles are Homologal. 

Let the equiangled Triangles be Ate, dce, having the angle 
abc equal to the angle dce, and the angle acb to the angle dec, 
and moreover the angle b ac to the angle c d e. 

I fay, that of the Triangles abc, dce, the tides about the equal 
angles are proportional, and the tides fubtended under the equal 
angles are Homologal. 

For let Be be put dire&ly to ce, and 
becaufe the angles arc, acb, are lefs 
than two right angles [Prop. 17. EM.], 
and the angle acb is [by Suppofition] 
equal to the angle dec; therefore the 
angles a b c, D e c, are lefs than two right 
angles: w herefore b a , ed produced 
lhall meet [by Poftulate 3.]. Let them 
be produced, and meet in the point F. 

Now fbrafmuch as the angle dce isequal to the angle abc [by 
Suppofition]; therefore b f is parallel to c d [Prop 18. El. I.]. (For 
that the outward angle dce is equal to the inward and oppofite 
a b c.) Again, becaufe the angle acb is equal to the angle dec [by 
Suppofition]; therefore ac is parallel to fe [Prop. 18. F.l. I]. 

(For that the outward angle acts is equal to the inward and oppo¬ 
fite dec:) Wherefore facd is a Parallelogram; therefore af is 
equal to cd, and ac to wo [Prop. 34.. El. I.]. And now becaufe of 
the Triangle fbe, to one of the tides fe, the line ac is parallel; 
therefore it is as b a to a f, fo bc to c e [Prop. 1. El. VI.]. But a f 
is equal to cd ; as therefore ba to cd, fo bc to ce [Prop. 7 . El. 
V.]; and alternately, as ab to bc, fo dc to ce. 

Again, becaufe of the fame Triangle fbe, to the tide bf, the line 
cd is parallel ; therefore it is, as bc to ce, fo fd to de [Prop. i. 
El. VL]. But fd is equal to ca; therefore as bc toCF, lb ca to 
ed : Alternately therefore as bc to c a, fo ce to ed. 

And foraftnuch as it has been proved, that as ab toBc, fo dc to 
ce, and asBc to ca, Ioce Ioed: therefore by equality, as ba to 

AC, foCD tODE. 

Therefore of equiangled Triangles the tides about the equal an¬ 
gles are proportional: And the tides fubtended under the equal an¬ 
gles are Homologal. Which was to bedeinonftiated. 

Mm 
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“Euclide here takes no notice of the Homologal fides, becaufe 
a it manifeltly appears in thecourfe of the demonftration, that thofe 
‘ fides which are fubtended under the equal angles are Homologal, 
“and correfpondent Antecedents and Coufequents. 


PROPOSITION V. 

} F two Triangles have their fides proportional, the Triangles 
Jhall he equiangled : And Jhall have thofe angles equal under 
which are fubtended Homologal /ides. 

Let the two Triangles be abc, def, having their fides propor¬ 
tional, as ab to bc, fo de to ef: and as bc to ca, fo ef to fd: 
and moreover, as b a to a c, fo e d to d f. I fay, that the Triangle 
a EC is equiangled to the Triangle def: And they fhall have thofe 
angles equal under which are fubtended Homologal fides; namely 
the angle ajjc to the angle def, and bca to efd, and more¬ 
over b a c to E d F. 

For to the ftrait line e r, and to the 
points in the fame e. f, let be con- 
ilitutcd the angle feg, equal to the 
angle cea, and the angle efg, 
equal to the angle b c a [by Prop. r;. 

El. 1 - 1 ; therefore the remaining an- b 
gle r.AC is equal to the remaining 

angle egf: wherefore the Triangle 

abc is equiangled to the Triangle 
GE f; therefore of the Triangles abc, 
gef, the fides about the equal angles 
are proportional, and the fides iubtending the equal angles are Ho¬ 
mologal: wherefore as ab is to bc, fo ge is to ef. But as ab to 
e c, fo by Suppofition, d f. is to e f ; therefore as D e to e f, fo g e to 
e f : wherefore each of the lines d e, ge, have the fame proportion 
to e f ; and therefore d f. is equal to g e [ Prop. 9 . El. V. J. 

By the fame reafon, df is equal to gf. Now forafmuch as de 
is equal to eg, and ef common: therefore there are the two lines 
d E, ef, equal to the two lines g e, e f ; and the bafe d f is equal to 
the bafe gf; therefore the angle de f, is equal to the angle gef, 
and the Triangle def, is equal to the Triangle gef, and the re¬ 
maining angles equal to the remaining angles under which arc f ub¬ 
tended equal fides [Prop. 8 . El. 1.]; therefore alfo the angle d fe is 
equal to the angle gff., and edf to f.gf. And becaufe the an¬ 
gle d e f is equal to the angle gef, and the angle g ef to the angle 
abc; therefore the angle abc is equal to the angle def. By the 
Erne rca'on, the angle acb is equal to theangle dfe, and alfo the 

angle 
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angle at a, is equal to the angle at 0: wherefore the Triangle abc 
is equiangled to the Triangle de f. 

If therefore two Triangles have their Tides proportional, the Tri¬ 
angles fliall be equiangled : And iliall have thole angles equal un¬ 
der which are fubtended Homologal Tides. Which was to be de- 
inonftrated. 

PROPOSITION VI. 

I F two Triangles have one angle equal to one angle , and about 
the equal angles the fides proportional ; the Triangles Pall be 
equiangled, and Pall have thofe angles equal, under which are fub¬ 
tended Homologal [ides. 

Let the two Triangles be a B c, d e f, having one angle B a c equal 
to one angle edf, and about the equal angles the Tides proportio¬ 
nal, as b a to a c. To e d to d f. I Tay, that the Triangle abc is equi¬ 
angled to the triangle def: And they fliall have the angle abc 
equal to the angleD e f, and the angle a c b to the angle 0 f e. 

For to the ftrait line d f, and to the points in the Tame d, f, let 
beconftituted the angle fdg, equal to either of the angles BAC,or 
edf [Prop.i^.El I.]; and the angle dfg equal to theangle acb; 
therefore the remaining angle at jj, 
is equal to the remaining angle at a; 
wherefore the triangle abc is equi¬ 
angled to the triangle dgf: it is 
therefore proportional as b a to a c, fo 
gd to d f. But by fuppoiition as b a 
to a c, lo ed to d f; and therefore as 
ed to df, fo gd to df : wherefore 
E D is equal to g d ; and d f common. 

Therefore there are the two lines ed, df, equal to the two lines 
<ii),DF; and theangle edf is equal to theangle gdf; wherefore 
the bafe ef is equal to the bale gf: and the triangle dee equal 
to the triangle dgf; and the remaining angles (hall be equal to 
the remaining angles, each to each, under which are fubtended 
equal fides [Prop. +. Ell.]; therefore the angle deg is equal to the 
angle d fk, and the angle at g to the angle at k. But the angle 
dfg is equal to the angle acb; therefore the angle acb is equal to 
the angle D fe. But the angle bac is put equal to the angle edf; 
therefore alfo the remaining angle at 11, is equal to the remaining 
angle at e: wherefore the triangle abc is equiangled to the tri¬ 
angle def. ' 

If therefore two triangles have one angle equal to one angle, and 
about the equal angles the fides proportional; tile triangles (hall 
be equiangled, and Iliall have thofe angles equal, under which are 
fubtended Homologal ikies. Which was to be demon/lrated. 
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PROPOSITION VIL 

I F two triangles have one angle equal to one angle, and about 
other angles the fides proportional ; and have alfo each of the 
remaining angles either lefs, or not lefs than a right ; the triangles 
Jball be equiangled, and Jball have thofe angles equal, about which 
are the proportional fides. 


Let 


ngle 


gles abc, def, the fides proportional, as ab toBc, fo de to ef ; 
having alfo each of the remaining angles at c, f, firft kfs than a 
right angle. 

I lay, that the triangle abc is e- J 

quiangled to the triangle def: and A 

the angle abc (hall be equal to the / \ D 

angle def, and the remaining an- f \ A 

gle, to wit, at c, equal to the remain- j \ / \ 

ing angle at f. For if the angle abc J I / I 
be unequal to the angle def, one / \ G J l 
of them is the ereater. Let abc be ~ _ .. / 


D 


B 


C E 


F 


the greater; and to the ftrait line 

ab, and to the point in the fame b, let be conftituted the angle 
a b g equal to the angle def [by Prop. 13. El. I.]. Now forafmuch 
as the angle a is equal to the angle D, and the angle abg to the an¬ 
gle def; therefore the remaining angle agb is equal to the re¬ 
maining angle dfe. Therefore the triangle abg is equiangled to 
the triangle def: wherefore as a b to b g, fo d e to e f [Prop. 4.. 
El. VI.] But as de to ef, fo by Supposition is ab to bc: and 
therefore as ab to bc, fo ab to bg: wherefore ab has the fame 
proportion both to bc and bg ; therefore bc is equal to bg [Prop. 
9. El. V.]: fo that alfo the angle bgc is equal to the angle bcg 
[Prop, s El. I.] But the angle at c is put lefs than a right angle; 
therefore alfo the angle b g c is lefs than a right angle: fo that the 
confequent angle agb is greater than a right angle: and it hath 
been proved equal to the angle at f ; therefore the angle at v is 
greater than a right angle. But it is put lefs than a right angle: 
which is abfurd: wherefore the anele abc is not unequal to the 


which is abfurd: wherefore the angle abc is not unequal to the 
angle d ef: equal therefore it is. Now alfo the angle at a is equal 
to the angle at d [by Suppofition], and therefore the remaining 
angle at c, is equal to the remaining angle at f: wherefore the tri¬ 
angle abc is equiangled to the triangle def. 


But 
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But again, let each of the angles at c, f be put not left than 
a right angle. I fay, that in this cafe alfo the triangle abc is 
equiangled to the triangle def. For the fame Conflruftion being 
made, we may in like manner demonftrate, that bc is equal to 
b g ; fo that the angle at c is equal to the angle B g c. But the an¬ 
gle at c is put not left than a right angle; therefore B g e is not 
left than a right angle: wherefore of the triangle bgc there are 
two angles, and they not left than two right angles, which 
is impoffible [Prop. 31. E 1 .L] *, there- J. 

fore again the angle a b c is not un¬ 
equal to the angle def, equal there¬ 
fore it is. Now alfo the angle at a 
is equal to the angle at D [bySuppo- 
fition]: wherefore the remaining am 
gle at c is equal to the remaining an¬ 
gle at f; therefore the triangle abc 
is equiangled to the triangle def. r 
If therefore two triangles have one angle equal to one angle, and 
about other angles the fides proportional; and each of the remain¬ 
ing angles either left, or not left than a right angle; the triangles 
fliall be equiangled, and fliall have thofe angles equal, about which 
are the proportional fides. Which was to be demonftrated. 

PROPOSITION VIII. 

F in a right angTd triangle from the right angle he drawn a 
perpendicular to the bafe, the triangles at the perpendicular 
are like to the whole , and to one another. 

Let the right angl’d triangle be abc, having the right angle 
bac, and from the point a to the line bc, let ad be drawn perpen¬ 
dicular. I fay, that each of the triangles abd, ado, is like to the 
whole triangle abc, and alfo to one another. Forafmuch as the 
angle bac is equal to the angle a d b, for 

each is a right angle 1 , and the angle at b 
common to the two triangles a bc, adb; 
therefore the remaining angle ac b is equal 

to the remaining angle 11 a d ; therefore p / \ r 

the triangle abc is equiangled to the tri¬ 
angle abd: wherefore as bc fubtending the right angle of the tri¬ 
angle abc, is to ba fubtending the right angle of the triangle abd, 
fo the fame ab fubtending the angle at e of the triangle abc, is 
to bd fubtending the angleBAD of the triangle abd, equal to the 
angle at c: and alfo as ac to ad fubtending the angle at b, common 
to the two triangles: wherefore the triangle abc is equiangled to 
the triangle abd, and has the fides about the equal angles propor- 

M in 3 tional. 
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tional; therefore the triangle a b c is like to the triangle 4 b d 
[De£ 1. El. VI.]. In like manner we may demonftrate, thatalfo the 
triangle a d c is like to the triangle a b c : wherefore each of the 
triangles a bd, adc, is like to the whole triangle a bc. 

I fay moreover, that the triangles abd, adc, are alfb like to 
one another. For becaufe the right angle b d a is equal to the right 
angle adc; and alfo the angle bad has been proved equal to the 
angle at c; therefore the remaining angle at b is equal to the re¬ 
maining angle dac: wherefore the tri¬ 
angle abd is equiangled to the triangle 
acd; therefore as bd of the triangle abd, 
fubtending the angle bad, is to da of the 
triangle adc, fubtending the angle at c ^ 

equal to the angle bad, fo the fame ad, 
of the triangle abd, fubtending the angle at b, is to d c fubtending 
the angle dac, of the triangle adc, equal to the angle at b : and 
alfo ba fubtending the right angle adb to a c, fubtending the right 
angle adc: therefore the triangle a b d is like to the triangle adc. 

If therefore in a right angl’d triangle, from the right angle be 
drawn a perpendicular to the bafe; the triangles at the perpendi¬ 
cular are like to the whole, and to one another. Which was to be 
demonftrated. 



Corollary. 

From hence 'tis manifeft, that in a right angl'd triangle the per¬ 
pendicular drawn from the right angle to the bafe, is a mean pro¬ 
portional between the Segments of the bafe. And moreover be¬ 
tween the bafe and either one of the Segments, the fide adjoyned 
to that Segment is a mean proportional. 
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PROPOSITION IX. 


F 


% 

Rom a given fir ait line to take offa demanded part. 


Let the given ftrait line be A b. It is required from ab to take 
off a demanded part. Let a third part be demanded •, and front 
the point a let any ftrait line as a c be drawn, A . 
containing with ab any angle. And in ac l\ 
let any point be taken as d: and to ad let 
de,ec be put equal, and let be joyned bc: I \ 
then by d let be drawn df parallel to bc. 

N ow forafmuch as to one fide of the trian- \ 

gle abc, namely to bc, there is drawn a pa- _"A 

rallel df; it is therefore proportionally, as \ 

CD to DA, fo BF to FA [Prop. 1. El. VI.]. But CD is double of da; 
therefore alfo bf is double of fa: wherefore ba is Triple of af. 
Theref >re from the given ftrait line a b is taken off af, a third part 
demanded. Which was to be done. 

PROPOSITION X. 

0 cut a given uncut ftrait line like to a given cut ftrait line. 

Let the given uncut ftrait line be ab, and the cut line be ac. 
It is required to cut the uncut line ab like to the cut line ac. Let 

a c be cut in the points d, e ; and let a b, a c, be fo put as to con¬ 

tain any angle, and let be joyned bc. Then by the points d, e, to 
bc let df, eg, be drawn parallels, and a\ 

by d to a b let dhk be drawn parallel; /\ 

therefore each of the figures r h, h b, is a /_\ n 

Parallelogram: wherefore dh is equal to / j\ 

F g, and h k to g b [Prop. 3+. El I.]. Now g_ / A k 

forafmuch as of the triangle d k c to one of j / " \ 

the lides kc, the line hf. is drawn parai- / / \ 

lei; it is therefore proportionally as cf. /_/_\ 

to ED, foKH to HD [Prop. 2. El. VI.]. But !i K 

KH is equal to bg, and hd to gf; therefore as ck to ej>, fo bg 
to g f. Again, becaufe of the triangle ag e, to one of the lides eg, 

the lineFD is drawn parallel; it is therefore proportionally as ed 
to da, fo gf to fa. But it has been proved, as ce to ed, fo bg 
to g f; therefore as ce to j- d, fo bg is to « f, and as e d is to » a, 
fo g f is to F A. 

Wherefore the given uncut ftrait line a 11, is cut like to the given 
cut ftrait line a c. Which was to be done. 
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PORPOSITION XI. 

Wo ftrait lines being given to find a third proportional. 

Let the given ftrait lines be a b, a c; and be they fo put as to 
contain any angle. It is required unto a b, a c to find a third pro- 
portional Let a b, a c be produced to the points 
d,e, and let bd be put equal to Ac,andBcbe 

joyned: then by d let d e be drawn parallel 

to bc. Now fbrafmuch as of the triangle a d e 

to one of the lides d e, the line b c is drawn pa¬ 
rallel, it is proportionally as a b to * D, fo a c 
to ce; but bd is equal to ac; therefore as b a 

is to AC, fOACistOCE. 

Wherefore to the two given ftrait lines a b, ac, is found CE a 
third proportional. Which was to be done. 




PROPOSITION XII. 


Hree ftrait lines being given to find a fourth proportional. 
Let the three given ftrait lines be a, b, c. It is required unto a, 

b, c, to find a fourth proportional. Let two ftrait lines de, df, be 
put, containing any angle as edf ; and to a let dg be put equal; 
and toB, ge, and alfo to c let dh be put equal: then gh being 
joyned, let to the fame be drawn by the point e, the line ef paral¬ 
lel. Now foralinuch as of the triangle d e f, to one of the lides k f, the 



line gh is drawn parallel; therefore as dg is to GE.foDtf isto,HF 
[Prop. z. El. VI.} But dg is equal to a, and ge to b, and dh to c: 
therefore as a is to b, fo c is to h f. 

Wherefore to three given ftrait lines a,b,c, is found hf a fourth 
proportional. Which was to be done. 
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PROPOSITION XIII. 

JVo Jlra'tt lines being given to find a mean 

• » 

Let the two given ftrait lines be ab, bc. It is required unto ab, 
b c, to find a mean proportional. Let ab,bc be put in a direct line, 
and on ac let be defcribed the Semicircle adc ; 
then from the point b to the ftrait line a c, let 
b d be drawn at right angles, and let be joyned 
ad, dc. Now forafmuch as in the Semicircle 
the angle ad c is a right angle [Prop. 3 i.ELlil.], 
and becaufe in the right angled triangle adc, 

from the right angle to the bafe the perpendicular db is drawn; 

therefore db is a mean proportional to the Segments of the bale 
ab,bc [Coroll. Prop.8.El. VI.]. 

Wherefore to the two given lines ab, bc, is found db a mean 
proportional. Which was to be done. 

PROPOSITION XIV. 

O F equal Parallelograms having one angle equal to one angle, 

the /ides about the equal angles are reciprocally proportional. 
And Parallelograms having one angle equal to one angle, and the 
/ides about the equal angles reciprocally proportional, are equal to 

one another. 

Let the equal Parallelograms be a b, b c, having equal angles at b, 
and let db, be, be put direftly to one another; therefore alfo fb, 
bg, are directly to one another. I fay, that of the Parallelograms 
a b, bc, the fides about the equal angles are reciprocally proportio> 
nal,that is, as db is to be, fo gb is to 
bf. Let the Parallelogram fe be com- \ 
pleated. Now forafmuch as the Paralle¬ 
logram a b is equal to the Parallelogram 
b c, and f k is an other ; therefore as a b 
is to f e, lb B c is to f e [Prop. 7. El. V.]. 

But as A b to FE, fo d b to be, [Prop. r. 

El. VI.] and as bc to fe, fo gb to bf; 
therefore as d n to b e, fo g b to bf [Prop. 11. El.V.]: wherefore of 
the Parallelograms ab, bc, the fides about the equal angles are re¬ 
ciprocally proportional. 

But now let the fides about the equal angles be reciprocally pro¬ 
portional, and let it be, as d b to b e, fo g b to b f. I fay, that the 
Parallelogram ab is equal to the Parallelogram bc. For becaufe as 
d b is to b e, fo g b is to b f ; and as d b to b e, fo the Parallelogram 
ab to the Parallelogram fe [Prop. i.El.VI.]; and asGBto bf, fo 
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the Parallelogram b c to the Parallelogram f e ; therefore as a b is 
to fe, fo bc is to Fs [Prop. li. El. V.]: wherefore the Parallelo- 
ab is equal to the Parallelogram bc [Prop. 9. El. V.]. 
Therefore of equal Parallelograms having one angle equal to one 
angle, the fides about the equal angles are reciprocally proportional. 

And Paraflelogramshaving one angle equal to one angle, and the 
fides about the equal angles reciprocally proportional, are equal to 
one another. Which tots to be demonftrated. 
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Forafmuch as the Complements of every Parallelogram are equal 
to one another [Prop; 43. ELI.]; therefore by this Propofition they 
have their fides reciprocally proportional. 

PROPOSITION XV. 


O F equal triangles having one angle equal to one angle , the 

fides about the equal angles are reciprocally proportional. 

Aud triangles having one angle equal to one angle, and the fides 
about the equal angles reciprocally proportional, are equal to one 
another. 

Let the equal triangles he. ab c, a d e, having one angle equal 
to one angle, namely, the angle bac to the angle d a e. I fay, that 
of the triangles ab c, a d e, the fides about the equal angles are re¬ 
ciprocally proportional, that is, as ca is to ad, fo ea is to ab. 
Let them be put fo that c a be direftly. to ad; therefore alfo ea is 
directly to a b, and let be joyned B d. Now forafmuch as the tri¬ 
angle a p,c is equal to the triangle ade; and abd is an other; there¬ 
fore as the triangle cab is to the tri¬ 
angle bad, fo the triangle ade is to 

the triangle bad [Prop. 7. F.l. V.]. But 
as cab is to 1: a d, lo c a is to a d [Prop. 

1 El. VI. , and as the triangle ead is 
to b a i), fo e a is to a b ; therefore as c a 
is to ad, Ioe a is to AE [Prop. 11. El.V.) 
wherefore of the triangles abc, ad k, 
the fides about the equal angles are reciprocally proportional. 

But now let the fides of the triangles ab c, ad e be reciprocally 
pro|>ortionaI, and let it be, as ca to ad, lb e a to ab. I fay, that 
the triangle a bc is equal to the triangle a d k. For again, bd being 
joyned; bccaute as c a is to a d, fo e a is to a r> : and as c a is to ad, fo 
the triangle a bc is to the triangle bad: and as e a is to ab, fo the 

triangle ead is to the triangle dad; therefore as the triangle abc 
is to the triangle e ad, fo the triangle ead is to the triangle bad 
P rop. ri.El.V.j; therefore each of the triangles abc, ead, have 

the 
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the fame proportion to the triangle bad: wherefore the triangle 
abc is equal to the triangle ead [Prop.9. El. V.]. 

Therefore of equal triangles having one angle equal to one angle, 
the fides about the equal angles are reciprocally proportional. 

And triangles having one angle equal to one angle, and the fides 
about the equal angles reciprocally proportional, are equal to one 
another. Which was to be demonftrated. 
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PROPOSITION XVI. 

F four fir ait lines be proportional, the Reft angle contained by 
the extremes is equal to the Reft angle contained by the means. 

And if the Re ft angle contained by the extremes be equal to the 
Re ft angle contained by the means, the four fir ait linesJhall be pro¬ 
portional. 

Let four ftrait lines a b, c d, e, f, be proportional, as a b to e d, fo 
e to f. I fay that the Re&angle contained by a b, f, is equal to 
the Redangle contained bycD, e. For from the points a, c to the 
ftrait lines a b, c d, let ag, ch be drawn at right angles, and let ag 

be put equal to f, and c h to e, and let the Parallelograms bg,j)H, 

be compleated. Now forafmuch as a b is to c d, fo e is to f ; and 

e is equal to c h, and f to ag: therefore as ab is to cd, fo ch is to 
ag: wherefore of the Parallelograms bg, dh, the fides about the 
equal angles are reciprocally proporti¬ 
onal. But equiangled Parallelograms 
having the fides about the equal angles 

reciprocally proportional, are equal to 

one another [Prop. 14,. El. VI.]- there¬ 
fore the Parallelogram eg is equal to 
the Parallelogram d h. Now the Paral¬ 
lelogram bg is contained by a b, f ; for 
a g is equal to f: and the Parallelogram 
dh, is contained by cd, e; for ch is equal to e; therefore the 
Redangle contained by ab,f; is equal to the Redangle contained 
by c d, E. 

But now let the Redangle contained by a b, f, be equal to the 
Redangle contained by cd, e. I fay, that the four ftrait lines fliall 
be proportional, as ab to cd, fo e to f. For the fame Conftru- 
dion being made; becaufe the Redangle under ab, f, is equal to 
the Redangle under cd,e; and the Rcdangle under ab, f, is bg; 
for ag is equal to f: and the Redangle under cd, K,is dh: for ch 
is equal to e: therefore the Redangle bg is equal to the Rcdangle 
d H , and they are equiangled. But of equal, and equiangled Paral¬ 
lelograms the fides about the equal angles are reciprocally propor¬ 
tional: wherefore as ab is to cd, fo ch is to ag: but ch is equal 
to e, and ag to F; therefore as ab is to c d, fo e is to f. 
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If therefore four ftrait lines be proportional, the Reftangle con¬ 
tained by the extremes is equal to the Reftangle contained by the 
means. 

And if the Rectangle contained by the extremes be equal to the 
Rectangle contained by the means, the four ftrait lines fhall be pro¬ 
portional. Which was to be demonftrated. 

PROPOSITION XVII. 

I F three ftrait lines be proportional, the Reftangle contained by 
the extremes is equal to the fquare of the mean. 

Aid if the Reftangle contained by the extremes be equal to the < 
Square of the mean, the three fir ait linesJhall be proportional 

Let three ftrait lines a, b, c, be proportional, as a to b, fo b to c. 

I fav, that the Rectangle contained by a, c, is equal to the Square 
of the mean b. Let d be put equal to b, and becaufe as a is to b, 

fo b is to c; and d is equal to b, therefore as a is to b, fo d is to c 

[Prop. 7. El. V.]. Now if four ftrait lines be proportional, the Red- 
angle contained by the extremes is equal 
to the Rectangle contained bv the means; 
therefore the Reftangle under a, c, is 
equal to the Reftangle under b, d. But 
the Reftangle under b, d, is equal to the 

Square of b, for b is equal to d ; there¬ 
fore the Rectangle contained by a, c, is 
equal to the Square of u. 

But now let the Reftangle contained 
by the lines a, c, be equal to the Square of b. I fay, that as a is to 
b, fo b is to c. For the fame Conftruction being made: becaufe 
the Reftangle under a, c, is equal to the Square of b, and the Square 
of n is the Reftangle under b,i>, for d is equal to b; therefore the 
Rectangle under a, c, is equal to the Reftangle under B, D. But if 
the Rectangle under the extremes be equal to Reftangle under the 
means, the four ftrait lines are proportional [by Prop. 16. El. VI.]; 
therefore as a is to b, fo d is to c. But b is equal to d; therefore as 
a is to b, fo b to c [Prop. 7. El. V.]. 

It therefore three ftrait lines be proportional, the Reftangle con¬ 
tained by the extremes is equal to the Square of the mean. 

And if the Reftangle contained by the extremes be equal to the 
Square of the mean, the three ftrait lines (hall be proportional. 
Which was to be demonftrated. 
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PROPOSITION XVIII. 

U Ton a given ftrait line , unto a given ftrait-lin'd Figure to de~ 

fcribe ajlrait-lind Figure like and alike fttuated. 

Let the given ftrait line be a b, and the given ftrait-lin’d Figure 
c e : it is required upon the ftrait line a b, unto the ftrait-lin’d Fi¬ 
gure ce, todefcribe a ftrait-lin’d Figure like and alike fttuated. 
Let be joyned df ; and to the ftrait line ab, and to the points in 
the fame a, b, let be conftituted the angle bag, equal to the angle 
ate: and the angle a b g to the angle cdf [Prop. 2.3. El. I.]; there¬ 
fore the remaining angle cfd is equal to the remaining angle a g b : 
wherefore the triangle fcd isequiangled to the triangle gab; it is 
therefore proportionally as fd to gb, fo fc to ga, and CDto ab 
[Pr0p.4-.El.VI.]. Again, to the ftrait line eg, and to the points in 
the fame B, g, let be conftituted the angle b g h equal to the angle 
DFE.and the angle gbh to the angle fde : therefore the remain¬ 
ing angle atE is equal to the remaining angle at h: wherefore the 
triangle f d e is equiangled to the triangle gbh; it is therefore pro¬ 



portionally, as fd to gb, fo fe to gh, and ed to hb [Prop. 4. El. 
VI.]. And it has been prov’d, that alfo as fd to g js, lo fc to ga, 
and cd to a b , therefore as f c to g a, fo c d to a b, and • f e to 
gh, and moreover ed to hb [Prop. n. El. V.]. And becaule the 
angle cfd is equal to the angle agb, and the angle dfe to the an¬ 
gle bgh ; therefore the whole angle cfe is equal to the whole an¬ 
gle a g h. By the fame real'on alfo the angle c D E is equal to the 
angle a bh. Rut alfo the angle at c is equal to the angle at a, and 
the angle at e to the angle at H: therefore a h is equiangled to c 1;; 
and hath to the fame about the equal angles the fides proportional. 
Wherefore the ftrait lin’d Figure a h, is like to the ftrait lin’d Figure 
ce [Def. 1.El.VI.]. 

Therefore upon the given ftrait line ab to the given ftrait-lin'd 
Figure ce, is deferibed the ftrait-lin’d Fjgnrc ah, like and alike 
fttuated. Which was to be done. 


N11 3 


P R 0 P 0 - 





THE SIXTH ELEMENT 


PROPOSITION XIX. 

T Ike triangles are to one anothe r in a Duplicate proportion of 
I . their Homologal /ides. 

Let the like triangles be abc, def, having the angle at b equal 
to the angle at E, and let it be as a b to B c, fo bf to e I . lb that 
sc is Homologal to ef. 1 fay that the triangle abc hath to the 
triangle d e f a duplicate proportion of that which b c hath to e f. 
For to Be, ef, let be taken a third proportional bg [Prop. n. El. 
VI. I : fo that it be as b c to e f, fo e f to bg: and let be joyned g a. 
Now becaufe it is as ab to b c, fo de to ef; therefore it is alter¬ 
nately as a b to d e, fo b c to e f : but as b c to e f, fo e F to Bg. And 
therefore as a b to d e, fo E F to b g [Prop. 11- El. V.]: wherefore of 
the triangles a b g, d e f, the tides about the equal angles are recipro¬ 
cally proportional. But triangles having one angle equal to one an¬ 
gle, and the fides about the equal angles reciprocally proportional, 
arc equal to one another [Prop. ij-.El.VL]; therefore the triangle 

A 



a bg is equal to the triangle df.f. And becaufe as bc is to ef, fo 
ef is to bg, and that if three (trait lines be proportional, the firft 
to the third is laid to have a duplicate proportion of that, which it 
hath to thefecond ,Def. io.El. V.]: therefore bc hath to bg a du¬ 
plicate proportion of that, which BchathtoEF. ButasBC is to bg, 
lb the triangle abc is to the triangle abg : Prop. i. El. VI.]; there¬ 
fore the triangle abc hath to the triangle abg a duplicate propor¬ 
tion ot that, which r,c hath to ef. But the triangle abg is equal 
to the triangle dev: wherefore the triangle a b c hath to the tri¬ 
angle off a duplicate proportion of that, which bc hath to ef. 

Therefore like triangles are to one another in a duplicate propor¬ 
tion of their Homologal fides. Which was to be detnonftrated.. 

Corollary 

From hence tis nianifeft, that if three (trait lines bc proportio¬ 
nal ; as the tirll is to the third, fo the triangle upon the firlt is to 
the triangle upon the lecond, being like and alike defenbed: for 
that it hath been prov d, that as c b is to is o, fo the triangle a b c is to 
the triangle abg, that is, touEi. 
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PROPOSITION XX. 

L ike Polygons are divided into like triangles, equal in number : 
And Homologal to the wholes. 

AndPolygon hath to Polygon a duplicate proportion of that, which 

an Homologal fide hath to an Homologal fide. 

Let the like Polygons be ab c d e, f g h k l , and let a b be Homo- 
logal to f g. I fay, that the Polygons a b c d e, f g h kl, are divided 
into like triangles, equal in number, and Homologal to the wholes. 
And the Polygon a bcd e hath to the Polygon fghkl a duplicate 
proportion of that, which ab hath to fg. 

Let be joyned be,e c, g l, l h. Now becaufe the Polygon abcde 
is like to the Polygon fghkl; therefore the angle b a e is equal to 
the angle g f l ; and as B a is to a e, fo g f is to fl [Def. i. El. VI.]. 
Forafmuch therefore as there are two triangles a be, fgl, having 
one angle equal to one angle, and about the equal angles the fides 
proportional; therefore the triangle a be is equiangled to the tri¬ 
angle fgl [ Prop. 6 . El. VI.], fo that it is alfo like. 

And becaufe a b e is like to fg l, therefore the angle a b e is equal 
to the angle fgl: Blit alfo the whole angle abc is equal tothe 
whole angle fgh, for the likeneft of the Polygons: therefore the 
remainingangleEBc isequal tothe remaining angle lgh. Andbe- 
caufe for the likenefs of the triangles a be, fgl, it is as eb to ba, 
fo LG to GF, and alfo for the likerefs of the Polygons it is as ab toBc, 
fo fg to gh : therefore by equality it is as eb toBc, fo i . g to a h ; 
and thefe proportional fides are about the equal angles ebc, lgh: 
therefore the triangle ebc is equiangled to the triangle lgh [Prop. 

6 . HI. VI.l And fo alfo like. 
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By the faille reafoil alfo the triangle ecd is like to the triangle 
lhk; therefore the Polygons abcde, fghkl, are divided into 
like triangles, equal in number. 

I fav moreover, that the triangles are alfo Homologal to the 
wholes, that is, the triangles are proportional, and in the Polygon 
abcde, the Antecedents are a be, ebc, ecd; and in the Polygon 
fghkl, their Conlequentsare fgl,lgh,lhk. 

And alfo 1 fay, that the Polygon abcde hath to the Polygon 
fghkl, a duplicate proportion of that which an Homologal fide 
hath to an Homologal fide; that is, which 'a b hath to fg. For let 
be joyned a c, f h. Now 
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Now becaufe for the likenefe of the Polygons, the angle a b c is 
equal to the angle fgh, and as ab is to bc, fo fg is to G H; there¬ 
fore the triangle a b c is equiangled to the triangle fgh [Prop. 6 . El. 
VI.]: wherefore the angle bac is equal to the angle gfh, and the 
angle b c a to the angle gh f. And becaufe the angle b a m is equal to 
the angle gfs: and it hath beenprov’d, that the angle ab m is equal 
to the angle fgx; therefore the remaining angle amb is equal to 
the remaining angle fug: wherefore the triangle amb is equi¬ 
angled to the triangle fug. 

In like manner lhall we prove, that the triangle bmc is equiangled 
to the triangle gnh: proportionally therefore it is, as am to mb, 
fo f x to n g , and as m b, to m c, fo n g to k h ; fo that by equality 
as am to mc, fo fn to nh. But as a m to mc, fo the triangle amb 
is to the triangle b m c, and the triangle a m e to the triangle e m c ; 
for they are to one another as their bafes am,mc [Prop. i. El. VI.]. 
And as one of the Antecedents to one of the Confequents, fo all the 
Antecedents to all the Confequents [Prop. n.El. V.]; therefore as 
the triangle amb to the triangle BMc,fothe triangle abe to the tri¬ 
angle e b c. But as a mb to b M c, fo a M to m c; and therefore as a m 
to mc, fo the triangle abe to the triangle ebc [Prop. n. EL V.]. 



By the fame reafon alfo as fn to N h, fo the triangle fg l to the 
triangle fgh. But as a m is to mc, fo f n is to n h ; and therefore as 
the triangle abe to the triangle ebc, fo the triangle fgl to the tri¬ 
angle lgh; and alternately, as the triangle abe to the triangle 
i-gl, fo the triangle e b c to the triangle lg h. 

In like manner lhall we prove, b d, g k being joyned, that as the 
triangle ebc to the triangle lgh, fo the triangle ecd to the tri¬ 
angle L H K. 

And becaufe as the triangle a b e is to the triangle f g l, fo the 
triangle e b c is to the triangle lgh, and moreover the triangle ecd 
to the triangle lhk; and as one of the Antecedents to one of the 
Confequents, fo all the Antecedents to all the Confequents; there¬ 
fore as the triangle a b e is to the triangle f g l, fo the Polygon 
abode is to the Polygon fghkl: wherefore the like triangles 
and equal in number, are alfo Homologal to the wholes. 

And now I fay again, that the Polygon abcde, hath to the Po¬ 
lygon fghkl a duplicate proportion of an Homologal fide to an 
Homologal fide. , For 
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For the the triangle abe hath to the triangle fgl a duplicate 
proportion of that which the Homologal fide ab hath to the Ho¬ 
mologal fide fg. For like triangles are in a duplicate proportion of 
their Homologal fides [Prop. 19. El. VI.]. But as the triangle abf. 
is to the triangle fgl, fo the Polygon abcde is to the Polygon 
fghkl; therefore alfo the Polygon abode hath to the Polygon 
fghkl a duplicate proportion of that, which the Homologal fide 
ak hath to the Homologal fide fg, 

Therefore like Polygons are divided into like triangles, equal in 
number, and Homologal to the wholes, &c. Which was to be de- 
monllrated. 

Corollaries. 


1. After the fame manner alfo in 1 ike quadrilateral Figures lhall be 
proved, that they are in a duplicate pro¬ 
portion of their Homologal fides. And the F ,~~ ~ . a 

lame hath been deni on ft rated in triangles. A .—--— rrr-. - 

Therefore univerfally, like ftrait lin’d Fi¬ 
gures are to one another in a duplicate pro¬ 
portion of their Homologal fides. 

a. And if to ab, fg a third proportional 
x be taken, then a 11 is to x in a duplicate 
proportion of that, which ab hath to f;g. 

But Polygon is to Polygon, and Qyadrilateral figure to Quadrilateral 
figure in a duplicate proportion of their Homologal fides, that is, of 
ab to fg; and the fame hath been demonftrated in triangles. So 
that alio in general it is manifeft, that if three ftrait lines be pro¬ 
portional, it lhall be as the firft to the third, fo the Figure upon the 
firft, is to the Figure upon the fecond, like and alike deferibed. 



B 


Otherwife. 

Now we will otherwife and ftiorter Ihew the triangles to be Ho- 

For again, let the Polygons abcde, fghkl, be put: 


mologal. 

and let be joyned bu,ec; g l, lh. Hay,that 
as the triangle abe is to the triangle FGL,fo 
the triangle f.bc is to the triangle lgh, and 
the triangle e c d to the triangle l h k. Now 
forafmuch as the triangle abe is like to the 
triangle fgl; therefore the triangle abe 
hath to the triangle f g l a duplicate pro¬ 
portion of that, which be hath to gl. By 
the fame reafon alfo the triangle e b c hath 
to the triangle lgh a duplicate proporti¬ 
on of that, which b f. hath to g l ; there¬ 
fore as the triangle abe is to the triangle 
fgl, fo the triangle ebc is to the trian- 

Oo 


L 



gle 
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gle lgh. Again, becaufe the triangle e b c is like to the triangle 
lgh; therefore the triangle ebc hath to the triangle lgh, a 
duplicate proportion of that which ce hath to hl. By the fame rea- 
fon alfo, the triangle ecd hath to the triangle lhk a duplicate pro¬ 
portion of that which c e hath to hl; 
therefore as the triangle ebc is to the tri¬ 
angle lgh, fo the triangle ecd is to the tri¬ 
angle lhk. And it hath been proved, that as 
ebc is to lgh, fo ABEtoFGL; therefore 
as the triangle ABEistothetriangleFG L,fb 
the triangle eb c is to the triangle lgh, and 
the triangle e c d to the triangle lh k : And 
as one of the Antecedents to one of the 
Confequents, fo all the Antecedents to all 
the Confequents [Prop. n. E 1 .V.], and fo 
forth, as in the former demonftration. 

Which was to be demonftrated. 

PROPOSITION XXI. 

S Trait-liiid Figures like to the fame si rail- lin’d Figure , are 

alfo like to one another. 

For let each of the ftrait-lin’d Figures a, b, be like to the ftrait- 
lin’d Figure c. I fay, that a is alfo like to b, for becaufe a is like to 
c; therefore it is both equiangled to the fame, and alfo hath about 
the equal angles the fides proportional [Def. I. El. VI.]. Again, 


becaufe b is like to c; therefore it is both equiangled to the fame, 
and hath alfo about the equal angles the fides proportional [Def. i. 
El. VI.] -, therefore each of the ftrait-lin’d Figures a,b are both equi¬ 
angled to c, and alfo have about the equal angles the fides propor¬ 
tional: fo that a is alfo equiangled to b, and hath about the equal 
angles the fides proportional; therefore a is like to b. Which was 
to be demonftrated. 


PRO- 

r 
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PROPOSITION XXII. 

F four fir ait line she proportional, the fir ait-lin'd Figures defcri- 
hed upon them, like and alike fituated, pall alfo be proportional. 


t? 

V 


And if the Hrait-lin'd Figures defcribed upon them, like and alik 
fituated be proportional ; alfo the Hr ait lines pall be proportional. 

Let four lira it lines ae, cd, ef, gh, be proportional, as ab to 
cd fo ef to gh, and let be defcribed upon ae, cd, the ftrait-lin’d 
Figures k a b, l c d, like and alike fituated [by Prop. 18. FI. V l. j: and 
upon ef, gh, the ftrait lin’d Figures m f, n h, like and alike fituj- 
ted. I fay, that it is as kae to lcd, lo mf to nh. For to ab,cd, 
let be taken a third proportional x, and to e f, g h, a third propor¬ 
tional o [Prop. 11. El VI.]. Now becaufe it is as a it to cd, 1 b ef 
to gh, and as cd to x, focH to o; therefore by equality as ab to 
x, fo e f to o. But as a it to x, fo k a b to lcd [Corol. i. Prop. 20. F.l. 
VI.]: and as ef to 0, fo mf to nh; therefore as kab is to lcd, 

fo i\l f is to nh. 

But now let it be as k ab to lcd, fo 
m f to nh. I lay, that it is as a b to cd, 
fo e r to g h. For let it be made [Prop. 11. 

, as a it to c d, fo e f to p R : and 
upon pr let be defcribed the ftrait-hn’d 
Figure sr, like and alike fituated to ei¬ 
ther of the Figures m f, nh. Now there¬ 
fore, becaufe it is as ab to cd fo |ef fo 
pr: and upon ab, cd are defcribed'the 
ftrait lin’d Figures kab 1 , ten, like aiitl 
alike fituated: and upon ef, pk the 
ftrait-lin’d Figures MF,sR,like and a 1 ike fituated; therefore ns kab 
is to L. c d, fo m F is to s R. But it is aifo fuppoied .that as k a e is 'to 
lcd, fo mf is to nh; therefore mf hath the fame proportion ro 
each of the Figures nh, sr: wherefore nh is equal to s : it [Prop. 9. 
El.V.]. And alfo it is like to the fame and alike fituated by the 

T __ 4 7% ^ .. ’ • ^ / j. ^7 •_ /!. . J L 4 :« 1 11 






O 



Wore 


And he- 


# ^ j — 

caule as a n is to c d, fo e f is to pr, and that p r is equal to r, h; there¬ 
fore as A I! is to C D, fo E F is to G H. ‘ ' ‘' ' 

If therefore four ftrait lines be proportional, alfo th&.ifthiit-lin’d 
Figures defcribed upon them, like and alike litilatcd, 'iliafl be pro¬ 
portional. , 

And if the ftrait lin'd Figures defcribed upon them, like and alike 
lituated be proportionalalfo the ftrait lines fliall be proportional. 
Which Was to be demonftfated. 


* 
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Lemma. 

/ 

For if ftrait-lin’d Figures be equal, and like, that then their Ho- 
mologal fides are equal to one another (Antecedents to Antece¬ 
dents, and Confequents to Confequents, each to each refpeftively) 
we fhall thus demonftrate. 

Let the equal and like ftrait-lin’d aK 

Figures be kh, sr; and let it be as hg, / \ 
tOGK,foRP tops (fothat hg and rp / \ /\ 

areHomologal). I lay that R p is equal K / / \ 

tO HG. M ' * c u 

For if they be unequal, one of them V \ n _ 

is the greater. Let r p be greater than \ \ Y \ 

hg; andbecaufeas Rpis to ps, fo hg \—»——^ V — 1 — A 

is to g n ; therefore alternately, as R p to s - 

hg, lo ps to g n. But R p is greater than o \ \ 

H g ; therefore p s is greater than g n ; fo ' ' p —♦— 

that alfo the Figure rs is greater than the Figure hn: but alfo it 
is equal, which is impofiible: wherefore pr is not unequal to g h, 
equal therefore it is. Which was to be demonftrated. 


PROPOSITION XXIII. 

E guiangfcd Parallelograms have to one another a proportion 
compounded of their fides. 

Let the equiangled Parallelograms be ac, cf, having the angle 
bcd equal to the angle e cg. I fay that the Parallelogram a c hath 
to the Parallelogram c f a proportion compounded of their fides, 
that is, compounded of the proportions which ec hath to cg, and 
which dc hath to ce, (in a direft proportion, the Antecedents b c, 
dc, being in one Parallelogram a c, and the Confequents cg, ce in 
the other Parallelogram c f. ) 

For let b c be put directly to 
c g (making one ftrait line e g) ; 
therefore dc is alfo direclly to 
c e [by Prop. 13, and 14* El. I.], 
and let be compleated the Pa¬ 
rallelogram dg (by producing 
a d, f g till they meet in h). 

Now let any ftrait line be put 
as k: then let it be made as bc tocc, fo k to 1.; and as dc to ce, 
fo l to m [Prop. iz. El. VI.]; therefore the proportions of k to 1., 
and of l to m, are the fame with the proportions of the fides, of bc 
tocG; and of dc to ce. 

But the proportion of k to m is compounded of the proportions 

of 
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of k to L y and of l to m [according to Def 10. El. V.] : fo that 
alfo k hath to m the proportion compounded of the fides (of bc 
to cg, and of dc to CE). 

And becaufe it is as bc tocG, fo the Parallelogram ac to the 
Parallelogram ch [Prop, i. EL VI.], and asBc tocG,fo is k to l; 
therefore as k to l, fo the Parallelogram Ac is to the Parallelogram 
ch [Prop. n. EL V.]. 

Again, becaufe it is as dc tocE, fo the Parallelogram ch to the 
Parallelogram c f, and as d c to c e, fo is l to m ; therefore as l to 
m, fo the Parallelogram ch is to the Parallelogram cf. 

Now becaufe it hath been proved, that as k to l, fo the Paralle¬ 
logram a c is to the Parallelogram ch: and as l to m, fo the Parah 

lelogram ch to the Parallelogram cf ; therefore ex reqtio as k is to 
m, fo the Parallelogram a c is to the Parallelogram c f : but k hath 

to m a proportion compounded of the fides: wherefore the Paralle¬ 
logram ac hath to the Parallelogram c f, a proportion compounded 
of their fides. 

Therefore equiangled Parallelograms have to one another a pro¬ 
portion compounded of their fides. Which was to be demonftrated. 

ANNOTATIONS. 

Therefore DC is dtreSly to C E.] For the angles B C D, D C G, arc equal to two 
Right [Prop.13. El. I.] As likewile the angles BCE,ECG; wherefore BCD, 
D C G, are equal to B C E, E C G; and B C D is [by Suppolicion] equal to E C G, 
therefore BCE is equal toDCG. Let the angle BCD be added in common; 
thenfhall BCE,BCD,beequal to B C D, D C G. But BCD, DCG, arc equal 
to two Right; therefore BCE,BCD, are alfo equal to two Right: wherefore 
CD isdire&ly feated to CE [by Prop. 14.El. 1 .]. 

But the proportion 0} K to M is compounded of the proportions of K. to L, and of L to M.J 
By Def. 10. El. V- where in any three continued Terms the proportion of the fu ll to 
the third, is faid to be componnded of the firft to the fecond,and of the fecond to the 
third; therefore in reference to that Definition Euclidc reduces the two proportions 
of the four fides of the Parallelograms vi\. of B C to C G, and of DC to C E 
into three continued Terms, into K to L and L to M, and then he proves the 
proportion of the Parallelograms to be to one another as the firlt T erm K is to the 
third M: which [in Def. 10. El. V.] is faid to bc a proportion compounded of K. 
to L, and of L to M. But thefe proportions were made the fame with the pro¬ 
portions of the lidcs of thofe Parallelograms; and therefore the Parallelograms arc 
to one another in a compound proportion of their fides. 

The like demonlfcration Eucltde ufes alfo in Numbers, without any mention of 
the multiplication of the Quantities of proportions into one another. 

For l‘\ in Prop. i J . and 3’ 1 . El. VII. he fliews how to find the greatcfl common 
meafure of any given numbers. 

II. By the help of thegreateft common meafure he reduces any given numbers 
into the lcafl numbers, having the fame proportion with them. Prop.37 th . El. Vll. 

III . Proportions being given in their lead numbers, he (hews how to bring them 
into the lead continued numbers in the fame proportions. Prop. jf h . El. V 11 1. 

IV. In the next following Prop. LI. VU 1 . He dcmonltrates Plane numbers 
to have a proportion compounded of their fides, by bringing the proportions of 
the fides into the lead continued numbers in the fame proportions, the demon- 

Go 3 llr.ui oik 
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{tr^ions both in magnitudes and numbers proceeding upon the fame grounds, and 

juIl aitcr the fame manner. . 

As the oroportion or the rlane number 2c to the rbne number 6 (wnich 15 

c ^cf-jitertial 3;) is proved to be compounded of the proportions of their 

iides, of ?to 3, of 1 $ C to C G; and of 4 to 2, ^ 

of D C to CE. Here therefore the propor¬ 
tion, of the fifes 5 to 3, and of 4 to 2, are 
firlt reduced into the 1 call continued numbers 
in the fame proportions, that is, into 10 to 6, 
and 6 to 3, by Prop. 4 ;h . El. VI 11 . and then 
the Plane 20 is proved to be to the Plane 6 , as 
ic to 3:that is 3!- Bat is to3 is compounded of 
id to 6, and of 6 to 3 [Def. 1 c '. El.V.], which 
proportions arc the fame with thofe of the Tides 

c to 3, and 4 to 2, therefore the Plane num- E 

ber 2I is to the 1 lane number 6, m a proportion compounded of the fides y to 3, 
and 4 to 2. to that neither in magnitudes, nor numbers is there any ufeof Def. > lh . 
El. VI. in the demo nitrations concerning compound proportions. 

Moreover ’ns to be obferved from the 19“. 20 th . and 23 d . Propoficions of this 
VI. Element, that compound proportions are expreft two manner of ways, For 
in tins 23'.Prop, becaufj cqui angled Parallelograms are not always like Figures, 
liavnv* their fides about the equal angles proportional; therefore they are proved 
in general to have to one another a proportion compounded of their Tides, tlut is, 
in reality a proportion compounded of length to length, and of breadth to breadth, 

to their two dimentions in length and breadth. 

Uu: ivcaull 1.1 Prop. 17 . and 2c' . the Triangles,Parallelograms, and other(Qua¬ 
drilateral, and Mulnlatua! 1 tgures, are put for like Figures, where length is to 
lengii., and br^aiith to breadth in the fame proportion; therefore they are proved 
to be to one another in a Duplicate proportion of their Homologal hdes, which 
is in cited to Tv, that they have to one another a proportion compounded of two 

equal proportions, according ro length and breadth. ^ 

Now whether the Fiiun-s be put like, as in Prop. 19*. and 2o ,l> . or unlike, as in 
Prop. i}'. yet note, that one Plane is to an other Plane in a proportion ever com¬ 
pounded of iength to Iemy.h, and of breadth to breadth: and demonitrated to be 
ib, lv. reducing thole uo proportions into three continued Terms, and proving 
pian* to be tnPhne, a.ihe'lirlt Term to the third ; which by Def. io ,h . El. f. is 
faid to be compounded of ‘he proportions of the firft to the fecond, and of the 
fecond to the third, ami in equal proportions is called a Duplicate proportion 
of the firft to the llcomi. 

In like manner a .Solid is to a Solid in a proportion compounded of their three 
dimenfions according to length, breadth, and depth: And like Solids arc one to 
another in a Triplicate proportion of their Homologal Tides. As from the ele¬ 
venth Definition of the Filth Element is denionftrated in Prop. 12 th , ly' 1 '. El. VHP 

Prop. 33 *. Id. XI. 

And thus much for a farther explication of the ic :! ', and n f \ Definitions of the 
Fifth Liesucnt: uhucm \vc hate had an occafton given from the fuppolititious 
tilth Definition El. VI. toihew wh.u i> Natural, what Artificial, and ncccflary for 
de.ronltration fake upon this .Subjected comj'ound proportions 

Moreover we are toobkrvc in compound proportions, that in the i/’^and 20''. 
Pro;-ofi: ion; afurcgoimg demonhr.uc* all like 1 igures, that is, all cqui- 

anek'd ftgmcA which have the::* tides about their equal angles proportional [Def. 

i. i l. VI.]" ( whether *rri!atcra!,ijuadril.iteral, or Multilateial) to have to one ano¬ 
ther a Duplicate proportion of their Homologal tide?: and in this 23 d . Prop, all 
eou.unglcd Parallelogram? to have a proportion compounded of their tides: which 
if;he lint Propofmon, where in expreb words iurhdc names any proportion to be 

unSurA'd. But the thing •; the very fame, and Compofitionof proportions alike 

m % 

;n all thclc three Proi ohtio.is. 
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For Planes are in quantity to be compared to Planes, according td their two di- 
mentions of length and breadth: (One way ofdiinenfion being called length, and the 
Tranfverie called breadth) fo that the proportion of Plane to Plane is truely com¬ 
pounded of two proportions, one of length to length, the other of breadth to 
breadth : and thefe two proportions are here in Prop. 20 th , and 23 d . alike re¬ 
duced (for demonftration fake) into three continued Terms, where the firft com¬ 
pared to the fecond, and the fecond to the third, do aniwer to the two proportions 
of length to length, and of breadth to breadth, as upon this 23 d . Propofition Com- 
mandmus , and Clavius have demon ftra ted. Anti Euchde proves the proportion 6! 
thefe Planes to be to one another as the firft Term is to the third, in a proportion 
compounded of the firft to the fecond, and of the fecond to the third, that is, of 
length to length, and of breadth to breadth. 

Now in the like Figures (pecified in the 19 th , and 2o l1 '. Propofitions, bccaufc 
length is to length as breadth to breadth in the fame proportion; therefore thefe two 
equal proportions of length and breadth,being by Euchde reduced into three continued 
Terms, do make thofe continued Terms alfo proportional to one another, the firlt 
to the fecond, as the fecond to the third; and therefore when thefe like Figures 
are demonftrated to be to one another as the firft Term is to the third, they are 
laid to be in a Duplicate proportion of the firft to the fecond [Def io t!l . El. V.], 
which Duplicate is a proportion compounded of the two equal proportions, that 
anfwcr to their lengths and breadths, here now let forth in three continued , and 
proportional Terms. And like Parallelograms, as well as like Triangles, arc to one 
another m a Duplicate proportion of their Homologal Tides. 

But becaufe all cqutangled Parallelograms are not always like Figures to have the 
proportions of their lengths and breadths, reducible into three proportional Terms.; 
yet the proportions of their (ides may be reduced into three continued Terms, re- 
prefenting the two proportions of their fides, which correfpond with the propor¬ 
tions of their proper lengths and breadths; and the Parallelograms are proved to 
be to one another as die firft Term is to the third : but can be only laid in general 
to have a proportion compounded of the proportions of the firft to the fecond, 
and of the fecond to the third; and not as in like Parallelograms, to have a Dupli¬ 
cate proportion of the firft to the fecond. 

For the meaning of this whole matter is, that if three, or more magnitudes be 
continucdly compared to one another, according to quantity (tint is, how much 
the firft contains of the fecond, then how much the fecond of the third, and how 
much the third ol the fourth, &c.), and if thefe proportions be known, orprovd 
to be all the fame, making the Terms to be Juccejftvely proportionals [as in Prop. 1 p 11 ', 
and 20 \ El. VI.] then the compound proportion of the firlt to the third, is laid 
to be a Duplicate proportion of the firft to the fecond, according to the exprefs 
words of Del. io' ! '. El. V. But it the proportions be put as unknown, or as indif¬ 
ferent whether the lame, or not the lame (as in this 23 d . Propofition), then the 
proportion of the firft to the third, or of the firft to the fourth, &c. is in general 
faid to be compounded of all the intcrmcdial proportions. 

Wherefore Euclids demonftration of this 23 d . Propofition, as alfo of all the like 
compounded proportions is wholly grounded on the right undcrltanding, and full 
extent of the i o th . Definition of the Fifth Element, as it hath been before explained. 

Moreover we arc to obferve, that as in Def. 3 d . El. V. there is only defined pro¬ 
portion in magnitudes; yet the lame ftands for proportion in numbers, mutatismu - 
tandi /, without any new Definition given; fo in the Definitions of Duplicate, and 
Triplicate proportions (names only proper to equal proportions , expofed in continued 
Terms) there is further to be underllood all other compound proportions expofed in 
continued Terms , as plainly appears by Euclid's demonftrations, who no where owns 
any other Definition of a compound proportion, than what is comprifed in Def. 
10 th . El. V. 

Thus the only four rugged paflages met withal in thefe Elements are, 1 hope, 
made plain and finooth, even to the wcakeft Traveller in thefe Studies, and vin¬ 
dicated from the exceptions of fomc capricious Geometricians: Namely, Firft 

Geometrical 
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Geometrical EpLarmofis u(cd in Prop. 4 th . EL T. Secondly , the n ti: . Axiom, ufed 
in Prop. 29 th . El. I. Thirdly and fourthly , the f :h , and io lh . Definitions of the Fifth 
Element concerning proportional magnitudes, and compounded proportions. If I 
be not cenfured for having on thefe matters too much enlarged. 

PROPOSITION XXIV. 

F every 'Parallelogram, the Parallelograms about the Dia¬ 
meter are like to the whole, and to one another. 

Let the Parallelogram be abcd, and the Diameter ac: and 

about the Diameter ac, let the Parallelograms be eg, hk. I fay, 

that each of the Parallelograms eg, hk, is like to the whole abcd, 
-and to one another. For becaufe in the Triangle abc to one of 
thefides bc is drawn ef parallel; therefore it is proportionally as 
be to ea, fo cf to fa [Prop. i. El. VI.]. Again, becaufe in the 
Triangle acd to one of the fidescD, is drawn fg parallel; there¬ 
fore it is proportionally as c f to fa, fo d g to ga: but as cF to f a, 
foBE is prov’d to be unto ea: and therefore as be toEA, fo dg to 
<; a [Prop 11. El.V.]: and by Compofition,as ba toEA, loDAto 
g a ; and alternately, as b a to d a, fo e a to a a ; therefore of the Pa¬ 
rallelograms abcd, f.g thefides about the common angle bad, are 
proportional. And becaufe g f is 
parallel to d c, therefore the angle 
a g f is equal to the angle a d c, and 
the angle gfa to the angle dca 

Prop. 19. El.I.]: alfo the angle 

dac is common to the two Trian¬ 
gles adc, ag f; therefore the Tri¬ 
angle adc, is equiangled to the - 

Triangle ag r. By the fame reafon alfo the Triangle abc, is equian¬ 
gled to the Triangle a e f : wherefore the whole Parallelogram abcd 
is equiangled to the Parallelogram f. g. 

Proportionally therefore it is, as a d to d c, fo a g to g f [Prop. 4. 
El. VI.], and as dc to c a, Iogf toFA; and as c a toe b, lb fa to fe; 

and moreover, as cb to b a, lb ff. to e a. And becaufe it has been 
prov'd, that as D c to c a, fo g f to f a ; and as c a to c b, fo f a to f e : 
wherefore by equality.as dc to cb, foGF,to fe; therefore of the Pa¬ 
rallelograms abcd, eg the lides about the equal angles are propor¬ 
tional : wherefore the Parallelogram a bc d, is like to the Parallelo¬ 
gram f.g [Def 1. El. VI.]. 

By the fame reafon alfo, the Parallelogram abcd is like to the 
Parallelogram hk; therefore each of the Parallelograms eg, HK,is 
like to the Parallelogram abcd. But Figures like to the lame Fi¬ 
gure, are like to one another [Prop. 11. El. VI.]; therefore the Pa¬ 
rallelogram eg, is like to the Parallelogram hk. 

Therefore of every Parallelogram, the Parallelograms about the 

Diameter, 
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Diameter, are like to the whole/and to one another. Which was 
to be demonftrated. 

ANNOTATIONS. 

From hence *tis obfervable, that the Parallelograms about the Diameter, are 
like Figures having their fides to one another dire&ly proportional, and the Com¬ 
plements are equal Parallelograms, having their fides reciprocally proportional to 
one another, Prop. 43 d . El. 1 . Prop. 14 th . El. VI. Moreover either of the Comple¬ 
ments is a mean proportional between the Parallelograms about the Diameter, by 
Prop. 1. El. VI. and Prop. 3 8 th . ELL which alfo are to one another in a Duplicate 
proportion of their Homologal fides. Prop. ao th . El. VI. 

Peletarius hath very well advertiled upon the excellency of this Diagram, Hanc 
ego Figuram foleo vocare My flic am. Ex ca etiim % velut ex locupletijfmo promptuario y tnm- 
mtrabiles exeunt demonfirationes } quod cum magia voluptate perjpiciet y qui in re Geome- 
trica Jerio Jc exercebit . 

PROPOSITION XXV. 

T O a given ftrait-lirid Figure to conftitute a like, and the fame 

alfo equal to another given ftrait-lirid Figure. 


Let the given ftrait-lin’d Figure, to which a like is to be confti- 
tuted be a b c, and that to which the fame is to be equal let be d. It is 
required to abc to conflitute a like Figure,and the fame equal ton. 
To the ftrait line j:c let be apply’d a Parallelogram be, equal to 
the Triangle abc, and tOiCE the Parallelogram cm equal to d, 
in an angle f ce, which is equal to the angle cbl [Prop. 44. El.I.J; 


therefore bc isdire6l to cf [Prop. 14..ELI.], and LE to EM. And 
to bc, cf let be taken a mean proportional 
gh [Prop. 13. EL VI.], and upon gh let 
be defcribed k g h like and alike fituated 
to abc [Prop. 18. EL VI.]. Now becaufe 
itisasBctoGH,foGHtocF: and ifthree 
ftrait lines be proportional, it is as the firft 
to the third, fo the Figure upon the firft to 
the Figure upon the fecond, like and alike 
defcrib’d; therefore as b c is to c f, fo a b c 
is to kgh [Corol. t. Prop. 10. El. VI.]. But 
alfo as b c is to c f, fo the Parallelogram 
be is to the Parallelogram ef; therefore as abc is to kgh, fo the 
Parallelogram be is to the Parallelogram ef [Prop. 11. EL V.]: 
wherefore alternately, as abc is to the Parallelogram be, fo kgh is 
to the Parallelogram ef. But abc is equal to the Parallelogram 
be; therefore alfo kgh is equal to the Parallelogram e f : and the 
Parallelogram e 1 is equal to n: wherefore alfo kg h is equal to D; 
bur kgh is like to abc. 

Therefore to the given ftrait-lin’d Figure abc, there is conftitu- 
ted k g h like; and the lame alfo equal to an other given ftrait-lin’d 

Which was to be done. 
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XPROPOSITION XXVI. 

I F from a Taralielogram be takpn a Taralielogram like to the 
whole, and alike fituated, having a common angle ; it is about 
the fame Diameter with the whole. 

For from the Parallelogram a b cd, let be taken the ParaMogram 
a f, like to a b c d, and alike fituated, haying the angle dab com¬ 
mon. I fay, that the Parallelogram abcd is about the fame Dia¬ 
meter with the Parallelogram af. 

For if not, then if poffib!e,let the Diameter of abcd be ah c, and 
by h to either of the lines a d, b c, let h k be drawn parallel. 

Now forafmuch as the Parallelogram 
abcd is about the fame Diameter with 
the Parallelogram kg [by Conftruttion]; 
therefore abcd is like to kg [Prop. 14.. 

El. VI.]: wherefore it is as da to ab, fo 
Ga to ak [Def. 1. El. VI.]. But alfo for 
the likenefe of the Parallelograms abcd, 
eg [by Suppofition]; it is as da to ab, fo ga to ae; therefore 
as GA to AE, fo ga to ak [Prop. 11. El. V.]: wherefore ga hath 
the fame proportion to each of the lines ak,ae; therefore ak is 
equal to a e [Prop. 9. El. V.], the lefs to the greater, which is im- 

polfible; therefore a b c d is not about the fame Diameter with ah: 

wherefore the Parallelogram a b cp is about the fame Diameter with 

the Parallelogram a f. : • 

If therefore from a Parallelogram be taken a Parallelogram like 
to the whole, and alike fituated, having a common angle; it is 
about the fame Diameter with the whole. Which was to be de- 
monftrated. 

PROPOSITION XXVII. 

O F all Taralielogram fpaces applyed to the fame Hr ait line, 

and def cient by Taralielogram Figures, like and alike Jituated 

to that which is defcribed on the half line : The greatest is that 
‘ Parallelogram , which is applyed to the half, being like to the de¬ 
fect (defcribed on the other half .) 

Let the ftrait line be ab, and let it be cut into halves in c; and 
to ab let be applyed a Parallelogram ad, defcribed on ac an half 
ofaB, and deficient by the Parallelogram Figure db, defcribed on 
cb the other half of ab, like and alike fituated to ad. 

I fay, that of all Parallelogram fpaces applyed to a b, and deficient 
by Parallelogram Figures, like and alike fituated to the defect d b, 
the greateft is a d- 
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For to the ftrait line ab, let be applyed a Parallelogram af, 
deficient by the Parallelogram Figure f b, like, and alike fituated to 
db. I fay, that ad is greater than af. 

For becaufe the Parallelogram db is like to the Parallelogram fb; 
therefore they are about the fame Diameter [Prop. i 6 . El. VI.] 5 let 
be drawn their Diameter d b : and the Scheme be compleated. 

Now forafinuch as cf is equal to fe [Prop. 4i . El. I.], let fb be 
added in common; therefore the whole ch is equal to the whole 
k e : but c h is equal to c g, becaufo a c 
is equal to cb [Prop. 3d. El. I. ]: and 
therefore c g is equal to k e. Let c f be 
added in common; therefore the whole 
a f is equal to the Gnomon lmn , fo that 
alfo the Parallelogram db, that is, ad 
is greater than the Parallelogram af. 

Therefore of all Parallelograms applyed 

to the lame ftrait line, and deficient by Parallelogram Figures, like 
and alike fituated to that, which is defcribed on the half line: The 
greateft applyed Parallelogram is that defcribed on the half, being 
like to the defeat 

“By this full and general Conclufion Euclidc feems to have 
“ ended his demonftration of this Propolition: but becaufe it ad- 
‘Tnitsof two Cafes: and that only one of them is hitherto demon- 
“ ftrated, wherein the applyed Parallelogram is defcribed on fuch 
“ a part of a b, as on a k, which is greater than the half a c ; there- 
“ fore ftill there remains to confider the fame, where the Paralle- 
“ logram is defcribed on a part Iels than the half a c, as here on a d, 
“ which (tho’notabfolutelyneceftary) was likely fupplycd by Theon, 
“or fomeancient Scholia//, as followeth. 

Again, let ab be cut into halves in c; and the applyed Paralle¬ 
logram be a l, defcribed on the half a c, deficient by the Parallelo¬ 
gram lb. And again to the line ab, let be applyed the Parallelo¬ 
gram ae, deficient by the Parallelogram EB,like, and alike fituated 
to the Parallelogram lb, defcribed on cb the half of ab. 

I fay, that the applyed Parallelogram 
a 1., defcribed on the half of a b, is grea t- 
er than the Parallelogram a e. 

For becaufe the Parallelogram eb is 
like to the Parallelogram lb; therefore 
they are about the fame Diameter. Let 
the Diameter be eb; and the Scheme 
be defcribed. 

Now forafmuch as lf is equal tour 
[Prop.36.El.!.], for fg is equal to gh; therefore Ft. is greater than 
kk. But f l is equal to ld [Prop. 43. Eli.]; therefore ld is greater 

Pp 1 than 
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than e k. Add in common k d ; therefore the whole a l is greater 
than the whole a e. Which was to be demonftrated. 

ANNOTATIONS. 

if a ft rail line be cat into two Segments equal, or unequal, as A B into A C, 
CBi and to either of them, as to AC be applyed any Parallelogram as AD, then 
* AD find to be deficient by the Parallelogram DB, which in the fame parallels 
is equiangled to it, and conjoyned by a common fide, as DC, and deferibed on 
the other Segment C B. Now this Parallelogram D B is called the defed, for that 
by (o much the Parallelogram A D is deficient in 
compleating the Parallelogram fpace on the whole 
line A B. And on the contrary,if to the Segment B C 
be applyed the Parallelogram BD, it is laid to be 
deficient by the Parallelogram defed D A deferibed 
on the other Segment A C, of the (trait line A B. 

And note, that as in Prop. 43 d . EL I. and Prop. 24 th . 

El. VI. a Parallelogram is divided into four Paral¬ 
lelograms, two whereof are faid to be about the 
Diameter, and two are called Complements, (o in 
this Propofition a Parallelogram is in a manner di¬ 
vided into two Parallelograms, and one of them is 
laid to be deficient by the other, which is called the 
defed. And this diftindion rightly obferved, makes clear r expreffion of this 

Propofition, that hath (cemed to fame of oar Modern Geometricians to be oblcurely 
worded. But a Parallelogram defuient^ and the defe% is as properly here fpoken, 
and as plainly to be apprehended, as Parallelograms about the Diameter, and Paral¬ 
lelograms the Complements. 

PROPOSITION XXVIII. 

U Nto a gi ven ftrait line to apply a Tarallelogratn equal to a 

given Rectilineal fpace, deficient by a Tarallelogram Figure 
like to a given Tarallelogram. 

Nona the given Redilinealfpace, to which the applyed Tarallelo¬ 
gram is to be equal, ought not to be greater than that applyed Ta¬ 
rallelogram , which is deferibed on the half line : both defects being 
like to the given Tarallelogram, namely the defed of the Taralle¬ 
logram deferibed on the half line, and the defed of the Tarallelo¬ 
gram required to be applyed, equal to the given Redilineal fpace. 

Let the given ftrait line be a b, and the given Rectilineal fpace, 
equal to which a Parallelogram is to be applyed to ab, let be c, 
the fame being not greater than a Parallelogram applyed to the 
half of ab: the defeats of thefe Parallelograms being alike; and 
the Parallelogram to which the defect ought to be like, let be d. 

It is required unto the given ftrait line ab to apply a Parallelo¬ 
gram equal to the given Rectilineal fpace c, deficient by a Paralle¬ 
logram Figure like to d. 

Let ab be cut into halves in the point e , and on eb let be de¬ 
feribed ebfg, like and alike fituated to d [Prop. 18.EI. Vl.j; and 
let be compleated the Parallelogram ag. 

4 




Now 
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Now a g is either equal to c, or greater than it, by the determi' 
nation. 

If a g be equal to c ; then that is done which was required. For 
to the given (trait line ab isapplyed the Parallelogram ag, equal 
to the given Rectilineal fpace c, deficient by the Parallelogram Fi¬ 
gure gb, being like to d. 

But if ag be not equal to c; then it 
is greater: but a g is equal to gb [Prop. 

36.EI.I.]; therefore gb is greater than c. 

Now by how much g b is greater than 
c, let a Parallelogram equal to that ex¬ 
cels be conftituted klmn, the fame 
alfo like and alike fituated to d [Prop. 
r y.El. VI.]. But d is like to g b : where¬ 
fore alfo k l m n is like to g b ; and here 
let kl be Homologal to eg, and lm 
to gf. 

And forafmuch as g b is equal to c, 
and k m together; therefore g b is great¬ 
er than k m ; and therefore the fide e g 
is greater than the fide k l, and g f than 

lm. Let now gx be put equal to kl, 
and g 0 to l m [by Prop. 3. El. I.]; and let be compleated the Pa¬ 
rallelogram xgop; therefore the Parallelogram gp is equal and 
like to the Parallelogram km; but km is like to gb: wherefore alfo 
gp is like to gb [Prop. 2 r. El. VI.]; therefore the Parallelogram g p 
is about the fame Diameter with the whole g b. Let their Diameter 
be g p b and the Scheme be deferibed. 

Now forafmuch as gb is equal to c, and k m together, and that 
g P is equal to k m ; therefore the remaining Gnomon vox is equal 
to the remaining Rectilineal fpace c. And becaufe o r is equal to 
xs [Prop. 43. El. I.], let pb be added in common; therefore the 
whole o b is equal to the whole x b, But x b is equal to T E, becaufe 
the fide ae is equal to the fide eb [Prop. 36. El. 1 .]: wherefore alfo 
te is equal to ob. Let xs be added in common; therefore the 
whole ts is equal to the whole Gnomon voy: but the Gnomon 
v q y has been proved equal to c: therefore alfo T s is equal to c. 

Wherefore to the given ftrait line a b is applyed the Parallelogram 
t s equal to the given Re&ilineal fpace c, deficient by the Paralle¬ 
logram figure pb, which is like to the given Parallelogram d, for that 
pb is like to gp. Which was to be done. 
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PROPOSITION XXIX. 

U Nto a given Ur ait line to apply a 'Parallelogram equal to a 

given Rectilineal [pace, exceeding by a Parallelogram figure^ 
like to a given Parallelogram. 

Let the given ftrait line be ab; and the given Rectilineal fpace 
equal to which a Parallelogram is to be applyed to ab, let be c; 
and the Parallelogram to which the excefs ought to be like, let be d. 

It is required to the ftrait line a b to apply a Parallelogram equal 
to the Rectilineal fpace c , exceeding by a Parallelogram figure 
like to d. 

Let ab be cut into halves in e, and on ep. let be defcribed the 
Parallelogram b f like and alike fituated to d [Prop. 18. El. VI.]. 
Now tothe Parallelogram bf, and the Rectilineal fpace c, both to¬ 
gether let an equal Parallelogram be conftituted ch, like and alike 
lituated to d [Prop. iy.El. VI.J; therefore gh is like to bf [Prop. 
z r. El. VI.]. And here let the fide k h be Homologal to the fide 
FL, and KG to FE. 

And forafmuch as the Paral¬ 
lelogram g h is greater than the 
Parallelogram b f; therefore alfo 
the fide kh is greater than the 
fide f L.aud k g than f E.Let f l, 

fe be produced : and flm be 

put equal to k h, and F E n to k g 
i by Prop. 5. El. I.], and let be 
compleated the Parallelogram 
m x ; therefore M x is equal, and 
like to g h. But g h is like to el: 
whereforealfo ms is like to el 
[Prop. 11. El.VI.]; therefore e l 

is about the fame Diameter with mn [Prop. id. El. VI.]. Let be 
drawn their Diameter f x, and the Scheme be defcribed. 

Now forafmuch as gh is equal to el, and c together, and that 
g h is equal to m n ; therefore alfo m n is equal to e l, c. Let e l 
common be taken away; therefore the remaining Gnomon vyqjs 
equal to c. And becaufe ae is equal to eb, therefore the Paralle¬ 
logram ax is equal to the Parallelogram kb [Prop. 36.ELI.]: that 
is to l o [Prop. 4.5. El. I.j. Let e x be added in common; therefore 
the whole a x is equal to the Gnomon v y <l But the Gnomon v y cl 
is equal to c; wherefore alfo a x is equal to c. 

Therefore to the given ftrait line a b is applyed the Parallelogram 
a x, equal to the given Rectilineal fpace c, exceeding by the Paralle¬ 
logram 
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logram figure po, which is like too; for that el is like to po[P rop. 
14. El. VI.]. Which was to be done. 

. • ' ' t * 

annotations. 

Thefe two Propofitions the28f\and 29 th , are of admirable tife in the Tenth Ele¬ 
ment of Eudide , and the Conic Elements of Apollonius, where the deficient, or El¬ 
liptical application made in Prop. 28 th , gave occafion for the name of that Conic 
Section called Ellipsis in Prop. 13 lb . El. I. of Apollonius, and the exceeding, or 
Hyperbolical application made in Prop. 29 th , occafioned the name of that Section 
called Hyperbola, in Prop, the i z'\ of the fame Conic Element. When there¬ 
fore Tacqun lo rafiily rejefts thele two Propofitions, as of little, or no ufe; 'tis ma- 
nifeft tliat he had then made but a (mail progrels in Geometry. And thirdly, 
the Conic Seftion called Parabola, we have before noted at Prop. 44 th .EL I. 
to be fo named from the exaft application, or Farabolifm of a given Reftiline.il 
fpace to the entire, and whole given line precifcly, neither deficient, or exceeding. 
As we find it in Prop. 1 i ,h . EL 1 . of Apollonius. 

PROPOSITION XXX- 

0 cut a given finite firait line in Extreme and Mean pro¬ 
portion. 

Let the given finite ftrait line be ab. It is required to cut the 
{trait line ab in extreme and mean proportion. On ab let be de- 
Icribed the Square bc [by Prop.4 . 6 . ELI.]: and to ac let be ap¬ 
ply ed the Parallelogram CD equal to BC, exceeding in Figure by 

ad, like to bc [Prop. 1.9. El.VI.]. Now bc is a Square; therefore 
alfo ad is a Square. 

And forafmuch as bc is equal tocD; 
let ce common bc taken away; there¬ 
fore the remainder 11 v is equal to the 

remainder ad. But it is alfo equian- 0:- 

gled to the fame; therefore the fides 
oPb f, a d about the equal angles are 
reciprocally proportional [Prop. 14. El. J 
VI.]; wherefore as fe to ED,fo ae to 
eb. But fe is equal to ac [Prop. 34. n ;; 

El.I.], that is, to ab; and ed to ae; 

therefore as ab to ae, fo ae to eb. But ab is greater than ae ; 
wherefore alfo a e is greater than eb [Prop. 14. El. V.]. 

Therefore the ftrait line ab is cut in extreme and mean propor¬ 
tion in the point e ; and the greater Segment is a e. Which was 
to be done. 


Other- 
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Otherwife. 


Let the given ftrait line be a b. It is required to cut the ftrait line 


a b in extreme and mean proportion. 

Let a b be cut in the point c, fo that the Rect¬ 
angle under ab, bc be equal to the Square of ac 
[ by Prop. 11. El. II.]. 

Now forafmuch as the Re&angle under ab,bc 
is equal to the Square of a c; therefore as a b is to 
ac, fo ac is toe b [Prop. 17. El. VI.]; ab there¬ 



fore is cut in extreme and mean proportion in the point c. Which 

was to be done. 


PROPOSITION XXXI. 

I N Right-angled Triangles , the Figure conflituted on the fide 
ftibtending the Right angle is equal to the Figures conflituted on 
the [ides containing the Right angle , they being like and alike de- 
feribed. 

Let the Right-angled Triangle be abc, having the right angle 

bac. I fay, that the Figure upon bc is equal to the Figures on ba, 
ac, like and alike deferibed. Let be drawn the perpendicular ad. 
Now forafinuch as in the Triangle abc, from the right angle at a, 
is drawn to the bafe bc the perpendicular ad; therefore the Tri¬ 
angles a b d, ad c, at the perpendicu¬ 
lar are like to the whole abc, and to 
one another [ Prop. 8. El. VI. ]. And 
becaufe the Triangle abc is like to 
the Triangle abd; therefore as cb is 
to ba, fo ab is to bd: and becaufe 
when three ftrait lines arc proportio¬ 
nal, it is as the firft to the third, fo the 
Figure on the firft to the Figure on the 
fecond, like and alike deferibed [Corol. 

1. Prop. io. El. VI.]; therefore as c b to 
b d, fo the Figure on c b to the Figure on b a, like and alike deferibed. 

By the lame reafon alfo, as bc to cd, fo the Figure on bc to the 
Figure on c a. So that alfo as bc to b d, d c, fo the Figure on b c to 
the Figures on b a, ac, like and alike deferibed. But bc is equal to 
bd, dc ; therefore the Figure on bc is equal to the Figures on b a, 
ac. 

Therefore in Right-angled Triangles the Figure on the fide fub- 
tending the right angle, is equal to the Figures on the fides con¬ 
taining the right angle, they being like and alike deferibed. Which 
was to be demonftrated. 
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Otherwife. 
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Becaufe like Figures are in a duplicate proportion of their Ho- 
mologal fides [Prop. 10. El. VI.]; therefore the figure on bc hath 
to the Figure on b a, a dupl icate proportion of that which b c hath 
to ba. But the Square of bc, hath to the Square of ba a duplicate 
proportion of that which b c hath to 
ba; therefore alfo as the Figure on 

bc to the Figure on b a, fo the Square 
officto the Square of ba [Prop. n. 

El. V.]. By the fame realon alfo as 
the Figure on b c to th</Figure on c a, 
fo the Square of b c to the Square ot 
c a : fo that alfo as the Figure on b c 
to the Figures on b a, ac, fo the Square 
of bc to the Squares of ba, ac. But 
the Square of b c is equal to the Squares 

ofisA, ac [Prop. 4.7. El. 1 .]; therefore the Figure on Bcis equal to 
the Figures on ba, ac, like and alike defcribed. Which was to 
be demonftrated. 

PROPOSITION XXXII. 

I F two Triangles having two fides proportional to two fides, he 
fet together at one angle ; fo that alfo their Homologal fides be 
parallel-, the remainingJides of the Triangles fall be dir e ftly fit ti¬ 
nted to one another. 

Let the two Triangles be abc, dck, having the two lides ab, 
ac, proportional to the two lides dc, be, that is, as ab to ac, fo 
d c to d e ; and let ab be parallel to d c, and a c to d e. 1 fay, that 
b c is directly fituated to c e. 

Forafmuch as a b is parallel to d c, and 
on them falls the (trait line ac; therefore 
the alternate angles bac, ACD,are equal 
to one another [Prop. 19. El. I.]. By the 
fame reafon alfo the angle cd e is equal 
to the angle a c d : fo that alfo bac is 
equal to cde. And becaufe there are 

two Triangles abc, dc e, having one an¬ 
gle at a equal to one angle at d : and about the equal angles the 
fides proportional, as b a to a c, fo c d to d e ; therefore the Tri¬ 
angle abc is equiangled to the Triangle dce [Prop. 6 . El. YI.]: 
wherefore the angle abc is equal to the angle dce. But alfothe 
angle acd has been prov’d equal to the angle bac; therefore the 
whole angle a c f. is equal to the two angles abc, bac. Let the 
angle acb be added in common; therefore the angles ace, acb, 

Q_q are 
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are equal to the angles b a c, a c b, c b a. But the angles b a c, a c b, 

cb a, are equal to two Right [Prop. 31. El. I.]; therefore alfo the 
angles a c e, a c b, are equal to two Right Now to a certain ftrait 
line ac, and to a point in the fame c, \ 
two ftrait lines b c, c e, not lying the 
fame way make the confequent angles 
a c e, a c b, equal to two Right; there- 
bc is directly tocE [Prop. 14.El. I.]. 


If therefore two Triangles having 



rs 


c 




two fides proportional to two fides, be 
fet together at one angle, fo that their Homologal fides be parallel' 
the remaining fides of the Triangles fhall be diredtly fituated to 
one another. Which was to be demonftrated. 


PROPOSITION XXXIII. 

I N equal Circles , the angles have the fame proportion with the Cir¬ 
cumferences on which they infill: whether the injijling angles 
be at the Centers , or at the Circumferences. 

And moreover also the Sectors (when conftitutecl 
at the Centers). 


Let the equal Circles be a b c, d e f, and at their Centers g,h, let 
the angles be bgc,ehf: and at the Circumferences, let the angles 
be ba c, ed f. I fay, that as the circumference bc is to the cir¬ 
cumference ef, fo is the angle bgc to the angle ehf; and the an¬ 
gle b a c to the angle edf: And moreover the Se&or bgc, to the 
Sector ehf. 

For to the circumference bc, let in order be put equals how 
many foever, ck, kl: and to the circumference ef, let be put 

alfo equals how many foever, fm, m n, and let be joyned gk,gl: 

HM, HN. 


Now forafmuch as the cir¬ 
cumferences bc, ck, kl, are 
equal to one another; therefore / 

the angles b g c, c g k, k g l, are 1 
alfo equal to one another [Prop. 

17. El. III.]: wherefore Quo- 

tuple the circumference bl is 
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fame 


tuple the circumference en is of the circumference ef, Totuple is 
the angle ehn of the angle ehf. 

If now the circumference b l be equal to the circumference e n, 
the angle bgl is alfo equal to the angle ehn [Prop. 17. El.III ]; 
and therefore if the circumference b l be greater than the circum- 

$■ ference 



0 F G E 0 M E T R Y. 179 

ference en, the angle bgl is alfo greater than the angle ehn : 
and if lefs, tis lefs. 

There being then four magnitudes, the two circumferences bc, 
ef, and the two angles bgc, ehf: and of the circumference bc, 
and of the angle bgc are taken equimultiples, the circumference 
bl, and the angle bgl. Alfo of the circumference ef, and of the 
angle ehf, are taken equimultiples, the circumference EN,and the 
angle ehn. And it is prov’d, that if the circumference bl ex¬ 
ceeds the circumference en, the angle bgl does alfo exceed the 
angle ehn; and if equal, ’tis equal; and if lefs tis lefs: therefore as 
the circumference bc is to the circumference e f, fo the angle bgc 

is to the angle ehf [Def y. El. V.]. But as the angle bgc is to the 
angle ehf, fo the angle b ac is to the angle edf [Prbp.ry.El. V.]: 
for each is the double of each [Prop. 10. El. III.]. 

And therefore as the circumference bc is to the circumference 
ef, fo the angle bgc is to the angle ehf, and the angle bac to 
the angle e d f. 

Therefore in equal Circles, the angles have the fame proportion 
with the circumferences on which they inlift, whether the inlifting 
angles be at the Centers, or at the circumferences. Which was to be 
demonftrated. 

Here Euclide ends the laft Propofition of his Sixth 

Element of Geometry. 
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And moreover alfo the Sectors, 

That is, they have the fame proportion with the Circumfe¬ 
rences, on which tJxy infift. 

% 

I fay alfo, that as the circumference b c is to the circumference 
ef, lb the Seftor bgc is to the Senior ehf, For let be joyned bc, 
ck, and in the circumferences bc, ck, the points x, o, being taken, 

let B x, x c, c o, o k, be alfo joy ned. 

Now forafmuch as the two lines bg, gc, are equal to the two 
lines cg,gk, and they contain equal angles; therefore the bafeB c 
is equal to the bale c k, and the Triangle g bc to the Triangle G ck 
[Prop. 4- El. I.]. 



And becaufe the circumference bc is equal to the circumference 
ck; therefore the remaining circumference b a c compleating the 
whole Circle abc, is equal to the remaining circumference kac, 
compleating the fame Circle: fo that allb the angle b x c is equal to 
the angle cok [Prop. 17. El.III.]; therefore the Segment bxc is 
like to the Segment cok [Def. 10. El. III.], and they are upon 
equal (trait lines bc,ck: but like Segments of Circles upon equal 
ftrait lines are equal to one another [Prop. 14.. El. III.]; therefore 
the Segment bxc is equal to the Segment cok: and alfo the Tri¬ 
angle bg c is equal to the Triangle c g k ; therefore the whole Sector 
b g c is equal to the whole Sector c g k. 


s 


y 



OF GEOMETRY, 
reafon alfo the Seftor gkl is e 




Seftors gk c, g c b; therefore the three Se£tors bgc.cgk/kgl, are 
equal to one another. And by the Tame reafon the Setters hkf, 
hfm, hmn, are equal to one another; therefore Quotuple the 


the Setter 


Setter 


Quotable 


circumference n e is of the circumference e Fj Totuple is the Sector 
h E n of the Setter h e f. 

Now if the circumference bl be equal to the circumference en, 
the Setter bgl is alfo equal to the SectorEHN, and if the circum¬ 
ference bl exceeds the circumference en, the Setter bgl does alfo 
exceed the Setter e h n, and if lefs, ’tis lei's. 

There being then four magnitudes, the two circumferences b c, 
ef, and the two Sectors gbc, hef, and of the circumference bc, 
and of the Setter gbc are taken equimultiples, the circumference 
bl, and the Setter gbl : alfo of the circumference ef and of the 
Setter hef, are taken equitnultiples, the circumference en and 
the Setter hen. And it is prov’d, that if the circumference bl 
exceeds the circumference en, the Setter bgl does alfo exceed 
the Setter it e n; and if equal, tis equal; and if lefs, ’tis lefs; therefore 
as the circumference bc is to the circumference ef, fo the Setter 
gB c is to the Setter hef. 


Corollary. 

And it is manifeft, that as the Setter is to the Setter, fo alfo 
the angle is to the angle [Prop. n. El. V.]. 

ANNOTATIONS. 

Tlicon in his Commentaries on Ptolemy's Magna Syntaxis , takes notice of this 
Additamcnt lie made to Euclid's laft Propofitiou of the Sixth Element. Here 
therefore lie lays, tv it oi npcit, and moreover.alfo the Settors ; which are the 
only words of Thcon added to Euclids Propofitiou. For what is fubjoyned, cm 
aftf- 7 3 k Kwfw atuttpepm , when confiituted at the Center /, mult bc Ionic marginal 
note very abfurdly put in, asfuppoftng there were an other kind of Sectors, bclides 
what are ftated at the Center of a Circle, according to Def. io.EI. III. Indeed 
the Figures at the circumferences are not, as their angles are, in the fame pro¬ 
portion with the Arches on which they inlift: but thele Figures are not called 
Scttors, neither have they any Note or Name in Geometry to give occafion for 

fuel) a ncedlela caution: An oycrlight too great for Theon to bc guilty of. 



Laftly, 




i8i THE SIXTH ELEMENT &c. 

Laftly, this Additament concerning Sedors mentioned by Theon , manifeftly 
Ihews the error of Zambertut and others, who take the demonftrations of thefe 
Elements to have been all lapplyed by Them. Yet it feems this miftake went 
lb far, as that BoviBui an Eminent Geometrician of that time, writ a Seled Trea¬ 
dle about it, to vindicate the Ancient Geometricians in this matter of confirming 
the Propofirions by their own Demonftrations, and efpecialiy Eudide for his 
Elements, lo methodically difpofed, fo plainly all along demonftrated, and in the 
end doled with thofe admirable Speculations on the five Platonic 4. Bodies, thus 
celebrated in an Ancient Greeks Epigram. 


nwn riAxiw©', & Iluja y&s oupls tup, 

njfryv* eTpe, n/J.TOf 

Eaft/.s*/'* «n touts «w?o. 

The five Tlatonick Bodies, fo much fam'd, 
Pythagoras firft found, Plato explain’d: 
Eucltde on them Immortal Glory gain’d. 


FINIS. 



